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PREFACE. 

In the preparation of this book, the aim of the authors has 
been to give the student a working knowledge of the ele- 
mentary processes of algebra, with a conviction of the truth 
of principles through illustrations and particular examples. 
Each principle, or method, is therefore first clearly illustrated 
by numerous and simple exercises worked in the text. But 
the student is not left to assume that the principles are thereby 
proved. Even a beginner should not be encouraged, by text- 
book or teacher, to accept an illustrative example as a proof, 
or he will lose much of the educational value of the study. 

Particular attention has been paid to the grading of the 
exercises. 

The introductory chapter extends the familiar processes of 
arithmetic to the corresponding processes of algebra. The 
pupil is led by simple exercises, similar to those in arithmetic, 
to understand the use of letters to represent general and 
unknown numbers. Negative numbers are naturally intro- 
duced in connection with the extension of subtraction of 
arithmetical numbers. The meaning and use of positive and 
negative nimibers, in the fundamental operations, are properly 
emphasized. 

Equations and problems are distributed throughout the 
book. The importance of equivalent equations is not over- 
looked, but is very briefly and simply considered in Chapter 
IV. Until that chapter is reached, the solutions of equations 
should be checked. 



iv PREFACE. 

All the matter in the book is printed in large type, and 
much pains has been taken to make the pages open and 
attractive. 

Any suggestions from teachers and others will be greatly 
appreciated. 

The authors have much pleasure in expressing their satis- 
faction with the excellence of the mechanical execution of the 
work, due to the ability and painstaking care of Messrs. J. S. 
Gushing & Co. and Messrs. Berwick & Smith, of the Norwood 
Press. 



PREFACE TO THE SECOND EDITION. 

In response to a demand for an edition of the Secondary 
Algebra containing chapters on subjects not included in the 
regular edition, the authors have issued such a book under 
the title Complete Secondary Algebra, 

It has seemed advisable to include some of thi^ additional 
matter in the second edition of the Secondary Algebra. This 
edition, therefore, differs from the first in having chapters 
on Permutations and Combinations, and Probability, and a 
fuller treatment of Limits and Infinite Series. 

The Complete Secondat^ Algebra contains, in addition to 
the subjects treated in this book, chapters on Continued 
Fractions, Summation of Series, Exponential and Logarithmic 
Series, Determinants, and Theory of Equations. 

G. E. F. 

I. J. S. 

University of Pennsylvania, 

Philadelphia. 
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CHAPTER I. 

INTRODUCTION. 

GENERAL NUMBER. 

1. Algebra, like Arithmetic, treats of number. 

2. The examples 

2^3 2 + 3 5 _ , 5^4 5 + 4 9 

are particular cases of the following principle : 

The sum of two fractions which have a common denominator 
is a fraction whose denominator is the common denominator, and 
whose numerator is the sum of the numerators; or, more briefly 
stated, 

1st num. , 2d num, __ 1st num. + 2 d num. 



com. den. com. den. com. den. 

This principle can be stated still more concisely by letting 
letters stand for the two numerators and the common de- 
nominator. 

Let a stand for 1st num., b for 2d num., and c for com. den. 
We then have 

a . b__ a-\-b 
c c c 

This gelation states by means of letters, or symbols, all that 
is contained in the verbal statement. The letters a, b, and c 
stand for the terms of any two fractions, and therefore denote 
any numbers whatever. 

In the first example above, a = 2, & = 3, = 7; in the second, 
a = 6, & = 4, c = 11. 

1 
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3. la ordinaary Arithmetio all numbers are represented by 
the Arabic numerals, 1, 2, ^ et».' Elich of these symbols stands 
for a definite number. The syaibol 7, for instance, stands for 
a group of seven units, the symbol 5 for a group of ^ve units. 

But in Algebra, such symbols as a, b, x, y, are used to repre- 
sent numbers which may have any values whatever, as in Art. 2. 

For the sake of brevity we shall say the number a, or simply 
a, meaning thereby the number denoted by the symbol a. 

4. The numbers represented by letters are, for the sake of 
distinction, called Literal or General Numbers. 

EXEBCI8B8 L 

If p is the product obtained by multiplying a by 6, express 
in symbols the following principles of multiplication : 

1. The multiplicand is equal to the product divided by the 
multiplier. Let p = S5, a = 7, 6 = 5 ; p = 24, a = 3, 6 = 8. 

2. The multiplier is equal to the product divided by the 
multiplicand. Letp = 63, a = 9, & = 7 ; p = 40, a = 6, 6 = 8. 

If q is the quotient obtained by dividing m by n, express in 
symbols the following principles of division : 

3. The dividend is equal to the divisor multiplied by the 
quotient. Let g = 9, m = 99, n = 11 ; g = 6, m = 42, w = 7. 

4. The divisor is equal to the dividend divided by the quo- 
tient. Let g = 5, m = 45, n = 9 ; g = 6, m = 72, « = 12. 

State in verbal language the principles which are expressed 
in symbols in the following : 

- a b a — b ^ a ^c a x c 

5, = — • 6. — X — = • 

ccc b d b xd 

b d b c b b 

^ a axn in ^ a-^n 

d d xn d d-7-n 

11-16. In Exs. 5-10, let a = 8, 6 = 7, c = 5y d = 6, n = 2 ; 
a = 15, 6 = 8, c = 11, d = 5, n = 5. 
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5. As was assumed in Art. 2, the operations of Addition, 
Subtraction, Multiplication, and Division are denoted by the 
same symbols in Algebra as in Arithmetic. 

Just as 5 + 3, read five plus three, means that 3 is to be 
added to 5 ; so a -h 6, read a plus 6, means that h is to be 
added to a. 

Just as 5 — 3, read five minus three, means that 3 is to be 
subtracted from 5 ; so a — 6, read a minus b, means that b is 
to be subtracted from a. 

Just as 5 X 3, read five multiplied by three, means that 6 is 
to be multiplied by 3 ; so axb, read a multiplied by b, means 
a is to be multiplied by b. 

Just as 10 -^ 5, read ten divided by five, means that 10 is to 
be divided by 5 ; so a -f- 6, read a divided by b, means that a is 
to be divided by b. 

6. Since 5x3 = 3x5, either number may be taken as the 
multiplier, the other as the multiplicand. 

If the number on the left be taken as the multiplier, the 
symbol of multiplication is read times or into. 

As, 5x3, read five times three, if 5 be regarded as the 
multiplier. 

A dot (•) is frequently used, instead of the symbol x, to 
denote multiplication ; as a • & for a x b, 

7. The symbol of multiplication between two literal num- 
bers, or one literal number and an Arabic numeral, is fre- 
quently omitted. 

E.g., the product xxy y.z,OT x^y 'Z,\a usually written xyz, 
and is read x-y<i. 

But the symbol of multiplication between two numerals 
cannot be omitted without changing the meaning. 

E.g., if in the indicated multiplication, 3x6, or 3 • 6, the 
symbol, X , or •, were omitted, we should have 36, not 18. 

8. In a chain of additions and subtractions the operations 
are to be performed successively from left to right. 

E,g.^ 7 + 4-3 + 2 = 11-3 + 2 = 8 + 2 = 10. 
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In a chain of multiplications and divisions the operations 
are to be performed successively from left to right. 

E.g., 12x2-^.3x4 = 24-^3x4 = 8x4 = 32. 

In a chain of additions, subtractions, multiplications, and 
divisions, the multiplications and divisions are first to be per- 
formed, and then the additions and subtractions. 

E.g., 2x3 + 8-5-4 = 6 + 2 = 8. 

9. An Algebraic Expression is a number expressed by means 
of the signs and symbols of Algebra ; as x, mn, ab — cd, etc. 

10. The Symbol of Equality, =, read is equal to, is placed 
between two numbers to indicate that they have the same or 
equal values ; as 3 + 2 = 5. 

11. The Symbol of Inequality, >, read is greater than, is 
used to indicate that the number on its left is greater than 
that on its right ; as 7 > 5. 

12. The Symbol of Inequality, <, read is less than, is used to 
indicate that the number on its left is less than that on its 
right; as 3 < 4 + 2. 

13. The use of letters to represent general numbers may be 
illustrated by a few simple examples. 

Ex. 1. If a boy has 3 books and is given 2 more, he will 
have 3 + 2 books. If he has a books and is given 5 more, h^ 
will have a-\-b books. If he has m books and is given n more, 
he will have m + n books. 

Ex. 2. If a man buys 5 city lots at 120 dollars each, he pays 
120 X 5 dollars for the lots. If he buys a lots at 150 dollars 
each, he pays 150 a dollars for the lots. If he buys u lots at v 
dollars each, he pays vu dollars for the lots. 

Ex. 3. If a train runs 60 miles in two hours, it runs 60-5-2 
miles in 1 hour. If it runs a miles in 5 hours, it runs a -h 5 
miles in 1 hour. If it runs p miles in q hours, it runs p-^q 
miles in 1 hour. 
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Ex. 4. If, in a number of two digits, the digit in the units' 
place is 3 and the digit in the tens^ place is 5, the number is 
10 X 5 + 3. If the digit in the units' place is a and the digit 
in the tens' place is 6, the number is 10 6 -f a. 

Ex. 5. Just as 2 = 1 + 1, and 3 = 1+1 + 1, 
so 2 a = a + a, and 3a = a + a + a. 

Therefore, just as 3 + 2 = 5, so 3 a + 2 a = 5 a. 

In like manner, 5iB — 3a: = 2a;; 

and ^x + lx=^lx. 

EXEBCISBS IL 

Read the following expressions : 

1. a + &. 2. m — n. 3. a x 6. 4. m ^ n. 

5. 4.x + 2 y. 6, Sm — Sn. 7. 4a x 5 6. 8. 7ar-5-3y. 

9. a + & + c. 10. x — y -^z, H, qh — n — p. 

12. 4 a — c + 3 d. 13. ab + hc — ac, 14. 3 a??/ — 5 bed. 

15. A father is n years older than his son. How old is the 
father, if the son is 10 years old ? If the son is x years old? 

16. A boy rides his bicycle x miles and then walks y miles. 
How many miles does he go altogether ? 

17. A man has $ d. If he spends $ 10, how many dollars 
has he left? If he spends $«, how many dollars has he left? 

18. A man is now n years old. How old was he 8 years ago ? 
m years ago? How long must he live to be 75 years old? 
How long to be y years old ? 

19. If one pencil costs 3 cents, how much do 5 pencils cost? 
X pencils ? 

20. If one pencil costs c cents, how much do z pencils cost ? 

21. How many square feet are there in a floor 15 feet long 
and 20 feet wide ? In a floor a feet long and h feet wide ? 
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22. A train runs m miles in 1 hour. How many miles will 
it run in 4 hours ? In 6 hours ? 

23. A train runs m miles in 8 hours. How many miles will 
it run in 1 hour ? If it runs m miles in h hours, how many 
miles will it ru^ in 1 hour? 

24. A boy paid c cents for 5 note-books. How much did he 
pay for each ? If he paid c cents for n note-books, how much 
did he pay for each ? 

25. In 3 dimes there are 10 x 3 cents. How many cents in 
d dimes ? Inx dimes ? 

26. How many cents in a dollars and h dimes ? In a? dollars, 
y dimes, and z cents ? 

27. 10 X 2, 10 X 3, 10 X 4, etc., are particular multiples of 
10. Write any multiple of 10. 

28. Write a number containing 8 units and 5 tens. Contain- 
ing u units and t tens. 

29. Write a number containing h hundreds, t tens, and u 
units. Containing a hundreds, h tens, and c units. 

What are the values of the following expressions ? ^ 

30. a + a. 31. a + 2a. 32. a; + 3aj. 
33. a — a. 34. 2 a — a 35. 32; — 2?. 
36. 3c-i-5c. 37. 5d — 3d. 38. 8a;-i-5a?. 
39. 8a; — 5aj. 40. x + \x, 41. x — \x, 
42. fa + ^a. 43. |a-Ja. 44. 5m — |m. 
45. a + 2a + 3a. 46. a-i-2a — 3a. 47. 52; + 82;-f 42;. 
48. 82; — 52; + 42;. 49. 9aj + 3a; — 8aj. 50. 9y — 42/ — 31/. 

51. A man has $ 10 x. If he receives $ 8 a?, how many dol- 
lars will he have? If he spends ^Qx, how many dollars will 
he have left ? 

52. A boy paid 3 x cents for pencils and 8 x cents for note- 
books. How much did he pay for both ? How much more for 
note-books than for pencils ? 
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53. A girl has x dimes and 3 x cents. How many cents has 
she? 

54. A girl has a dollars. If she spends 7 a dimes, how many 
dimes will she have left? If she spends 85a cents, how many 
cents will she have left? 

55. A man has $45 a;. If he spends $ 7 ^ for a lot, and $ 32 x 
for a house, how many dollars will he have left? 

56. A boy rides a wheel x miles and then walks 160 x rods. 
How many rods did he go altogether ? How many rods more 
did he ride than walk? 

57. The width of a room is x yards, and the length is 2 a? 
feet greater than the width. How many feet are there in the 
length of the room? 

AxlomB. 

14. An Axiom is a truth so simple that it cannot be made 
to depend upon a truth still simpler. 

Algebra makes use of the following mathematical axioms i 
(i.) Every number is equal to itself. E.g., 7 = 7, a^a, 
(ii.) The whole is equal to the sum of all Us parts. 
E.g.,7 = 3 + 4,, 5 = 1+1+1 + 1 + 1. 

(iii.) If two numbers be equal, either can replace the other in 
any algebraic expression in which it occurs. 
E.g., If a+b=Cy and 6=2, then a+2=c, replacing b by 2. 

(iv.) Tvoo numbers which are each equal to a third number are 
equal to each other. 
E.g., If a = 6, and c = 6, then a = c 

(v.) The whole is greater than any of its parts; and, con- 
versely, any part is less than the whole. 
E.g., 3 + 2>2and2<3+2. 

15. Literal numbers, as has been stated, are numbers which 
may have any values whatever. But it is frequently necessary 
to assign particular values to such numbers. 
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16. Substitution is the process of replacing a literal number 
in an algebraic expression by a particular value. See axiom 
(iii.). Simple examples in substitution have already been 
given in Art. 2. 

Ex. 1. If; in a+b, we let a = 3 and b = 5, then 
a + 6=3 + 5 = 8, or a-\-b = 8. 

Ex. 2. If, in a + & - 2 a + 3 6 — c, we let a ^6, b = 11, 
c = 1, we have 

a + 6-2a + 36-c = 6 + 11 -2x6 + 3x11-1 
= 6 + 11-12 + 33-1 = 37. 

Ex. 3. If, in the last example, a = 3, 6 = 1, and c = 1, we 
have a+6-2a + 36-c = 3 + l-6 + 3-l=4-6 + 3-l. 

We cannot further reduce 4—6+3—1, since we are unable, 
as yety to subtract 6 from 4. 

EXERCISES III. 

When a = 10, 6 = 5, c = 3, find the values of the following 
expressions : 

1. a + 6. 2. a — 6. 3. ab, 

4. a -5- 6. 5. a-\-b — c. 6. a — 6 + c. 

7. a — b — c. 8. c + 3a. 9. 56 — 3c. 

10. 2a + 36-5c. 11. 5a — 26 — 6c. 12. 3a — 56 + 8 c. 

13. 7a6. 14. 2a6c. 15. 3a66. 

16. 2ab + 5ac. 17. 3ac — 5 6c. 18. 5 aa — 3 66. 

19. 2a6 — 3ac + 5 6c. 20. 5 aa- 3 66 + 6 cc. 

Fundamental Principles. 

17. The following principles are obtained directly from the 
axioms : 

(i.) If the same number j or equal numbers, be added to equaf 
numbers, the sums will be equal. 
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(ii.) If the same number, or equdl numbers, be subtracted from 
equal numbers, the remainders will be equal. 

(iii.) If equal numbers be multiplied by the same number, or 
by equal numbers, the products will be equal, 

(iv.) If equal numbers be divided by the same number (except 0), 
or by equal numbers, the quotients will be equal. 

E.g., if 3a; = 6, 

then 3a; + 2 = 6+2, 3a?-5 = 6-5, 

3a;x4 = 6x4, 3a;^3 = 6-H3. 

Equations. 

18. An Equation is a statement that two expressions are 
equal ; as 7 x 9 = 63, 4 x 7 + 3 = 31. 

The First Member of an equation is the expression on the left 
of the symbol = ; the Second Member is the expression on the 
right of the symbol = . 

19. Ex. 1. What is the value of x in the equation 

3aj4-8a? = 22? 
Since 3 a? + 8 a; = 11a;, we have 

11 a; = 22. 
Dividing both members by 11 [Art. 17, (iv.)], 

a; = 2. 
To check this result we substitute 2 for x in the equation 
3a; + 8a; = 3x 2+8x2 = 6 + 16 = 22. 

Ex. 2. If 8 a; — 3 a; has the value 20, what is the value of a; ? 
We have 8 a; — 3 a; = 20. 

Or, since 8a; — 3a;=5a;, 5a; = 20. 

Dividing both members by 5, a; = 4. 
Check: 8x4-3x4 = 32-12 = 20. 



/ 
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20. An Unknown Number of an equation is a number whose 
value is to be found from the equation. 

The Known Numbers of an equation are the numbers whose 
values are given. 

In the equation a; + 1 = 3, 

the unknown number is x, and the known numbers are 1 and 3. 

Unknown numbers are usually represented by the final 

letters of the alphabet, a?, y, z, etc., as in the above examples. 

EXERCISES IV. 
Find the value of a? in each of the following equations : 

1. 3a; = 9. 2. 6a? = 18. 3. 5x = 0. 

4. iaj = 4. 5. \x = &. 6. ^x=:0. 

7. |aj = 6. 8. |aj=:16. 9. Jaj = 21. 

10. x + x = S. 11. aj + 6aj = 24. 12. 6aj + 4aj = 46. 

13. 5aj-4a?=3. 14. 6aj-3a?=9. 15. 7x — 5x=12. 

16. x + Sx + 5x = lS. 17. 2x + 5x + 3x = 20. 

18. 7x + 3x + 5x = 90. 19. 5a; + 4aj-6aj = 15. 

20. Sx-5x + x = 12. 21. llaj+7aj-5aj = 26. 

22. aj + i«=6. 23. a? — ia; = 10. 

24. 24aj + |aj = 149. 25. 3aj + fa; = 30. 

26. 5aj-|a; = 33. 27. 2iaj-^aj = 14. 

28. aj + iaj+'|* = 28. 29. 2a;-iaj + |a; = 34. 

30. |a; + fa;-iaj = 54. 31. 5aj-|aj-|aj = 62. 

Problems solved by Equations. 

ZL A Problem is a question proposed for solution. 

Another use of literal numbers is shown by the following 
problems : 

Pr. 1. The older of two brothers has twice as many marbles 
as the younger, and together they have 33 marbles. How 
many has the younger? 
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The 1101111361 of marbles the younger brother has is, as yet, 
an unknown number. 

Let us represent this unknown number by some letter, say x. 

Then, since the older brother has twice as many, he has 
2x marbles. 

The problem states, 

in verbal language : the number of marbles the younger has plus 
the number the older has is equal to 33 ; 

in algebraic language, aj + 2 aj = 33, 

or, 3 a = 33. 

Dividing both members of the last equation by 3, we have 

a; = 11, 
the number of marbles the younger has. 

The older has, 2 «, = 2 x 11, = 22 marbles. 

To check this result, we substitute 11 for a? in the equation 
of the problem : 

a; + 2a;=ll + 22 = 33. 

Notice that the letter x stands for an abstract number. The 
beginner must never put x for marbles, distance, time, etc., 
but for the number of marbles, of miles, of hours, etc. 

Pr. 2. Divide 62 into three parts, so that the second shall 
be one-half of the first, and the third one-fourth of the second. 

Let X stand for the first part. 

Then -J- x stands for the second part, 

and i X -J- a?, = i «, stands for the third part. 

The problem states, 

in verbal language : the first part, plus the second part, plus the 
third part, is equal to 52 ; 

in algebraic language, a;-t-^a;-(-J« = 52, 

or, ^aj = 52. 



I 
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Dividing both members of the last equation by 13, 

Multiplying both members of this equation by 8, 
x = S2, 
the first part. Then the second part is 

^x, =ix32, =16, 
and the third part is 

ix, =ix32, =4. 

Check: x -{- ^ x -\- \x = 32 -{-16 -^ 4c = 52. 

22, In stating problems in algebraic language, the beginner 
should observe the following directions : 

(i.) Mead the problem carefully, and note what are the numbers 
whose values are required. 

(ii.) Let some letter, say x, stand for one of the required 
numbers. 

(iii.) The problem will contain statements about the values of 
other numbers. Use these statements to express their values in 
terms of x. 

(iv.) Express concisely in verbal language a statement in the 
problem which furnishes an equation. 

(v.) Express this statement in algebraic language, 

EXERCISES V. 

1. What number is five times x? Twelve times x? 

2. Five times a number is 80. What is the number ? 

3. Twelve times a number is 132. What is the number ? 

4. The greater of two numbers is four times the less. If 
the less is a?, what is the greater ? What is their sum ? Their 
difference ? 

5. The greater of two numbers is four times the less. If 
their sum is 75, what are the numbers ? 
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6. The greater of two numbers is seven times the less. If 
their difference is 72, what are the numbers ? 

7. A father is three times as old as his son. If the son is 
X years old, how old is the father ? What is the sum of their 
ages ? How much older is the father than the son ? 

6. A father is three times as old as his son, and the sum of 
their ages is 48 years. How old is each ? 

9. A father is five times as old as his son. If the father is 
32 years older than his son, what are their ages ? 

10. At an election A received twice as many votes as B, and 
his majority was 138. How many votes did each receive ? 

11. In a company are 32 persons. The number of children 
is three times the number of adults. How many are there of 
each? 

12. Two trains leave Philadelphia in opposite directions. 
After one hour they are 60 miles apart. If one has gone three 
times as far as the other, how many miles is each from Phila- 
delphia ? 

13. Two trains leave Chicago in the same direction. After 
one hour they are 20 miles apart. If one has gone twice as far 
as the other, how far is each from Chicago ? 

14. A man pays $ 55 in one-dollar bills and ten-dollar bills, 
if he pays the same number of one-dollar bills as of ten-dollar 
bills, how many of each does he pay ? 

15. In a number of two digits, the tens' digit is three times 
the units' digit, and their sum is 8. What are the digits ? 
What is the number ? 

16. In a number of two digits, the units' digit is twice the 
tens' digit, and their difference is 3. What is the number ? 

17. What is the sum of twice x and six times x? The 
difference ? 

18. If twice a number is added to six times the same num- 
ber, the sum will be 96. What is the number ? 
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19. If four times a number is subtracted from seven times 
the same number, the remainder will be 72. What is the 
number ? 

20. A traveller first rides his bicycle 9 miles an hour. He 
then rides the same number of hours in a car 35 miles an hour. 
If he travels 132 miles, how many hours did he ride his bicycle ? 

21. Two trains run out of New York in opposite directions. 
One runs 42 miles an hour, the other 34 miles an hour. After 
how many hours will they be 228 miles apart ? 

22. Two trains run out of New York in the same direction. 
One runs 38 miles an hour, the other 34 miles an hour. After 
how many hours will they be 32 miles apart ? 

23. A boy has 75 cents in dimes and five-cent pieces. He 
has the same number of dimes as of five-cent pieces. How 
many coins of each kind has he ? 

24. A owes B f 40. He pays his debt in ten-dollar bills, 
and receives in change the same number of two-dollar bills. 
How many ten-dollar bills did A pay B ? 

25. A cistern has two pipes. One lets in 8 gallons a minute, 
and the other 15 gallons a minute. If the cistern holds 207 
gallons, how many minutes will it take the pipes to fill it ? 

26. A cistern has two pipes. One lets in 11 gallons a minute, 
and the other lets out 6 gallons a minute. How many minutes 
will it take the one pipe to let in 85 gallons more than the 
other lets out ? 

27. What is the sum of a?, four times x, and seven times x ? 
Of a?, twice x, and five times x ? 

28. The sum of a certain number, four times the number, 
and seven times the number is 96. What is the number ? 

29. Three boys. A, B, and C, together have 21 pencils. B 
has twice as many as A, and C four times as many as A. 
How many has A ? How many has each ? 

30. Divide 147 into three parts, so that the second part shall 
be four times the first, and the third part twice the first. 
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31. A merchant receives $ 64 in ten-dollar bills, five-dollar 
bills, and one-dollar bills. He receives the same number of 
each kind. How many of each does he receive ? 

32. At an election 726 votes were cast. A, B, and C were 
candidates. B received three times as many votes as C, and A 
twice as many as C. How many votes did each receive ? 

33. A cistern has three pipes. The first lets in 6 gallons a 
minute, the second 9 gallons a minute, and the third 12 gallons 
a minute. If the cistern holds 243 gallons, how long will it 
take the pipes to fill it ? 

34. A cistern has three pipes. The first lets in 5 gallons a 
minute, the second 14 gallons a minute, and the third lets out 
10 gallons a minute. How many minutes will it take the two 
pipes to let in 108 gallons more than the third pipe lets out ? 

35. An estate of $9600 is divided among 2 sons and 2 
daughters. The sons receive equal amounts, and a daughter 
receives three times as much as a son. How many dollars 
does each receive ? 

36. What is twice S x? Seven times 5x? Four times 9x? 

37. A receives x dollars, B receives three times as much as 
A, and C receives twice as much as B. How many dollars 
does C receive ? How many dollars do all receive ? 

38. Three boys. A, B, and C, together receive $ 70. B re- 
ceives three times as much as A, and C twice as much as B. 
How many dollars does each receive ? 

39. A merchant's profits doubled each year for three years. 
If his profits for the three years were $ 8750, what were his 
profits the first year ? 

40. In a company are 50 persons. The number of women is 
three times the number of men, and the number of children is 
twice the number of women. How many of each are in the 
company ? 

41. What number is J of 0? ? f ofa;? 



I 
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42. If J of a number is 16, what is the number ? 

43. The less of two numbers is f of the greater. If the 
greater is x, what is the less ? What is their sum ? Their 
difference ? 

44. The less of two numbers is f of the greater. If their 
sum is 91, what are the numbers ? 

45. A and B together have $ 1133. If B has ^ as much as A, 
how many dollars has each ? 

46. A has $ 31 more than B. If B has f as much as A, how 
many dollars has each ? 

47. Two boys, A and B, catch 36 fish. If A catches ^ as 
many as B, how many fish does each catch ? 

48. A workman pays f of his wages for board. If he has 
left $ 8 each week, what are his wages ? 

49. Two boys together solve (j^ problems. If the first 
solves I as many as the second, how many problems does 
each solve ? 

50. A solves 21 more problems than B. If B solves ^ as 
many as A, how many problems does each solve ? 

51. A tree 126 feet high is broken by the wind. If the part 
left standing is ^ of the part broken off, how long is each 
part? 

52. What is the sum of ^ of a; and | of a? ? The difference ? 

53. If ^ of a number is added to f of the same number, the 
sum will be 39. What is the number ? 

54. If I of a number is subtracted from | of the same num- 
ber, the remainder will be 3. What is the number ? 

55. If to a number is added \ of itself and f of itself, the 
sum will be 60. What is the number ? 

56. Three boys. A, B, and C, together have 29 pencils. B 
has I as many as A, and C has f as many as A. How many 
pencils has each ? 
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57. Divide 104 into three parts, so that the first shall be 
three times the second, and the third \ of the second. 

58. A man makes a^ journey of 69 miles. He goes f as far 
by boat as by train, and ^ as far by stage as by train. How 
many miles does he go by each conveyance ? 

59. What is I of three times 0?? Twice | of a?? f off of a;? 

60. The second of three numbers is three times the first, and 
the third is ^ of the second. If the first number is Xy what 
is the second ? The third ? What is the sum of the three 
numbers ? 

61. The sum of three numbers is 99. The second is four 
times the first, and the third is f of the second. What are 
the numbers ? 

62. The width of a field is ^ of its length, and the distance 
around it is 88 rods. What is the width and the length of 
the field? 

63. The sum of $ 420 is divided among A, B, and C. 
B receives ^ as much as A, and C as much as A and B 
together. How many dollars does each receive ? 

64. A sells a number of apples at 2 cents apiece, and B sells 
J as many at 3 cents apiece. If they receive together 87 cents, 
how many apples does each sell ? 

Parentheses. 

23. Parentheses, (), and Brackets, [], are used to indicate 
that whatever is placed within them is to be treated as a whole. 

E.g., 10 — (2 -f 6) means that the result of adding 6 to 2, or 
7, is to be subtracted from 10 ; that is, 

10-(24-5) = 10-7 = 3. 

But 10 — 2 + 5 means that 2 is to be subtracted from 10 and 
5 is then to be added to that result ; that is, 

10 - 2 + 5 = 8 + 6 = 18. 
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In like manner, [27 — (3 + 2) x 5] -s- 2 means that the result 
of multiplying the sum 3 + 2 by 5 is first to be subtracted 
from 27, and the remainder is then to be divided by 2 ; that is, 

[27 - (3 + 2) X 5] -4- 2 = [27 - 25] -^ 2 = 2 -5- 2 = 1. 

Likewise, (a+b)c is the result of multiplying a+b by c, etc. 

EXERCISES VI. 

Find the value of each of the following expressions : 

1. 10 + (34-2). 2. 10-(3 + 2). 3. 10 + (3-2). 

4. 10- (3 -2). 5. 27 -(18 -11). 6. 53 + (40 + 7). 

7. 97 + (11 -8). a 58 -(15 -7). 9. 99 + (18-17). 

10. 5(8 + 2). U. 6(11-6). 12. (10 + 15)-t-5. 

13. 10+ (15-5-5). 14. (12 -4) -5- 2. 15. 12-(4h-2). 

16. (15 -3) + (18 -6). 17. (16 -2) -(20 -8). 

18. (4 + 5)(8-3). 19. (8 + 12)--(7-2). 

20. 20 + [11 -(5 + 2)]. 21. 28 -[16 -(5 +3)]. 

22. [26-(14 + 6)]x5. 23. [27 - (18- 12)] -f- 7. 

When a = 12, 6 = 6, c = 3, find the values of : 
24. a + ip — c). 25. a — (& + c). 26. a — ^b — c). ' 

27. c + 5(a — 6). 28. 4a — 2(& + c). 29. 6[c + (a — 6)]. 
30. a[a-^(6+c)]. 31. [a— (&— c)]-5-c. 32. [6+(a— c)]-^c. 

POSITIVE AND NEGATIVE NUMBERS, OR ALGEBRAIC 
NUMBERS. 

24. In ordinary Arithmetic we subtract a number from an 
equal or a greater number. We are familiar with such opera- 
tions as 

5 4 3 minuend 

3 3 3 subtrahend (i.) 

2 10 remainder 
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But such operations as 

2 10 minuend 

3 3 3 subtrahend (ii-) 

? ? ? remainder 

have not occurred in ordinary Arithmetic. In Arithmetic we 
cannot subtract from a number more units than are contained 
in the number. 

Now, as the minuend in (i.) decreases, the remainder de- 
creases. When the minuend is equal to the subtrahend, the 
remainder is 0. If then, as in (ii.), the minuend become less 
than the subtrahend, the remainder must become less than 0. 

The operation of subtracting a greater number from a less is 
therefore possible only when numbers less than zero are assumed, 

25. Numbers less than zero are called Negative Numbers. 

Numbers greater than zero are, for the sake of distinction, 
called Positive Numbers. 

Positive and negative numbers are called Algebraic or Rela- 
tive Numbers. 

A positive number may be indicated by placing a small sign, 
■♦■, before the symbols for one, two, three, etc. ; as +1, "•'2, +3, etc., 
read positive one, positive two, positive three, etc. 

A negative number may be indicated by placing a small sign, 
*", before the symbols for one, two, three, etc. ; as ~1, "2, ~3, etc., 
read negative one, negative two, negative three, etc. 

We can now write (i.) and (ii.) as follows : 

+5 +4 +3 +2 +1 min. 



^^3 +3 +3 +3 +3 +3 sub. 

^2 +1 -1 -2 -3 rem. 



(iii.) 



26. From the preceding article we have : 

Zero is the result of subtracting a number from an equal 
number. 

E.g., = +7 - +7 = -5 - -5 = -^/» - +/I = -/I - /i. 
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27. We thus have in Algebra the series of numbers, 

..., ^5, +4, +3, +2, n, 0, -1, -2, -3, -4, -6, ..., 

wherein the signs, •••, indicate that the succession of numbers 
continues without end in both directions. This series is usu- 
ally written with the positive numbers on the right, as 

. ., -5, -4, -3, -2, -1, 0, n, +2, +3, +4, +5, .... 

28. In this series the numbers increase by one from left to 
right, and decrease by one from right to left. Or, a number is 
greater than any number on its left, and less than any number 
on its right. 

Thus, "^2 is one unit greater than +1, two units greater than 
0, three units greater than ~1, etc. Again, ""3 is three units 
greater than ~6, two units less than "1, three units less than 
0, etc. 

29. The signs "^ and ~ are called signs of quality; the signs 
4- and — , signs of operation. The two sets of signs must, as 
yet, be carefully distinguished. 

30. The Absolute Value of a number is the number of units 
contained in it without regard to their quality, 

E.g.j the absolute value of +4 is 4, of ~5 is 6. 

31. From the results of the preceding articles, we obtain the 
following general relations : 

(i.) Of two positive numbers, that number is the greater which 
has the greater absolute value; and that number is the less which 
has the less absolute value. 

(ii.) Of two negative numbers, that number is the greater which 
has the less absolute value; and that number is the less which has 
the greater absohUe value. 

Eor example, ~3 > ~5, or ~5 < ~3, since ""5 is five units 
than 0, and "3 is only three units less than 0. 
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32. It is important to notice that a negative remainder does 
not mean that more units have been taken from the minuend 
than were contained in it ; such a remainder indicates that the 
subtrahend is greater than the minuend by as mariy units as are 
contained in the remainder. 

Thus, in +15 — -^2b = ~10, the remainder, ~10, indicates that 
the subtrahend is 10 units greater than the minuend. 

33. It is evidently necessary thus to enlarge the meaning 
of subtraction in such an expression as a — 6. For, if a and b 
are to have any values whatever, the case in which b is greater 
than a, that is, in which the subtrahend is greater than the minur 
end, must be included in the operation of subtraction. 

34. Negative numbers have been introduced by extending 
the operation of subtraction. But it is necessary to treat them 
as numbers apart from this particular operation. 

As in Arithmetic, so in Algebra, any integer is an aggregate 
of like units. 
Just as 4 = 1 + 1 + 1 + 1, 

so +4 =+1 ++1 ++1 ++1, and "4 ="1 +-1 +-1 +-1. 

Justas t = i + i, 

so ^(1) =-^(4) +^(4), and -(1) =-(i) +-(i). 

EXBBCISES VII. 

Simplify the following expressions : 

1. +17 -+4. 2. +17 -+17. 3. +17 -+27. 

4. +26 -+18. 5. +26 -+26. 6. +25 -+35. 

7. +88 -+96. 8. +56 -+27. 9. +101 - +105. 

What value of x will make the first member of each of the 
following equations the same as the second ? 

10. iB-+6=+7. 11. aj-+5 = 0. 12. x-+5=-2. 

13. a?-+ll=;=+9. 14. a; -+15 =-13. 15. a; -+12 ="10 
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How many units is each of the following numbers greater or 
less than ? 

16. +5. 17. -3. 18. -11. 19. +14. 20. -20. 

Which of each of the following pairs of numbers is the 
greater, and by how many units? 

21. +7, +4. 22. -7, -4. 23. +7, -4. 24. "7, +4. 

25. +19, +9. 26. -29, +1. 27. +32,-3. 28. -14,-3. 

Positive and Negative Numbers are Opposite Numbers. 

35. In Arithmetic we have : the remainder added to the sub- 
trahend is equal to the minuend. This principle, like all princi- 
ples of Arithmetic, is retained in Algebra. We therefore have 
from (iii.) Art. 25 : 

+3 +3 +3 +3 +3 +3 subtr. 

11 11 J? il :! 2§ '•e^^- 

+5 +4 +3 +2 +1 min. 

36. The equation +3 + "3 = gives us the following impor- 
tant principle : 

The sum of a positive number and a negative number having 
the same absolute value is equal to zero; i.e., two such numbers 
cancel each other when united by addition. 

E.g., +1 -f-1 = 0, +3 +-3 = 0, -17^ -}-+17i = 0. 

In general, +/? +-/i = 0. 

For this reason, positive and negative numbers in their rela- 
tion to each other are called opposite numbers. When their 
absolute values are equal, they are called equal and opposite 
numbers. 

37. Any quantities which in their relation to each other are 
opposite, may be represented in Algebra by positive and negative 
numbers ; as credits and debits, gain and loss. 
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Ex. 1. 100 dollars credit and 100 dollars debit cancel each 
other. That is, 100 dollars credit united with 100 dollars debit 
is equal to neither credit nor debit; or, 

100 dollars credit + 100 dollars debit = neither credit nor debit. 

If credits be taken positively and debits negatively, then 100 
dollars credit may be represented by +100, and 100 dollars debit 
by "100. Their united effect, as stated above, may then be 
represented algebraically thus : 

+100 +-100 = 0. 

The result, 0, means neither credit nor debit. 
Similarly for opposite temperatures. 

Ex. 2. If a body is first heated 10° and then cooled down 8°, 
its final temperature is 2° above its original temperature ; or, 
stated algebraically, 

+10 +-8 =+2. 

The result, +2, means a rise of 2° in temperature. 

EXBBCISES VIII. 
Express algebraically each one of the following statements : 

1. $ 45 gain and $ 45 loss is equivalent to neither gain nor 
loss. 

2. $ 95 gain and $ 50 loss is equivalent to $ 45 gain. 

3. $ 37 gain and $ 57 loss is equivalent to $ 20 loss. 

4. If a man travels 220 miles due west and then 220 miles 
due east, he is at his starting place. 

5. If a man ascends 2250 feet in a balloon and then descends 
200 feet, he is 2050 feet above the earth. 

6. If a man walks 90 feet to the right and then 110 feeb to 
the left, he is 20 feet to the left of his starting point. 

7. A rise of 20° in temperature, followed by a fall of 27°, is 
equivalent to a fall of 7°. 

8. A rise of 15° in temperature, followed by a fall of 12°, is 
equivalent to a rise of 3°. 



CHAPTER II. 

THE FOUR FUNDAMENTAL OPERATIONS WITH 
ALGEBRAIC NUMBER. 

ADDITION OF ALGEBRAIC NUMBERS. 

1. 7%e Addition of two numbers is the process of uniting them 
into one aggregate. 

The numbers to be added are called Summands. 

Addition of Numbers with Like Signs. 

2. Ex.1. Add +3 to +4. 

The three positive units, "'"3, when added to the four positive 
units, ''■4, give an aggregate of four plus three, or seven, positive 
units. That is, 

+4 +^3 =+(4 + 3) =+7. 

In like manner, 

Ex.2. -4 +-3 =-(4 + 3) =-7. 

These examples illustrate the following method of adding 
^wo numbers with like signs : 

Add arithmetically their absolute values, and prefix to the sum 
their common sign of quality. 

Addition of Numbers with Unlike Signs. 

3. Ex. 1. Add -2 to +5. 

The two negative units, ~2, when added to the five positive 
units, "^5, cancel two of the five positive units. There remain 
then five minus two, or three, positive units. That is, 

+5 +-2 =+(5 -2) =+3. 
24 
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Ex. 2. Add +2 to -5. 

The two positive units, ^2, when added to the five negative 
units, ~5, cancel two of the Jive negative units. There remain 
then Jive minus two, or three, negative units. That is, 

-5 +-^2 =-(5 -2) =-3. 

Observe that in both examples the sum is of the same quality 
as the number which has the greater absolute value. Also, that 
the absolute value of the sum is obtained by subtracting the less 
absolute value, 2, from the greater, 5. 

These examples illustrate the following method of adding 
two numbers with unlike signs : 

Subtract arithmetically the less absolute value from the greater. 
To that remainder prejix the sign of quality of the number which 
has the greater absolute value. 

The examples given in Ch. I, Art. 37, are concrete illustra- 
tions of the preceding principles. 

4. Observe that a positive number increases a number to 
which it is added, while a negative number decreases it. 



Add: 
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SUBTRACTION OF ALGEBRAIC NUMBERS. 

5. Subtraction is the inverse of addition. In addition two 
numbers are given, and it is required to find their sum, as 

in +9 +^2 =+11. 
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In subtraction the sum of two numbers and one of them are 
given, and it is required to find the other number, as in 

ni -+2 = (+9 ++2) -+2 =+9. 

That is, if from the sum of two numbers either of the numbers 
be subtracted, the remainder is the other number. 

In general, ia-{-b) — a = b. 

6. Ex. 1. A man's net profits last year were 1200 dollars. 
This year his income is 150 dollars less, and his expenditures 
are the same. What are his net profits this year ? 

To take away 150 dollars income fs equivalent to adding 150 
dollars expenditures. 

If net profits and income be taken positively, and expendi- 
tures negatively, the last statement, expressed algebraically, is 

+1200 -+150 =+1200 +"150. 

Ex. 2. A man's net profits last year were 1200 dollars. This 
year his income is the same and his expenditures are 150 dol- 
lars less. What are his net profits this year ? 

To take away 150 dollars expenditures is equivalent to adding 
150 dollars profits. 

The algebraic statement of this relation is 

+1200 - -150 =+1200 ++150. 

These examples illustrate the following principle : 

To subtract one riumber from another number, reverse the sign 
of quality of the subtrahend, and add, 

£j,g,^ +2 _+3 =+2 -f-3, =-1. -2 -+3 =-2 +"3 ="5. 

+2 --3 =+2 ++3, =+5. -2 --3 ="2 -f-+3 =+1. 

7. It is important to notice that the preceding examples do 
not prove this principle. The following examples illustrate a 
method of proof which may be used. 
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Ex.L Subtract +5 from +7. 

In +7 — +5, the minuend, +7, is to be expressed as the sum of 
two numbers, one of whidi is "*"6. Since "5 +*5 = 0, we may 

write 

+7 =+7 4--0 ++5 = (+7 +-5) ++6. 

That is, +7 may be regarded as the sum of two numbers, one 
of which is -^7 +"6, and the other is +5. Therefore, by defini- 
tion of subtraction, 

+7 -+6 = [(+7 +-6) ++6] -+5 
=+7 +-5 =+2, 

That is, to subtract +5 t9 equivalent to adding '6. 

Ex. 2. Subtract "6 from +7. 

We have +7 -"5 = [(+7 ++5) +"6] -"6 

=+7 ^--^-S =-^12, 
That is, fo subtra/^ ~5 t« equivalent to adding +6. 

8. We thus see that every operation of subtraction is equiva- 
lent to an operation of addition. On this account it is conven- 
ient to speak of a chain of additions and subtractions as an 
Algebraic Sum. 

BZBBOISBS n. 
Subtract : 



1. 


2. 


3. 


4. 


S. 


6. 


+9 


+2 


+8 


+3 


-9 


-4 


+2 


+9 


+3 


+8 


-4 


-9 


7. 


a 


9. 


10. 


11. 


12. 


-8 


-7 


+6 


-6 


+6 


-6 


-7 


-8 


+6 


-6 


-9 


+9 



MULTIPLICATION OF ALGEBRAIC NUMBERS. 

9. In multiplication, the multiplicand and multiplier are 
called Factors of the product. 



i 
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10. In ordinary Arithmetic, multiplication by an integer 
is defined as an abbreviated addition. Thus, 

4x3 = 4 + 4 + 4; 

that is, the number 4 is taken three times as a summand. 

But 3 = 1 + 1 + 1. 

We thus see that the product 4 x 3 is obtained from 4 just 
as 3 is obtained from the positive unit, 1. 

We are thus naturally led to the following definition of 
multiplication : 

The product is obtained from the multiplicand jicst as the mul- 
tiplier is obtained from the positive unit 

11. The above definition is an extension of the meaning of 
arithmetical multiplication when the multiplier is an integer, 
and gives an intelligible meaning to arithmetical multiplication 
when the multiplier is a fraction. 

Thus, "I is obtained from the unit, 1, by taking one-third of 
the latter twice as a summand ; or 

In like manner, to multiply 5 by f , we take one-third of 6 
twice as a summand ; or 

5xf = | + | = Y- 

12. There are two cases to be considered in the multiplica- 
tion of algebraic numbers. 

(i.) The Multiplier Positive. — Ex. 1. Multiply +4 by +3. 
By the definition of multiplication, the product, 

+4X+3, 

is obtained from +4 just as "•"3 is obtained from the positive 
unit. But 

+3=+l+n++l. 

Consequently the required product is obtained by taking ■*'4 
three times as a summand, or 

+4 X -^3 =+4 ++4 ++4 =+(4 + 4 + 4) =+(4 x 3) =+12. 
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Ex. 2. Multiply -4 by +3. 
By the definition of multiplication, we have 
-4 x+3 =-4 +-4 +-4 =-(4 + 4+4) =-(4 x 3) ="12: 

(ii.) The Multiplier Negative. — Ex. 3. Multiply +4 by "3. 
By the definition of multiplication, the product, 

+4X-3, 

is obtained from +4 just as -3 is obtained from the positive 
unit. But 

-3 =-1 +-1 +-1 = -+1 -+1 -+1 ; 

that is, ~3 is obtained by subtracting the positive unit, +1, three 
times in succession from 0. Consequently, the required product 
is obtained by subtracting the multiplicand, +4, three tim£s in 
succession from ; or, 

+4 X -3 = -+4 -+4 -+4 = +-4 +-4 +"4 ="(4 x 3). 
Ex. 3. Multiply -4 by "3. 
By the definition of multiplication, we have 

-4 X -3 = --4 --4 --4 = ++4 ++4 ++4 =+(4 x 3). 

13. These examples illustrate the following Rule of Signs 
for Multiplication: 

The product of two numbers having like signs is positive; and 
the product of two numbers having unlike signs is negative. Or, 
stated symbolically, 

+a X +4 =+(a4), 'a x +4 =-(a4), 

-a X -b =+(a4), +a x "4 =-(ab). 





BXEBCISBS III. 






Multiply : 








1. 2. 


3. 4. 


5. 


6. 


+3 -3 


+3 -3 


+8 


-7 


HK4 +4 


Ii i:^ 


H 


16 


7. 8. 


9. 10. 


11. 


12. 


-9 +8 


-12 -15 


+20 


+16 


+2 -6 


-6 +4 


+7 


-5 
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DIVISION OF ALGEBRAIC NUMBERS. 

14. Division is the inverse of multiplication. In multiplica- 
tion two factors are given, and it is required to find their 
product. In division the product of two factors and one of 
tliem are given, and it is required to find the other factor. 

E.g., Since -28=-4x+7, 

therefore, "28 -h+7 ="4, and "28 -^-4 =+7. 

15. From the definition of division we infer the following 
principle : 

If the product of two numbers be divided by either of them, the 
quotient is the other number, 

16. Since +ax+6=+(a6), therefore +(a6)-h+a =+6; 
since ~a x+6=~(a6), therefore "(ai) -5-"a='^6; 
since "a X"6='*"(a6), therefore +(a6)-^■"a ="6; 
since +ax"6="(a6), therefore -(a6)^+a=~6. 

From these equations we derive the following Rule of Signs 
for Division : 

Like signs of dividend and divisor give a positive quotient; 
unlike signs of dividend and divisor give a negative quotient. 



E.g., 


+8-r 


-+2 = 


=+4; -8- 


--2 = 


=+4; 






+8-f 


--2 = 


= -4; -8- 


-+2 = 


= -4. 




Divide : 




BXBBCISBS 


IV. 






1. 

+4)+8 


2. 

+4)-8 




3. 

-4)+8 




4. 

-4)-8 


5. 

-6)-15 


6. 

-7)+28 


7. 

+6)-30 




a 

+8)+24 




9. 

-9)+18 


10. 

^-3)-27 
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ONE SET OF SIGNS FOR QUALITY AND OPERATION. 

17. Most text-books of Algebra use the one set of signs, 
+ and — , to denote both quality and operation. We shall in 
subsequent work follow this custom. For the sake of brevity, 
the sign + is usually omitted when it denotes quality; the 
sign - is never omitted. 

Thus, instead of +2, we shall write + 2, or 2 ; 
instead of "2, we shall write — 2. 

18. We have used the double set of signs hitherto in order 
to emphasize the difference between quality and operation. It 
should be kept clearly in mind that the same distinction still 
exists. 

We now have 

+3 + +2 = + 3 + ( + 2) = 3 + 2, omitting the signs of quality, -f ; 

+3 +~2 = + 3 +(— 2), wherein + denotes operation, and — de- 
notes quality, 

+3— +2 = + 3 — (+2)=3 — 2, omitting the signs of quality, +; 

+3 — ~2 = + 3 — (— 2), wherein the first sign, — , denotes operor 
tioiij the second sign, —, denotes quality. 

19. In the chain of operations 

(+2) + (-5)-(+2)-(-ll) 

the signs within the parentheses denote quality, those without 
denote operation. That expression reduces to 

(+2)-(+6)-(+2) + (+ll), 
or 2-5-2 + 11, 

dropping the sign of quality, +. 

In the latter expression all the signs denote operation, and 
the numbers are all positive. 
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20. The following examples illustrate the double use of the 
signs + and — . 

Ex. 1. +4H--^3 = + 4 + (+3) = 4 + 3 = 7. 

Ex.2. -5++2 = -54-(+2) = ~6 + 2 = -3. 

Ex.3. +7--5 = + 7-(-5) = 7-(-5) = 7 + 6=:12. 

Ex.4. -4x+3 = -4x(+3)=-4x3 = -12. 

Ex.5. -4x-3 = -4x(-3) = 12. 

Continued Products. 

21. The results of Article 13 may be applied to determine 
the value of a chain of indicated multiplications, i.e., of a 
continued product. 

E.g. (+ a) (+ 6) (+ e) = (+ ab) (+ c) = + abe, 
(+ a) (+ b) (- c) = (+ ab) (- c) = - abe, 
(+ a) (- 6) (- c) = (- a6) (- c) = + a6c, 
(-a)(-6)(-c) = ( + a6)(-c) = -a6c. 

These equations illustrate a more general rule of signs : 

A continued product which contains no negative factor, or an 
even number of negative factors, is positive; one that contains 
an odd number of negative factors is negative. 

In practice the sign of a required product may first be deter- 
mined by inspection, and that sign prefixed to the product of 
the absolute values of the factors in the continued product. 

E.g., the sign of the product 

2x(-3)x(-7)x(+4)x(~5) 

is negative, since it contains three negative factors ; the product 
of the absolute values is 840. Consequently, 

2 X ( - 3) X ( - 7) X ( -h 4) x ( - 5) = - 840. 
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EXERCISES V. 

In the expressions in Exx. 1-4, which signs denote quality 
and which operation ? 

1. +5 + (-3)-(+8). 2. -7 + (+5)-(-9). 

a -3 + (-5)x(+4). 4. (+12)-h(-4)x(-3). 

5-8. Find the value of the expressions in Exx. 1-4. 

Find the values of the expressions in Exx. 9-20, first chang- 
ing them into equivalent expressions in which there is only 
one set of signs + and — : 

9. +8 + +2. 10. +7- +3. 11. +3- +7. 12. -5 + -7. 

13. -8- +3. 14. -9 --5. 15. +4X+5. 16. ^5x-2. 

17. '-5X-2, 18. +12 -J- +3. 19. +12 H- -3. 20. -12-^-3. 

Simplify the following expressions : 

21. 10-4. 22. 4-10. 23.-8-7. 

24. 9-2. 25. 2-9. 26. -10 + 10. 

27. 8 X 5. 28. - 8 X 5. 29. 8 X (- 5). 

30. (-8)x(-5). 31. 20 -J- 4. 32. -20-^4. 

33. 20-^(-4). 34. (- 20) ^ (- 4). 35. -45-S-9. 

36. 3x5 + 4x2. 37. 3 X (5 + 4x2). 

38. 8 X 6 - 10 -f. 5. 39. (8 X 6 - 10) -h 5. 

40. 12-^4-10-h2. 41. 12 -5- (4- 10 H- 2). 

When a = 16, 6 = — 8, c = — 2, d = — 4, find the values of : 

42. a + 6 + c. 43. a + 6 — c. 44. a — 6 + c. 

45. a — h — c. 46. a-'{b — c). 47. C'-(b — a), 

48. aibc. 49. ab -i- c. 50. a -5- (be), 

51. a-i-b xc. 52. abed, 53. (ab) h- (cd). 

54. dbc -i-d, 55, db + cd, 56. a -5- 6 — d -^ c. 

57. A's assets are |2600 and B's are $2200. How much 
do A's assets exceed B's^ taking assets positively? 
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58. A owes $ 200, and B's assets are f 1800. How much 
do A's assets exceed B's, taking assets positively? 

59. The temperature in a room is 72** above zero, and out 
of doors it is 8° above zero. How much higher is the tem- 
perature in the room than out of doors, taking degrees above 
zero positively? 

60. The temperature in a room is 70° above zero, and out 
of doors it is 4° below zero. How much higher is the tem- 
perature in the room than out of doors, taking degrees above 
zero positively? 

PARENTHESES. 

22. The Terms of an algebraic sum are the additive and sub- 
tractive parts of the sum. 

E.g., the terms of 2 - 5 - 2 + 11 are + 2, ~ 6, - 2, + H 

The Sign of a Term is its sign + or — . 

A Positive Term is one whose sign is + ; as + 2. 

A Negative Term is one whose sign is — ; as — 5. 

Removal of Parentheses. 

23. Wehave 9 + (5 + 6) =9 + 5 + 6, 

since to add the sum 6 + 6 is equivalent to adding successively 
the single numbers of that sum. 

Again, 9 + (5 -6) = 9+ [5 + (-6)], 

since to add — 6 is equivalent to subtracting 6. 
Therefore, removing brackets, 

9 + (5-6) = 9 + 5 + (-6), =9 + 5-6. 

The above example illustrates the following principle : 

(i.) WJien the sign of addition, +, precedes parentheses, they 
may be removed, and the signs, + and — , within them be left 
unchanged; that is, 

*-f (+a + 6) = * + a + 6, . 

*+(+a-6) = ^-ha-A, etc. 
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It is important to notice that if the first term within the 
parentheses has no sign, the sign + is understood. 

24. We also have 

9_(5 + 6) = 9-5~6, 

since to subtract the sum 6 + 6 is equivalent to subtracting 
successively the single numbers of that sum. 

Again, 9-(5-6) = 9-[5 + (-6)], 

since to add — 6 is equivalent to subtracting 6. 
Therefore, removing brackets, 

9_(5-6) = 9-5-(-6), =9-5-1-6. 

This example illustrates the following principle : 

(ii.) When the sign of subtraction, — , precedes parentheses, 
they may be removed, if the signs within them be reversed from + 

to — , and from — to -|-; that is, 

*_(+fl + 6) = *-a-6, 
M—{-{-a — b) = M — a + bi etc. 

Observe that the sign before the parentheses affects each 
term within them. 

Insertion of ParenthesoB. 

25. The insertion of parentheses is the converse of the 
process of removing them. 

(i.) An expression may be inclosed within parerUJieses preceded 
by the sign +, if the signs of the terms inclosed remain unchanged, 

E,g,, 7 -54-3 -4 = 7 + (-5 + 3- 4), 

= 7-5 + (3-4). 

(ii.) An eaepression may be inclosed within parentheses pre- 
ceded by the sign — , if the signs of the terms inclosed be reversed, 
from + to — and from — to +. 

E.g., 7-5 + 3-4 = 7- (5-3 + 4), 

= 7-5-(-3 + 4). 
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BXBRCISBS VL 

Find the value of each of the following expressions, first 
removing parentheses: 

1. 9+(44-3). 2. 9+(4-3). 3. 10-(3+4). 

4. i0-(3-4). 5. 12+(6+8). 6. 12~(6+8). 

7. 12~(6-8). 8. 12+(-6+8). 9. 12-(~6+8). 

10, 15+(9-6+2). 11. 15-(9-6+2). 12. 20-(7-9-l> 

13. i8+(-4+5-8). 14. 18-(-4+5-8). 

Insert parentheses in 10 — 7 + 4 — 6 and 7 + 8 — 9 — 4, 

15. To inclose the last two terms, preceded by the sign + ; 
preceded by the sign — . 

16. To inclose the last three terms, preceded by the sign + ; 
preceded by the sign — . 

The Associative Law. 

26. The principle for inserting parentheses enables us to 
group successive terms in algebraic addition. 

E.g., 8 + (4 + l) = (8 + 4) + l, or 8 + 5 = 12 + 1. 

In general, a + (6 + c) = (a + 6) + c. 

That is, the algebraic sum of three or more mimbers is the 
same in whatever way successive numbers are grouped or asso- 
ciated in the process of adding. 

This principle is called the Associative Law for addition and 
subtraction. 

27. In finding the value of a continued product in Art. 21 , 
the indicated operations were performed successively from left 
to right. 

E.g., 4x3x(-2) = 12x(-2) = -24. 

But the result will be the same if 3 be first multiplied by 
— 2, and then 4 be multiplied by this product. 
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E.g., 4x[3x(-2)] = 4x(-6) = -24. 

In like maimer, 

32x4^2=128-?-2 = 64, and 32 x (4-i-2) = 32 x 2 = 64; 

32-4x2= 8x2 = 16, and 32^(4-2) = 32-f.2 = 16; 

32-^4■-2= 8-2= 4, and 32- (4 x 2) = 32-5-8 = 4. 

In general, (a6)c = a(6c); fl6-5-c = fl(6-hc) ; 

a-5-6xc = a^(6-5-c); a-5-6-f-c = a-f- (6c). 

That is, if a chain of multiplications and divisions be inclosed 
in parentheses, the symbols x and -*-, preceding the numbers 
inclosed, 

(i.) are unchanged if the symbol^ x, precede the parentheses; 

(ii.) are reversed, from x to -i- and from -^ to x,if the sym- 
bol, -i- , precede the parentheses. 

This principle is called the Associative Law for multiplication 
and division. 

The Commutative Law. 

28. In an indicated addition, the number on the right of the 
symbol is to be added to the number on its left. 

E.g., in 5 -j- 3, = 8, 3 is added to 8, while in 3 -|- 5, = 8, 5 is 
added to 3. But the results are the same. 

That is, 54-3 = 3-1-5. 

In like manner, 8 — 5 = — 5 + 8. 

In general, a + 6 — c = a — c + 6 = etc. 

That is, the algebraic sum of two or more numbers is the same 
in whatever order they may be added. 

This principle is called the Commutative Law for addition and 
subtraction. 

29. We have 

4x3x2 = 12x2 = 24, and 4x2x3=8x3 = 24; 
14-2x7= 7x7 = 49, and 14x7^-2 = 98-^2 = 49; 
8-4--2= 2-5-2= 1, and 8--2-5-4= 4-^4 = l. 
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In general, 
ax6xc=axcx6; fl-i-6xc=axc-5-6; a-J-6-^c=a^-c-*-6. 

That is, the result of a chain of multiplications and divisions is 
the same in whatever order these operations are perfoi'med. 

This principle is called the Commutatiye Law for multiplica- 
tion and division. 

30. By the preceding articles we have ; 

8-34-2-5 = 8 + 2-3-5= 10- 8 = 2 (i.) 

25 x 27 X 4 = 25 X 4 X 27 = 100 X 27 = 2700, (ii.) 
75 X 29 -^ 25 = 75 ^ 25 X 29 = 3 x 29 = 87. (iii.) 

In changing the order of the operations, it is important to 
carry the symbol of operation with the number, 

31. Thus, by the methods of the preceding article, we secure 
the following advantages : 

In a succession of additions and subtractions, add the positive 
terms separately, then the negative terms, and unite the results. 

In a succession of multiplications and divisions, we may, by 
changing the order of the operations, often simplify the work. 

BXBRCISBS VII. 

Find the value of each of the following expressions : 
1. 8-3 + 2-5 + 9. 2. -6 + 4-14 + 12-7. 

3. 19-7 + 3-5-10. 4. 16-7 + 4-9 + 3. 

5. 17 + 2-3 + 9-18. 6. 15-19 + 6-7 + 5. 

Find, in the most convenient way, the value of each of the 
following expressions : 

7. 89-115 + 11. 8. 45f-85 + 54|. 

9. 996 + 1008 + 4-8. 10. 98 + 96 + 92 + 2 + 4 + 8. 

11. 25 X 32 X (- 4). 12. 12^ X (- 29) x 8. 

13. -39 X 16| X 6. 14. 45 X 28 -h 9. 

15. -12^^20x8. 16. 10-5-42x21. 
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POSITIVE INTEGRAL POWERS. 

32. The Sign of Continuation, ••*, is read, and so on, or and so 
on to; as 1, 2, 3, •••, read, one, two, three, and so on; or 1, 2, 3, 
•••, 10, read, one, two, three, and so on to 10. 

33. A continued product of equal factors is called a Power 
of that factor. 

Thus, 2 X 2 is called the second power of 2, or 2 raised to the 
second power; aaa is called the third power of a, or a raised to 
the third power. 

In general aaa ••• to n factors is called the nth power of a, 
or a raised to the nth power. 

The second power of a is often called the square of a, or a 
squared; and the third power of a the cube of a, or a cubed, 

34. The notation for powers is abbreviated as follows : 

a^ is written instead of oa ; o? instead of aaa ; 
a" instead of aaa ••• to n factors. 

35. The Base of a power is the number which is repeated as 
a factor. 

E.g,, a is the base of a*, a', •••, a^ 

36. The Exponent of a power is the number which indicates 
how many times the base is used as a factor, and is written to 
the right and a little above the base. 

E.g,, the exponent of a^ is 2, of a* is 3, of a" is n. 
The exponent 1 is usually omitted. Thus, a^ = a, 

37. The base of a power must be inclosed within parentheses 
to prevent ambiguity : 

(i.) When the base is a negative number. Thus, 

(-5)2=(-5)(~5)=:25^ while -52 = -(5 x 6) = -25. 
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(ii.) When the base is a product or a quotient. Thus, 
(2 X 6)"= (2 X 6) (2 X 5) (2 X 5) = 1000; 
while 2x6'' = 2(6x6x5) = 260. 

--'»(l)'=|xi4"'"''l=¥=5- 

(iii.) When the hose is a mm. Thus, 

(2 + 3)«=(2 + 3)(2 + 3) = 5x5 = 25; 
while 2 + 3« = 2 + 3x 3 = 2 + 9 = 11. 

(iv.) When the base is itself a power. Thus, 

(2»/ = 2» X 2»= (2 X 2 X 2)(2 X 2 X 2) = 64. 
while 2^ = 23^»=2» = 2 X 2x2x2x2x2x2x2 x 2 = 612. 

EXERCISES VIII. 

Express each of the following powers in the abbreviated 
notation : 

1. a X a. 2. 4 X 4. 3. 2 x 2 x 2. 4. (- a) (- a). 
5. - a X a. 6. (~ 3) (- 3) (- 3) (- 3). 7. - nnnim. 

8. 2x2x2... to 8 factors. 

9. (— a) (— a) (— a) ... to 9 factors. 

10. (a + b)(a + b)(a-\'b). 11. (x - yy) (x - yy) (x -- yy). 
12. (a + 6) (a + &) (a + 6).-. to 12 factors. 

Express each of the following powers as a continued product : 
13. S\ 14. 6^ 15. ~4«. 16. (-4)'. 

17. icy^. 18. (xyf. 19. (—a)*. 20. —a*. 

Write : 

21. Four times x. 22. x to the fourth power. 

23. The sum of the cubes of a and b. 

24. The cube of the sum of a and b. 

25. The length of a side of a square floor is a feet. How 
many square feet in the floor ? 
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26. A field is 3 a rods long and 2 a rods wide. How many 
square rods in its area ? 

27. A box is 4 a; feet long, 3 x feet wide, and 2 x feet high. 
How many cubic feet does it contain ? 

Properties of PoaitiTe Integral Powers. 

3& (i.) Ml (even and odd) powers of positive baaea are positive. 

E.g., 23 = 2x2x2 = 8. 3* = 3 x 3 x 3 x 3 = 81. 

(ii.) Even poioers of negative bases are positive; odd powers 
of negative bases are negative, 

E.g., (- 2)^ = (- 2) (- 2) (- 2) (- 2) = 16 J 

(-6)» = (-6)(-6)(-6) = -126. 

In general, (+ a)'" = -f- a*" ; 

(-0)2" = ««'»; (-a)2''+i = ~a2"+i. 

BXEBCISBS IX. 

Find the value of each of the following powers : 
1. 2«. 2. 61 3. (-2)«. 4. -2«. 5. (-3)'. 

6. (-2)«. 7. ~3». a (-3)». 9. (-a)«. 10. (-a)». 

Express as powers of 2 : 

11. 8. 12. 32. 13. 128. 14. 1024. 15. 4096. 

Express as powers of — 3 : 

16. 9. 17. -27. 18. -243. 19. 729. 20. -2187. 

Find the value of each of the following expressions : 

21. 22 + 32. 22. (2 + 3)2. 23. 3«-28. 24. (3-2)8. 

25. (4x3)2. 26. 6x42. 27. 2(-3)». 28. [2(-3)]3. 

When a = 5, 6 = — 4, c = 2, find the value of each of the 
following expressions : 

29. a^ 30. b\ 31. (aby, 32. bcf, 33. (abcy, 

34 (a-6-c)2. 35^ a2_^2_^ 3g (a2_62 + c2)2. 



CHAPTER III. 

THE FUNDAMENTAL OPERATIONS WITH INTEGRAL 
ALGEBRAIC EXPRESSIONS. 

DEFINITIONS. 

1. An Integral Algebraic Expression is an expression in which 
the literal numbers are connected only by one or more of the 
symbols of operation, +, — , X, but not by the symbol -s-. 

E.g., 1 + a; + a^, Ba^ + ^cdP, etc. 

2. The word integral refers only to the literal parts of the 
expression. 

E.g.y a + 6 is algebraically integral ; but when a = ^, & = f > 
we have 

3. Coefficients. — In a product, any factor, or product of fac- 
tors, is called the Coefficient of the product of the remaining 
factors. 

E.g., in 3 abc, 3 is the coefficient of abc, 3 b of ac, etc. 
A Numerical Coefficient is a coefficient expressed in figures. 
E.g., in —Sab, —3 is the numerical coefficient of ab. 
A Literal Coefficient is a coefficient expressed in letters, or in 
letters and figures. 

E.g., in 3 ab, a is the literal coefficient of 3 b, and 3 a of 6. 
The coefficients + 1 and — 1 are usually omitted. 

4. A coefficient must not be confused with an exponent. 

E.g., 4a = a + a4-a + ai while a* = axaxaxa. 

42 
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6. The sign +, or the sign — , preceding a product, is to be 
regarded as the sign of its numerical coefficient. 

Thus +3 a means the product of positive 3 by a; —5x 
means the product of negative 6 by x. In particular, + a means 
the product of positive 1 by a, and — a means the product of 
negative 1 by a, unless the contrary is stated. 

EXBRCISBS I. 
What is the coefficient of a; in 
1. 2x? 2. -3a?? 3. 5ax? 4. -Tbxf 

5. If the sum, a -f a + a + a, be represented as a product, 
what is the coefficient of a ? 

6. If the algebraic sum, — 6 — 6 — 6 — 6 — 6, be represented 
as a product, what is the coefficient of — 6 ? Of 6 ? 

7. If the sum cwj 4- oa? -f cwj + ••• to 10 terms be represented 
as a product, what is the coefficient of aa; ? Of a; ? 

6. Like or Similar Terms are terms which do not differ, or 
which differ only in their numerical coefficients. 

E.g., in the expression 4-3a4-6a6— 5a4-7a6, +Sa and 
^5a are like terms ; so are + 6 ab and + 7 ab. 

Unlike or Dissimilar Terms are terms which are not like. 

E.g., +3a and + 7 a5 in the above expression. 

7. A Monomial is an expression of one term ; as a, — 7 be, 
A Binomial is an expression of two terms ; as — 2 a^ -f- 3 &c. 
A Trinomial is an expression of three terms. 

JE.g.y a + 6 - c, - 3a2 + 76« - 5c*. 

A Multinomial "^^ is an expression of two or more terms, in- 
cluding, therefore, binomials and trinomials as particular cases. 

Eg^, a + b^, a^-\'b-(?, ab + bc-cd- ef, 

* The word Polynomial is frequently used instead of Multinomial. 
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ADDITION AND SUBTRACTION. 

Addition of Like Terms. 

8. Like Terms can be united by addition into a single like 
term. 

Just as 2 = 1 + 1, so 2ay = ajy + a'y; 

just as 3 = 1 + 1 + 1, so 3ajy = ajy + ajy + fl5y. 

Therefore, just as 2 + 3 = 5, 

so 2 ay + 3ajy = (2 + 3)ajy = 5 ay. 

That is, to add like terms, add their numerical coefficients and 
annex to the sum their common literal part, 

Ex. 1. Add -lab to 4a6. 

Wehave 4a6 + (- 7a5) = [4 + (- 7)]a6 = -3a6. 

Ex. 2. Find the sum of 3 a, — 5 a, 8 a, — 4 a. 

Uniting the positive terms by themselves, and the negative 
terms by themselves, we have 

3a + 8a + (-5a) + (-4a) = [3 + 8 + (-5) + (~4)]a = 2a. 

Ex. 3. Add ax to hx. 

Since the sum of the coefficients of a? is a + 6, we have 
ax + bx=^{a-^h)x. 



Add: 
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— GxV ex 


ay 
-by 

cy 


— ms^ 
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-px' 
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Find the sum of i 

13. 4a, 5a, 7a, 9a. 14. --Bx, —3x, —9a?, — 13aj. 

15. 6a\ -3a^ lla^, -2al 

16. — 11 xy, 17 xy, 5xy, — 4 xy. 

17. Sa% -3a% 27 a% -lla*6, -21a%. 

18. m + n, —5(m + n), 9(m + n), — 4(m + n). 

19. 3(a^ + 6), -8(a2 4-6), -14(a«4-6), a^ + ft. 

Simplify the following expressions : 

20. BX'-lSx + dx. 21. 7a — 9a — 4a. 
22. 5m + 13m — 8m. 23. a^ — 7a^ + 5aK 

24. -a% + 15a26-8a% + 14a%. 

25. 2a«-15a8 + lla8 + 12a«-9a». 

26. -7a?f + 13iiGY-Sa?f-3a?f + 5a^. 

27. 12a?6-15a%-8a% + 20a%-8a«6. 

28. a + 6 - 3(a + ft) + 8(a 4- &) + 5(a + &) - 10(a + &). 

29. 5(a? + f)^S{a? + f)---ll{a^-^y^ + 3{a? + f). 

30. aj + |a;-|a;-iaj. 31. 3y + \y-iy^iy. 

32. ^a — ^a + f a — fa + f a + f a — V«- 

Simplify the following expressions, first removing paren- 
theses : 

33. 2a-[-4a-(-6a)]. 34. m4-[2m- (3m-4m)]. 

35. 6y-[5y-4y-(-3y + 22^)]-y. 

36. a — [a? — 2 a? — (a? — 3 ») — (a? — 4 a;)]. 

Subtraction of Like Terma. 

9. Like Terms can be united by subtraction into a single 
like term. 

Just as 5-2 = 3, 

so 5 a — 2 a = (6 — 2) a = 3 a. 

That is, to subtract like terms, subtract tfteir numerical coeffi- 
cients, and annex to the remainder their common literal part. 
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Ex. 1. Subtract —Bix^y from — 7 a^y. 
We have 
-7a?y-(-5xh/)=-7aPy + 5a?y = (-7 + 5)a^y^-2aPy, 



Subtract: 
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13. 13 a% from 15 a%. 14. -7ary from 3a^. 

15. ^xf from ^xy\ 16. -faft'^ from |a6*. 

17. 2(a + 6) from - 3(a + 6). la ar' + y^ from -2(x^ + f). 

Addition of Multinomlala. 

10. Unlike Terms are added by writing them in succession 
each preceded by the sign 4-. 

Ex.1. Add3&to2a. Wehave2a4-36. 

Ex.2. Add -3aj2to22^2^ We have 

22/' + (-3a?) = 22/^-3a!2. 

Such steps as changing +(— 3aj^ into — Saj*, should be 
performed mentally. 

U. A multinomial consisting of two or more sets of like 
terms can be simplified by uniting like terms. 

Ex.1. 2a-3&-5a-|-46 = 2a-5a-36 + 46 

= -3a + 6. 

12. If two or more multinomials have common like tenns, 
these terms can be united. 
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Ex.1. Add -2a-f 3 6to3a-56. 

We have (3a-56) + (-2a + 36) =3a-66-2a + 36, 

In adding multinomials, it is often convenient to write one 
underneath the other, placing like terms in the same column. 

Ex. 2. Find the sum of -4a? + 3y*-822, 2ar*-3«*, and 
Wehave -.4ar^ + 3/-82» 

2f + 5z' 

It is evidently immaterial whether the addition is performed 
from left to right, or from right to left, since there is no carry- 
ing as in arithmetical addition. 



Add: 
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5. & 


a 




2 


3 




-4 
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8. 


— aj to ar*. 


9. —2m to n. 


10. a? to 


-2ajy. 


u. 


xy to yz. 


12. a% to atf». 



Simplify the following expressions by uniting like terms : 
13. a4-2 + a-2. 14. 66 — 3-46 + 4. 

15. 10a: — 8 + 5-7a?. . 16. 9m — 3n — 8m + 4n. 

17. -a?-6a2 + 4a2 + 2a2 + 2a». 

18. a6-3a%2 + 5a6-8aV + 4aZ> + a*6*. 

19. _ 3(a2 + 6)+ 5(a + 62)4- 4(a« + 6)- 4(a + 6^. 

Simplify the following expressions, first removing paren- 
theses : 

20. a + l-(2-3a). 21. 5aj-(- 22/ + 3aj). 
22. a?-22/-(2y + 3aj)-(3aj-42/). 
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23. 2m + 3w— (5m — 4n) — (— 3m-f 7n). 

24. 2xy + 5yZ''{2xy''Syz)+2xy''(3xy — 2yz)+5yz, 

25. a-[3a-(2a + 6)]-(36.-5). 

26. 3a?-[aj + 3y— (y-2a?)]. 

27. 8m— [m-(3m — w)4-(2m-3n)]. 

Find the values of the expressions in Exx. 20-24, 

28. When a = 1, a? = 3, 2/ = — 5, « = 10, m = 4, n = — 7. 

29. When a = — 3, aj = 6, y = — 7, 2? = 8, m = — 1, ?i=— 2. 

Find the sum of the following expressions : 

30. 5a4-26, 3a-46, -7a + 36, 9a-b. 

31. 7aj — 3y, 5aj + 4y, — 10a? + 42/, 3x—7y. 

32. a4-26-3c, 2a-364-c, 2a + 56 + 2c. 

33. a^ + ^a + l, a2-3a-2, a2 + 4a + 2. 

34. a^-5aj4-6, 3aj* + 2aj-7, 6ic2 + 3a;-f 1. 

35. 2a6 + 3ac — 4, 3a6 — 5ac + 2, — 5a6 + 3ac + 8. 

36. a«-3a6 + 6«, 2a2 + 2a5-6^ a6-2al 

37. a^-Sa^ft, la%-'h\ a» + &'. 

3a ar»-3aj* + 5a?--l, 7a?4-2aj2- 6aj-f 4, 

-2iB8-3aj2 + 4a?-5. 

39. 7^-\-h^-'lix^-2f, -2aj8 + 6aJ^ + lli»2/^-152/*, 

4iB8-7a^y-6i»2/^ + 32^- 

40. a* + 2a2-5a-3, - 3a*4-2a»4- 6a-4, 

2a*-7a« + 3a2 4-9, 5a*- 7a«-5a2 + a. 

41. 2(aj + y)« + 3(aj + .y), -(a? + y)' + (aJ + y), -2(aj + 2/)+l. 

42. a2-2(a4-&)' + &', a« + 3(a + 6)2, -a2-26l 

43. \x-^\yy -iaJ + iy, i«-i^y. 

45. ia^-iaJ2/+iV2/S ia^+ia^-A2^, - Aa^+Ja^-jVy"- 
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Subtraction of Multinomiala. 

13. Unlike Terms iare subtracted by writing them in succes- 
sion, each preceded by the sign — . 

Ex. Subtract — 11 m from 2 n. We have 

2n - (- 11 m) = 2n + 11 m. 

14. If two multinomials have common like terms, these 
terms can be united. 

Ex.1. Subtract -2a-f36from3a-66. 
We have (3 a -56) -(-2a + 36) = 3a -56 + 2a -3 6, 

= 6a-86. 

Ex.2. Subtract 2aj*-6aj-3 from 3ic«-6aj + l. 

Changing mentally the signs of the terms of the subtrahend 
and adding, we have 

3a^-5a: + l 

2aj*-6a;-3 

a^+ a? + 4 

Ex.3. Subtract 2:^-^7? from -.4iB2 + 3y*, and from the 
result subtract 2 2/* -4- 5 2*. 

When several multinomials are to be subtracted in succes- 
sion, the work is simplified by writing them with the signs of 
the terms already changed. We then have 

-4ar* + 33/* 
-2a? +32» 

-2y2-52« 





-6a?+ f-2^ 






Subtract : 


BXBBOISBS V. 






1. 2. 


3. 4. 


5. 


6. 


1 3 


X ^ 


--mn 


a% 


a —6 


1 -^_ 


m 


-aft^ 
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7. 3a — 26 from 4a-- 3 &. 8. — 5a? + 4y from —4 a; 4-5 y. 

9. 7m + 2n from — 3 m + 3 w. 

10. 2ar*-3a;from3aj»-2aj. 

11. 5a-76 + 8cfrom6a-664-9c. 

12. 2a?-5f + llz^fTomSa?-7f + Us^. 

13. 2xy + 5xz-'7yzivom5xy + 3xz — 6yz. 

14. 2a«-3a5-126«from3a>-a6-116». 

15. 7a?f-'5xy + SiTomSa?f'-3xy't7. 

16. a^-Sa? + 5x-lfTom2a?-2a? + 6x. 

17. 2c^-a»6-6«from3a» + 2a^ + 3a6*. 

18. aj2-aj-lfroma? + 2iB». 

19. 2(aj + y) — 52jfrom3(« + y)-.4i?. 

20. 6(a-.6)-3a + yfrom5(a-6)-2o + a«. 

21. From the sum of 5a: — 5^ + 3^ and 4:X + 4:y — 2z sub- 
tract 8 a? — 2 y — 2 2;. 

22. From a^- 06 + 6* subtract the sum of 2a^-Sa^ + 5ll^ 
and a* + aft — 4 6^ 

23. How much does m' + n^ exceed m^ — n^? 

24. How much does 1 — a?* exceed 2 — 3 aj* ? 

25. What expression must be added to2a — 3&+4cto give 
4a + 26-2c? 

26. What expression must be added to xy + icz + yz to give 
a^ + f + s^9 

27. What expression must be subtracted from a^ + aft + 6* to 
givea2-2a5-|-62? 

28. What expression must be subtracted from aj* — 2 a^ -f 2^ 
togivea:2^_2a^_l_2^2 9 

29. What expression must be added to a:^ + a? + 1 to give ? 

Ifaj = 2a-36-|-4c, 2/ = --3a4-26-7c, 2; = 9a-76 + 6c, 
find the values of 

30. X'\-y-\-z. 31. x—y-\-z. 32. a;-|-y— 2f. 33. x—y^z. 
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find the values of 

3^, A + B+C. 35. A'-B-\-a 

36. A + B-C. 37. A-B-^a 

PARENTHESES. 

15. The use of parentheses has been briefly discussed in 
Ch. II., Arts. 23-25. It is frequently necessary to employ 
more than two sets of parentheses, and to distinguish them 
the following forms are used: 

Parentheses, ( ) ; Brackets, [ ] ; Braces, { |. 

A Vinculum is a line drawn over an expression^ and is 
equivalent to parentheses inclosing it. 

E.g., (a 4- 6) (c — d) = a + b • c — d. 

16. The principles given in Ch. II., Arts. 23-24, are to be 
applied successively when several sets of parentheses are to be 
removed from a given expression. 

17. In removing parentheses we may begin either with the 
inmost or with the outmost. 

The following example will illustrate the method of remov- 
ing parentheses, beginning with the inmost : 

Ex. 4a - {3a +[2a - (a - 1)]} 

= 4a-{3a + [2a-a + l]} 
= 4a-{3a-f a + 1} 
=:4a-4a-l=-l. 
When, in such examples, we come to one of a pair of paren- 
theses, (, or [, or \f we must look for the other of like form. 
We then treat all that is contained in each pair as a whole. 

BXBBCISES VI. 

Simplify each of the following expressions : 



1. 2x-3y-l5x-(2y-3x-7j)]. 

2. <x + 26-[6a-{3&-(6a-6&)("J 



i 
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3. 2a?-}3y-[4aj-(52/-6a;)]|. 

4. 6a - [7 a -}8tt- (9 a -10 a -6)1]. 

5. a-{56-[a-(3c-36) + 2c-(a-26-c)]}. 

6. (7a - 6) - {4a -[2a- 1- (3 -4a -5)]}. 

7. aj-[a;-{2a:-3-[4a;-5-(6a;-7ic-8)]}]. 

8. a-{3a-[a-6 + {5a-6-(7a-6-8a-6)}]}. 

9. Find the values of the expressions in Exx. 1-5, when 
a = — 3, 6 = 4, c = — 5, a? = 8, y = — 9. 

18. Ex. 1. Express 4(a? — y) +y — a; as a product, of which 

one factor is x — y. 
We have 4:{x — y) + y — x = 4:{x — y) — (x — y) = S(x — y). 
The sign + or — before a pair of parentheses can evidently 

be reversed from + to — , or from — to +, if the signs of the 

terms within the parentheses be reversed. 

Ex.2. .7(a;-l)-3(l-aj)=7(a;-l) + 3(aj-l) = 10(a;-l). 

EXERCISES Vn. 

Write each of the following expressions as a product, of 
which the expression within the parentheses is one of the 
factors: 

1. 3(a-6)-a4-&. 2. 5(ar^-y)-a^ + 2^. 

3. 3m-5n-4(5w-3m). 4. 1 -a'»4-3(a*- 1). 

5. 5(a^ — aj+l)— ar^H-a;- 1. 6. a? — y — » — 6(2^ + 2 — a?). 

Write each of the following expressions as a single product, 
of which the expression within the first parentheses is a factor ; 

7. (2a? -1)- 3(1 -2a;). 8. 2(2m-3n)+(3n-2m). 

9. 5(ix^-f) + 2(f-a?), 10. 7(xy-z)-(z-'Xyy 

Simplify the following expressions without removing the 
parentheses : 
11. {a — b)c + (b — d)c, 12. 5(x — y)z + 5{y — x)z. 
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EQUATIONS AND PROBLEMS. 

19. Ex. Find the value of x from 2aj — 5 = 7-fa:. 
Adding 5 to both members of the equation, we obtain 

2a:--5-f 5 = 7-f 5 + a:; 

or, since —5 + 5 = 0, 2a? = 7 + 5 + aj. 

Subtracting x from both members of the last equation, we 
have 

2a? — ar = 7-4-54-a? — 0?; 

or, since a? — a? = 0, 2 a? — a? = 7 + 5. (1) 

Uniting terms, x = 12. 

Check: 2x12-6 = 7 + 12, or 24-6 = 7 + 12, or 19 = 19. 

20. Observe that equation (1), Art. 19, could have been 
obtained directly from the given equation by transferring the 
term — 5, with sign changed, to the second member, and the 
term + a;, with sign changed, to the first member. 

That is, any term may he transferred from one member of an 
equation to the other, if its sign be reversed from + to —, or 
from — to +. 

2L Ex. Find the value of x from the equation a?— 3=8— 3. 
Adding 3 to both members of the equation, we obtain : 

aj-3 + 3 = 8-3 + 3; 

or, since — 3 + 3 = 0, aj = 8. 

Check: 8 - 3 = 8 - 3, or 6 = 6. 

Observe that this step is equivalent to dropping the common 
term — 3 from both members. 

That is, the same term, or equal terms, may be dropped from 
both members of an equation. 

This step is called cancellation of equal terms. 
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22. These examples illustrate the following method : 
Transfer aU the terms containing the unknown number to one 

member of the equoMon, usv/oMy to the first member^ and all the 
terms containing known numbers to the other msmber. 

Unite like terms. 

Divide both members by the coefficient of the unknovm number. 

Check by substituting the value thus obtained in the given 
eqwUion, 

23. Pr. A boy being asked his age, replied, " If 10 is added 
to twice the number of years in my age the sum will be 40." 
How old was the boy ? 

Let X stand for the number of years in his age. 
Then 2 x stands for twice that number of years. 
The problem states, 

in verbal language : twice the number of years in the boy's age 
plus 10 is equal to 40 ; 

in algebraic language : 2 a; + 10 = 40. 

Transferring 10, 2x = 30. 

Dividing by 2, a? = 15. 

The boy was 15 years old. 

Check: 2 x 15 + 10 = 40, or 30 + 10 = 40, or 40 = 40. 

BXEBCI8B8 Vin. 
Solve each of the following equations : 

1. aj4-4 = 9. 2. 3-f « = 10. 3. x^-B^e. 

4. 15~ic = 10. 5. ll-aj = 13. 6. 3a;-f2 = ll. 

7. 5aj-3 = 17. a 7 + 12a; = 3L 9. 41-17a;=7. 

10. 15 = 3 4-4 a;. 11. 19 = 13 -6 a?. 12. 14 = 8 -3 a?. 
13. 9 + 5aj = 13 + 4aj. 14. 8a;-5 = 10aj-^ll. 

15. 18-5ic = 33-8a:. 16. 14a-13 = 7aj + 29. 

17. 3a-4 + 5aj = 7aj + 9. la 4a?-9 = 8aj — 3-2aj. 
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19. 2aj + 5a?-33 = 8aj-37 — 16. 

20. llaj — 15-4a; = 2aj + 5 — 6a?. 

21. 13a:-25 + 7a; = 87+9a + 9. 

22. 6aj + 14-8aj = 3aj-16-4aj. 

23. 6a + 7-16aj + 23 = 36aj + 15. 

24. 6aj-26 + 3a:-14a; = 25-3aj. 

25. 4aj + (2a;-3) = 15. 26. 2aj-(6aj + 5) = 7. 

27. 5a?-(3ic-7) = 17. 2a 7 a?- (3 a- 11) = 4. 

29. 14aj-{3a:-(2-a?)}=22. 30. 3a-.7- (5a? + 17) = 0. 

31. 6aj-[7a;-(8aj-18)]=16. 

32. 6-{5-(4-{3-[2-(l-x)]0} = 4. 

33. If 19 is added to a number, the sum will be 40. What 
is the number ? 

34. A man invests $2100. How much must he gain to 
have $3600? 

35. What number increased by 43 gives its double ? 

36. What number is 16 less than three times itself ? 

37. A pole 34 feet long is divided into two parts, so that 
one part is 8 feet shorter than the other. What is the length 
of each part ? 

38. In a number of 2 digits, the tens' digit exceeds the units' 
digit by 3. If the sum of the digits is 13, what is the units' 
digit ? What is the number ? 

39. What is the number next greater than 8 ? Next less ? 
Next greater than x ? Next less ? Next greater than a? + 4 ? 

40. The sum of two consecutive numbers is 31. What are 
the numbers ? 

41. The sum of three consecutive numbers is 24. What are 
the numbers ? 

42. The difference between two numbers is 7, and the smaller 
number is 9. What is the greater number ? If the greater 
number is a?, what is the smaller number ? 
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43. The difference between two numbers is 8, and their sum 
is 38. What are the numbers ? 

44. The difference between two numbers is 3, and their sum 
is equal to nine times their difference. What are the numbers ? 

45. A father is 40 years older than his son. If six times 
the son's age is equal to the sum of their ages, how old is 
each? 

46. The length of a room is three times the breadth. If the 
length is 20 feet more than the breadth, what are the dimen- 
sions of the room ? 

47. A man, being asked the time, replied, "If 18 is sub- 
tracted from four times the hour it now is, the remainder will 
be the hour." What was the hour ? 

48. Three times a number exceeds 12 by as much as 12 
exceeds the number. What is the number ? 

49. A has $ 125 and B has $ 45. How many dollars must 
A give B in order that they may have equal amounts ? 

50. A pile stands 3 feet above the water. If \ is in the 
water and ^ in the earth, how long is the pile ? 

51. Two vessels together hold 9 gallons. If the smaller, 
when empty, is filled from the larger, when full, there will 
remain 3 gallons in the latter. How many gallons does each 
vessel hold ? 

52. Three boys, A, B, and C, pull 100 pounds. A pulls 20 
pounds more than B, and B pulls 8 pounds less than C. How 
many pounds does each boy pull ? 

53. A pole is divided into three parts. Th6 second is three 
times as long as the first, and the third is 6 feet longer than 
the first. The length of the pole is equal to the excess of 60 
feet over the smallest part. What are the lengths of the 
parts, and the length of the pole ? 

54. In a number of two digits, the units' digit is three times 
the tens' digit. The number is equal to 8 more than three 
times the units' digit. What is the number ? 
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MULTIPLICATION. 
Product of Powers. 

24. Ex. 1. a^ X al^= (cum) (aaaa) = aaaaaaa = d? = a*^. 

Ex. 2. Xa^X^ = X (XX) (XQCX) = XXXOCXX =^0^=: ix^-^^\ 

These examples illustrate the following principle : 

The exponent of the product of two or more powers of the same 
base is the sum of the given exponents; or stated symbolically, 

EXEBCISBS IX. 

Express each of the following products as a single power : 

1. 32x3. 2. 58 x5^ 3. e^xe^. 4. (-5)*52. 

5. (_6)8(-6)^ 6. 2^(-2y. 7. 8»(-8)*. a (-7)1^ 

9. a^xafi. 10. (-y)V. U. (-a)'(-a)*. 12. (-aj)V. 

13. c^a^al 14. aj*(-ic)V. 15. a^a^a'^a^ 

16. {xyf{xy)\ 17. (2a&)«[-(2a6)]*. 

18. (a + &)»(a + 6)*. 19. [-(ic-2^)]3(a.-y)5 

20. aJ^oj**. 21. a"a^ 22. aJ*~^aj. 23. y"y^~". 

24. «*+V*-^ 25. aj*'-2aj*»+«. 26. 6*+^6"-\ 27. a^'a**. 

Degree. Homogeneoos EzpreasionB. 

25. An integral term which is the product of n letters is 
said to be of the nth degree. 

Thus, the Degree of an Integfral Term is indicated by the sum 
of the exponents of its literal factors. 

E.g.f 3 a5 is of the second degree ; 2 a^, = 2 xxy, is of the 
third degree. 

The Degree of a Mttltinomial is the degree of that term which 
is of highest degree. 

E.g., the degree of a?y -{- x^ — och^z is the degree of x^'fz) 
i.e., the siocth. 
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26. It is often desirable to speak of the degree of a term, 
or of an expression, in regard to one or more of its literal 
factors. 

E.g.j the term aa^ is of the fifth degree in x and y, of the 
first degree in Oy of the second degree in x^ of the third degree 
in y, etc. 

The expression oaf + 2 bxy + cy* is of the second degree in 
Xyiny, and in x and y. 

27. A Homogeneotts Expression in one or more letters is an 
expression all of whose terms are of the same degree in these 
letters. 

E.g., a' + 2 a& + 6* is homogeneous in a and b. 

28. If the terms of a multinomial be arranged so that the 
exponents of some one letter increase, or decrease, from term 
to term, the multinomial is said to be arranged to ascendingy 
or descending, powers of that letter. The letter is called the 
letter of arrangement. 

E.g., oj* — 3 a^ + 2 a?y -{• xi^ is arranged to descending powers 
of x, which is then the letter of arrangement; or, when written 
a;* + 2 ar^y — 3 a^y^ + xi^, to ascending powers of y, which is then 
the letter of arrangement. 

BXEBCISES X. 
What is the degree of 2 a^Wn^ 
1. In a ? 2. In a ? 3. In h and y? 4. In a, 6, a?, and y ? 

What is the degree of the expression a^Qi!^—^a%^7?y+6 dba^ 

5. In a?? 6. Iny? 7. In a? a In 6? 

9. Arrange 2a; — Saj'^ + T — 2aj* + 3a^to ascending powers 
of a; ; to descending powers of x. 

10. Arrange 3 y — 7 a^y* 4- 5 a^y* + 4 oi^y* to ascending powers 
of a; ; to ascending powers of y. 



26-29] MULTIPLICATION. 69 

Mnltiplicatioii of Monomials by Monomials. 

29. Ex.1. 3ax56 = 3x5xax6, 

= 16a6. 

Ex.2. 2a:x(-42/*) = 2(-4)a^=:-8aJ2^. 

Ex.3. |a^x6aVxll&» = Jx6xllxa?a6*&» = 44aV. 

Ex.4. -3ar x4iB»=:-3x4xaraj» = -12af^«. 

Ex. 5. 5 af'+i X 7 af'-^= 5 X 7 X af'+ V-* = 35 af +i+"-i = 35 aj**. 

These examples illustrate the following method of multiply- 
ing two or more monomials. 

Multiply the product of the numerical coefficients by the product 
of the literal factors. 

BXBBCI8B8 XI. 
Multiply : 



1. 


2. 


3. 


4. 


5. 


6. 


2o 
3 


3a; 

-2 

a 


-5^ 
6 


-6m 
-8 

10. 


5a 

-2& 

U.. 


-5m' 
7n 


7. 


9. 


12. 


5x 




7a» 
-3a6 


-5a;V 
-2a;y» 


-72a*6c 
2o6c» 


-Sxfi? 



13. 2(a + 6)by3(a + 6)«. 14. -.5(»-y)2 by 3a(aj-y)». 

Simplify the following continued products 

15. 3abx5bcx6ac. 16. -7 aPy x{-'2fz)xSxz'. 

17. —0Dy^x7 ba^z x 2 ba^yz, 18. jcV*"^ X 5 oTf^ x (— a;*y""0- 

Multiply : 

19. 2a%2c, -3a6V, a*b% -dabc^ 

20. a"'+2^ a^, a3-« a"*-**, a^"-*". 

21. a^+^ -5x''-\ 2x'-'^, a?"»+2. 
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Multiplioation of a Multinomial by a Monomial. 

30. If the indicated operation within the parentheses in the 
product, 4(2 + 3 — 1), be first performed, we have 

4(2 + 3-l) = 4x4 = 16. 

But if each term within the parentheses be multiplied by 4 
and the resulting products be then added, we have 

4x2 + 4x3-4x1 = 8 + 12 -4 = 16, as above. 

Therefore 4(2 + 3- 1) = 4 x 2 +4 x 3-4 x 1. 

This example illustrates the following method of multiplying 
a multinomial by a monomial : 

Multiply each term of the multinomial by the m^onomial, and 
add algebraically the resulting prodv^cts. That is, 

a(6 + c — i/) = fl6 + flc — fli/. 

This principle is called the Distributive Law for multiplica- 
tion. 

3L Ex. 1. Multiply {x — y) by 3. 
We have 3(aj — y) = 3aj — 3y. 

Ex.2. Multiply 3aj- 2^-72 by- 4aj. 
We have 
-4aj(3a?-2y-72;) = (-4aj)(3a:)-(-4ic)(2y)-(-4a:)(72) 
= -12a^ + 8ajy + 28a». 

Such steps as changing (— 4a5)(3a5) into —12a?, — (— 4a;)(2y) 
into +8«y, and —(—4 a?) (7 2) into +2Sxz, should be per- 
formed mentally. 

The work may be arranged as in arithmetic, by placing the 
multiplier under the multiplicand : 

Sx-2y-'7z 
— 4a5 

-12ic2+8icy + 28a» 

It is customary to multiply from left to right, instead of 
from right to left as in arithmetic. 
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EXERCISES XII. 
Multiply : 

1. a; + 1 by 3. 2. a- 3 by 5. 3. 2m + 5 by -3. 

4. 3aj-7by-8. 5. 2a + 3&by3a. 6. 5 oj- 32^ by 2a;. 

7. 6a2-56 by 5b. 8. 3x-5f by -Bxy, 

9. Sx^ + 5f by 2a?y. 10. a + & — c by 5. 

11. x — y — z by —3. 12. 3a + 2& — 5c by 4. 

13. 5m — 3w — 4jp by —3. 14. 2a — 76 + 3c by —5a. 

15. -5a^ + 32/2_22;« by -2a^2;. 

Multiply a^ - 3 a + 1 by 

16. 2a. 17. -36. la Bab. 19. -6a%l 

Multiply a?y-\'3xy — 57f by 
20. -3aj2. 21. -52^. 22. -^60^. 23. 5ar^/. 

Simplify the result of substituting a + b^-c for x, and 
a — 6 + c for y, in the following expressions: 

24. 5bx — 7ay. 25. 3 a?bx -- 14: ab^y. 26. 7abx + 2bcy. 

Find the values of the results of Exx. 24-26 

27. When a^^-'i, 6 = 3, c = -4. 

28. When a=^b, b = — 7, c = --5i. 

Multiply 5 af - 3 af^Y + 4 aj»- Y + 1^"-* by 
29. a^. 30. -5a^. 31. 3a;Y. 32. —e^afy"^. 

Simplify the following expressions : 

33. 4a;-2{[a;-3(2-aj)]aj-4}. 

34. 13a-13{10[7(4a-3)-6]-9a|. 

35. «. 206 - 2{a; - 5[3 - 2a; - 6(4aj - 7)]- 3(6 - 2x)\. 
36- K(x + f)^-(2y-l)']x^(x'-'2y)x-x'fi\ 
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MultiplioAtion of Mnltinoiiiials by MnltinoiiiialF. 

32. Ex. Multiply 7-5 by 2 + 3. 
If we let a stand for 7 — 5, we have 

(2 + 3)a = 2a + 3a. 
Now replacing a by 7 -- 5, we obtain 

(2 + 3)(7-5) = 2(7-5) + 3(7-5) 

= 2x7-2x5 + 3x7-3x5. 

This example illustrates the following method of multiply- 
ing a multinomial by a multinomial : 

Multiply each term of the multiplicand by each term of the mul- 
tiplier, and add algebraically the resulting products. 
In general, 

(a + 6)(c + 1/- e) = a(c + 1/- a) + 6(c + i/-e) 
= ac + flrf— fla + 6c + 6i/ — be. 

33. 1. Multiply -3a + 26 by 2a-36. 

We have — 3a + 26 

2a - 3& 

2a(-3a + 26) = -6a*+ 4a6 
-36(-3a + 26)= + 9a6-6y 

-6a2 + 13a6-6y 

The work is arranged as follows : Write the multiplier under 
the multiplicand; the first partial product, i.e., the product of the 
multiplicand by the first term of tJie multiplier, under the multi- 
plier; the second partial product under the first; and so on, 
plxwing like terms of the partial products in the same column. 

Ex. 2. Multiply x-\'a by a? + 6. 

We have x -\-a 

X +6 
7^ -\-ax 

bx + ab 



05* + (a + 6) a; + a& 
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Ex.3. Multif>ly 4a» + l-2a-8a* by l+2flL 
Arranging to ascending powers of a, we have 

l-2a + 4a*-8a« 
l-f2a 

l_2a + 4a«-8a» 

2a-4a'+8a«-16a* 
1 -16a* 

Ex. 4. Multiply a^ + i^ + l — Qsy — x — y by x + y + 1. 
Arranging to descending powers of x, we have 

X + y + 1 

a^ — a^y — a^-^-xf^— ajy-j-a; 

- xy — x +f-y + l 

^ -3a^ +y» -fl 

Ex. 5. Multiply 2 ar+^ — 5 af* + 7 af*"^ by «*" — »*"-\ 
We have 

2ar^i — 5aJ* + 7aJ*-* 
2/ — flr"*~^ 



2a*H'i~6«»-+ 7a*^i 

~2aj*»4- 6ar^-^-7a^-2 
2aj«^» - 7 «»» + 12«3— 1 _ 7 aj*- 2 

BXBBOISES Xm. 
Multiply : 

1. a + 1 by a + 2. 2. a 4- 1 by a? — 2. 

3. m — 5 by m + 3. 4. y — 6 by y — 6. 

5. m — 12 by m — 3. 6. a — 12 by a — 15. 

7. 2a? + l by «-f-3. a 3a-f5 by 2a-3. 

9. llm-6 by 2m-6. 10. 15aj-.8 by 10a;-3. 

11. aj + ybyaj — y. 12. 2o + ^by3a — 6. 
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13. 3m— 2n by 6m + 3n. 14. 5x^6y by 3a;— 2y. 

15. 2«« + 7y by 6aj* — 3y. 16. 11 m'-h6n by 5m* — 7 ?i. 

17. 2a» + 36» by 4a«-56*. 18. 3a? + 4.xy by 2ar* + 3iBy. 

19. 7a» + 2a6 by 3a«-5a6. 20. 6a?«-5a^ by Sa^—2xy, 

21. «■ + « + ! by aj-1. 22. a?^x + l by oj + l. 

23. a' + 5a-6 by a-3. 24. a2_iia.^i2 by oj — 8. 

25. 2a* + 3a-5 by 3a-2. 26. 5a^-7a; + 2 by 6a;— 7. 

27. 5a?-2a; + l by 5a; + 2. 2a 3a? + 4a;-6 by 3a; — 4. 

29. a? + 2xy-\'f by ar + y. 30. a^-2ab-\-l^ by a — 6. 

31. a;" — a;^r-a5-|-l by a; + l. 32. a;® -f a? + 05 +1 by a; — 1. 

33. 8a;'-4a;2^2a;-lby2a;-f 1. 

34. a?-\'a?y-\'Xy^-\'f by x — y. 

35. 27a«+18a% + 12ay^ + 86» by 3a-26. 

36. 2a + 36 + 5c by 2a + 36-5c. 

37. 6a?-^Sx-^l by 6a;2-3a; + l. 

38. l + a;y4-ajy by l — xy^a^. 

39. 2a*-3a6 + 562 by 2a? + 3ab-BV. 

40. 2a;2^3ajy^42^ ijy 3^_4^^2^^ 

41. a;'-2a;2^3^__;^ ^^ a?-3a; + 2. 

42. a^-5a;2_j.g^^_3 ^^y a^-^Bx-^. 

43. a;*-6a;8 + 2a; + 5 by 3a^-2a; + 6. 

44. a^^4.x'y + 2xy^--fhjx^-3xy + f, 

45. a^ + 2a;' + a5'-4a;-ll by a^-2a; + 3. 

46. a?-'Xy-{'f-\'X-\'y + l by a; + y-l. 

47. af-2af'-^-3af-*-5af-« by a; + l. 

48. 5a;*4-3af'-^-8af^2__3 y^j ^_2. 

49. a*»+^-5a*» + 7a'^^-3 by a^ + a + l. 

50. a;*'__aA.^af* — Iby oJ^-f-l. 

51. a*» - 2 a»6" 4- ^^^" by a^ + 2 a**^'* + 6*". 
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52. (aj -j- m) (a* -j- 7i). 53. (x —m)(x — n). 

54. (x -j- m) (x — n). 55. (x — m) (a? -|- n). 

56. \_a:^ — (a + b)x + ab^(x-'C). 

57. [ic2-j-(a — 6)a; — a5](a? + c). 

Simplify each of the following expressions : 

58. (x + 4L)(x-S)-(x + 2)(x + 6y 

59. (x + S)(x-4)-(x + ie){x + 2). 

60. (x-2)(x + 3)(x-A)-(x--S)(x--5)(x-7). 

61. (a + l)(a + 2)(a-f 3)-(a-l)(a-2)(a-3). 

62. (a + by-(a + cy-(b + cy. 

63. (a4-6 + c)8-3(a + «> + c)(a2-|-62 4.c2). 

64. i»2 (2^ - 2) -j- 2/2 (g; __ a;) -f 2^ (a? - y) + (a? - 2/) Cy - ») (2 - x) 

65. (a;-2/)8+(2/-2)«4-(2-aj)«-3(a;-2/)(y-«)(2-^). 

66. (2m2 + 3m-2)(m-l)(2m + 3). 

67. (x'-^4.x-l)(a^''2x + l)(x + 2). 

68. (a; + 2/4-«)(aJ + y — 2;)(2; + aj — 2/). 

69. (a2-a + l)(a2 + a + l)(a*-a2 + l). 

Simplify each of the following expressions : 

70. (ia?-^ib^(^a'-\^ib^, 7l,(^a' + ib^(\a'-Ur] 

72. (|a-|6 + fc)(|a-f& + fc). 

73. aaJ~|2/ + 5^)(|aj-32/-i^). 

74. (2i^Six + Six^{\x^ + 2^x + liy 

75. (fa» + i62^^c2)(|a«-^62-ic^. 

76. (:^ax + iba^-^icx^(:^ax + ^ba^-ica?). 

Zero in Multiplication. 
34. Since N'0 = N(b - 6), by definition of 0, 
= Nb-Nb = 0, 
we have H -0 = and N = 0. 

That is, a product is if one of its factors be zero. 
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BZBBCI8BS XIV. 

1. What is the value of 2(a — 6), when 6 = a ? 

2. What is the value of (a + 6) (c — d), when c = d ? 

3. What is the value of (6 + c) (a + 6 — c), when c^a-\'b? 

4. What is the value of («« — 9) (a^ — Toj^ + 2ir — 9), when 
aj = 3? 

For what values of x does each of the following expressions 
reduce to : 

5. x(x-2)? e. (aj-4)(aj + 7)? 7. (»-!)(«- a)? 
8. (aj-6)(x + 8)(««-25)? 9. «(a;-a)(x- 6)(«- c)? 

Eqnations and Problems. 

35. Ex. Find the value of x from the equation 

3(aj«4) + 6 = 4(aj-3). 
Kemoving parentheses, 3aj — 12-f6 = 4a; — 12. 
Cancelling — 12, 3a; + 6 = 4a;. 

Transferring terms, 3aj — 4aj = — 6, 

or — aj = — 6. 

Dividing by — 1, a = 6. 

Check: 3(5-4) +5 = 4(6-3), or 3 + 6 = 4x2, or 8 = 8. 

To solve such equations : Remove parentheses, and proceed as 
in Art, 22. 

Pr. A number of persons were to raise a fund by paying $ 5 
each. Had there been 4 persons more, each would have had 
to contribute only $ 3. How many persons were there ? 

Let X stand for the number of persons. 

Then the number of dollars contributed was 5 x. 

Had there been 4 persons more, there would have been 
a + 4 persons. 

Then the number of dollars contributed would have been 
3(x + 4). 
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The problem implies, 

in verbal language : tJie nuynber of dollars contributed in the one 
ca^e is equal to the number of dollars contributed in the other; 

in algebraic language : 5 a; =: 3 (a; + 4). 

Kemoving parentheses, 6 a; = 3 x + 12. 

Transferring Sx, 2 a; = 12. 

Dividing by 2, x=:6. 

Check : 6 persons contributed 6 x 6, = 30 dollars ; 6 -|- 4, 
or 10, persons would have contributed 10 x 3, = 30 dollars. 

BXEBCISBS ZV. 

Solve the following equations : 
1. 5(aj + l) = 6. 2. 4(2aj-l) = 6. 

3. 3(a? + 6) + 17 = 26. 4. 14 + 3(7-2») = 29. 

5. 15 + 4(8-.2aj) = 7. 6. 25-3(5-4aj) = 22. 

7. 27 + 4(2a?-8) = 12. a 11 (2 -- 5 a?) = 47 - 30 a?. 

9. 12(4aj-5) = 13-98aj. 10. 7ir-6(10-a:)=33a5. 

11. 4(2aj + 3)-3(2a; + 4) = 10. 

12. 6(3aj + 4)-2(4x-3) = 54. 

13. 7(2a5-3)-ll(5aj-4) = 64. 

14. (a;-3)(aj-4) = a^ + 5. 

15. (aj-4)(aj-6) = aj(a;-9). 

16. (aj + l)(aJ + 2) = (a;-3)(aj-4). 

17. 6a;(2aj + 3) = (3aj + 2)(4aj + 3). 

18. The sum of two numbers is 50. If five times the less 
exceeds three times the greater by 10, what are the numbers ? 

19. Two boys, A and B, had the same number of apples. 
A said to B: "Give me 5 apples and I shall have twice as 
many as you will have left." How many apples had each ? 
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20. Add 10 to a certain number, and multiply the sum 
by 2, or subtract 8 from the same number, and multiply the 
difference by 5. The results will be equal. What is the 
number ? 

21. A is 30 years old, and B is 12 years old. After how 
many years will A be twice as old as B? 

22. A father is 30 years older than his son; 5 years ago 
he was four times as old. What are the ages of father and son ? 

23. A and B invested equal amounts. A gained $ 200, and 
B gained $ 2600. If B then had three times as much as A, 
how much did each invest ? 

24. Three boys. A, B, and C, catch 128 fish. If B catches 
10 more fish than A, and C catches three times as many as A 
and B together, how many fish does each boy catch. 

25. In one room there are twice as many persons as in a 
second room. If 10 persons pass from the first room into the 
second, there will be three times as many persons in the second 
as in the first. How many persons are there in each room ? 

26. A woman has enough money to buy 11 yards of cloth 
of one kind, or 8 yards of another kind. If the latter costs 
30 cents more a yard than the former, how much does a yard 
of each kind cost ? 

27. In a stairway there are 45 steps of a certain height. If 
the steps had been made 1 inch higher, there would have 
been only 40. How high are the steps ? 

28. The capacity of a certain vessel is 90 gallons. One 
pipe lets in 2 gallons a minute and a second pipe 1 gallon. If 
the first pipe is opened 15 minutes before the second, how long 
after the first pipe is opened will the vessel be filled ? 

29. A farmer has two fields containing together 5 acres. A 
offers to pay $ 62 an acre for the first field and f 72 an acre 
for the second. B offers to pay $ 60 an acre for the first field 
and f 75 an acre for the second. If both offers amount to the 
same, how many acres are there in each field ? 
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30. The capacity of a certain cistern is 2200 gallons. One 
pipe lets in 80 gallons in a minute, and a second pipe 50 
gallons. How many minutes must the first pipe be opened 
before the second in order that the cistern may be filled 4 
minutes after the second pipe is opened? 

31. One cask contains 70 gallons, and another 50 gallons. 
If three times as many gallons are drawn from the larger as 
from the smaller, the contents of the smaller will be equal to 
three times the contents of the larger. How many gallons 
are drawn from each cask ? 

32. A man has $ 115 in two-dollar bills and five-dollar bills. 
If he has 35 bills altogether, how many of each kind has he ? 

33. A rides his bicycle 12 miles an hour, and B his 10 miles 
an hour. A rides a certain number of hours, and B rides 2 
hours longer. If they ride the same distance, how many hours 
does each ride ? 

34. Twenty-five men were to raise a certain fund by con- 
tributing equal amounts. But 5 men failed to contribute, and 
in consequence each of the remaining men had to contribute 
$ 2 more. What was to be the original contribution of each ? 
What was the amount of the fund ? 

DIVISION. 

36. One power is said to be higher or lower than another 
according as its exponent is greater or less than the exponent 
of the other. 

E.g,, a* is a higher power than a? or h^, but is a lower power 
than a* or V, 

Quotient of Powers of One and the Same Base. 

37. Ex. dJ -^a^=z ((maaaaa) -h (aaa). 

= (aaaa) x (aaa) -•- (aaa), by Ch. II, Art. 16. 
= aaaa = a* = a"'. 
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This example illustrates the following method of dividing a 
higher power by a lower power of the same base : 

The exponent of the quotient is the eocponent of the dividend 
minus the exponent of the divisor; or, stated symbolically, 

Qjn -j_ Qti ss ^m— »^ 

We also have 

nm^nifssl, when m = n. 

E.g.y a*-!-a' = l. 

BXBBCISES XVI. 

Express each of the following quotients as a single power : 
1. 2»H-2. 2. 3«-+.3l 3. af-i-a?. 4. a«-5-a*. 

5. a^-i-a?. 6. a* -i- a\ 7. (^af-i-a^ 8. (3xy^(Sx), 
9. (a6y-^(-a6)*. 10. S-'-f-S'. 11. oT+^-i-a. 

12. af+^-^af. 13. ixf^-i-af^K 14. a^'-s-a*-^ 

Division of Monomials by Monomials. 
3a Ex. 1. 12a-^4=:(12-^4)xa =3xa = 3a. 
Ex.2. -27a;'-^3a? = (-27-^3)x(a?-^.aJ*) = -9xaJ*=-.9aJ*. 
Ex.3. 15a%2^(-5a52) = [15^(-5)]x(a»-5-a)x(y-5-6*) 
= -3a«. 

Ex.4. -16ar^2r'^^H-(-8cr2/*-*) 

= [-16-i-(-8)] X (aj2~ + ar) X Or-^H-y"-^ 

These examples illustrate the following method of dividing 
a monomial by a monomial : 

Multiply the quotient of the numerical coefficients by the quotient 
of the literal factors. 

EXERCISES XVII. 
Divide 

1. 2. 3. 4. 5. 

2 )6 g. 5 ) -10 a? . 4) -16 m. -5y )-25y. -7 m ) -49 my . 
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6. 5a^ by x, 7. -6a* by 2a. 

a 26m* by -htr?. 9. -4a% by -2a. 

10. 6 a6c» by -3ac. 11. -9a«6 by 3a*6. 

12. 30aY by 5aY- 13. -15a»y by -3aV. 

14. 35aVc^ by -6a*5V. 15. 12 m«ny by -2m«ny. 

16. 15 (a + 5) by 3(a + 6). 17. 25a:«(aj+l)8 by -6«(a;4-l)*. 

18. lOaH* by -6a"6«. 19. - 27 af+'j/*^ by -9a^. 

20. aj*-*^*"'^' by af+y*-». 21. a*-*6*-' by a*-%"-^. 

Simplify 
22: a^Q^'^{-aa?)x2aay. 23. 35aj«j^ x 2a^H-(7i»yz). 
24. 6 ar+y-* -h (- af^y--) X (3 aj^). 

Divlfllon of a Mnltliiomial by a Monomial. 

39. If the indicated operation within the parentheses in the 
quotient (8 + 6 — 4) -j- 2 be first performed, we have 

(8 + 6-4) + 2=:10h-2 = 5. 

But if each term within the parentheses be first divided by 
2, and the resulting quotients be then added, we have 

8-f.2 + 6-^2-4-f-2 = 4 + 3-2 = 5, as above. 

Therefore (8-f6 -.4)-!-2 = 8-^2 + 6-^2 -4^2. 

This example illustrates the following method of dividing a 
multinomial by a monomial : 

Divide each term of the muUinomidl by the monomicd, and add 
algebraically the resulting quotients. 

That is, 

This principle is called the Distribtttive Law for division. 

40. Ex. 1. Divide 6a:»-12a; by 3a;. 

We have (6a»-12aJ)-^3a; = 6a»-^3aJ-12a;-^•3a; = 2aJ-4 

Ex. 2. (4 a*"-^ - 8 a*»+^) ^ 4 a"-^ 

= 4 a*»-i -^ 4 a*-^ - 8 a''»+^ h- 4 a""' = a" - 2 a*"+». 
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EXBBCISES XVIII. 
Divide 

1. 5 4- 10 a by 6. 2. 4 a + 8 6 by - 4. 

3. dx + bx by x. 4. 3 a- — Gab by — 3 a. 

5. 21a-6-14a6* by -7a6. 

6. 8 am^ — 2 a^m + 4 aW by 2 am, 

7. 25(a + 6)»-20(a + &) by 5(a-|-6). 

8. 2(x-yy-12a(x-yy-6{x-yy by 2(x-yy, 

Simplify 

9. 2a^-(a»-3a)-4-a. 

10. (6i»-4ar^-^2aj-(-2aj22^ + 3a^)-5-a^. 

11. (a6-a% + 3a36)^a6-(4a»-4a«)-^2a. 

Divide 9 aV - 6 aV + 12 aV by 

12. 3al 13. -3ar». 14. oor^. 15. -faV. 

Divide 105 a«6V - 21 a*6V + 42 a«6V by 

16. 7a\ 17. -3a»6^ 18. - a^bc?. 19. fa^i^V. 

Divide 15 x^-^Y - 12 ar^»+y - 18 ar^+y by 

20. 3aJ». 21. -5a;*»+y. 22. -3ar^+V 23. iaj**-*2/». 

Zero in Division. 

41. Since -^ JV= (a — a) -^ JV, by definition of 0, 

= a-^iVr-a-i-iV=0. 

We have -^ Af = 0, when Af is not equal to 0. 

Observe that this relation is proved only when N is not 
equal to 0. 
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Division of a Multinomial by a MnltlnomiaL 

42. The division of one multinomial by another is performed 
in a way similar to that of dividing one number by another in 
. Arithmetic. 

Ex. Divide 125 by 5. 

We have 

125 16_ 



20x5 = 100 20 + 5 =26 

125-20x5= 25 
25 

The work is equivalent to the following : 
125 -5-5 = 20 + (125 -20x5) ^5 = 20 + 25-8- 5 = 25. 

43. The number 20, obtained by the first step of the division, 
is called the Partial Quotient at that stage. It is the greatest 
number whose product by the divisor is equal to or less than 
the dividend. 

In general, if D be the given dividend^ d the given divisor, 
and q the partial quotient, the principle used above, stated 
symbolically, is : 

44. The following example illustrates the application of 
this principle in dividing one multinomial by another. 

Ex. Divide ix? + Sx + 2 hj x + 1. 

We have 
(«24.3a.+2)-^(aJ+l)=a;+[(aJ2+3a?+2)-a;(aJ+l)]-^(a;+l) (1) 
=a;+(aj2+3a;+2-ar^-a;)-^(a:+l) (2) 

=a;+(2aJ+2)-^(aJ+l) (3) 

=x+2+l(2x+2)-2(x+l)']-^{x+l) (4) 
=a;+2+0-^(a;+l) 
=x+2, since 0^(a;+l)=0. 
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We take the quotient of the term containing the highest 
power of X in the dividend by the term containing the highest 
power of X in the divisor as the partial quotient at each step. 

The work may be arranged more conveniently thus : 



si? + 3x-^2 



x + 1 



ag-f 2, quotient. 



a^a ^ X ... X (« + 1) to be subtracted from x' + 3 x + 2 ; see (1) 
and (2) above. 

2 a; + 2 .» Remainder to be divided by x + 1 ; see (3) above. 

2 a? + 2 ••• 2 (x + 1) to be subtracted from 2 x + 2 ; see (4). 

45. The method of applying the principle of Art 43 to the 
division of multinomials, as illustrated by this example, may 
be stated as follows : 

Arrange the dividend and diviaar to ascending or descending 
powers of some common letter, the letter of arrangement. 

Divide the first term of the dividend by the first term of the 
divisor, and write the result as the first term of the quotient. 

Multiply the divisor by this first term of the quotienJtj and sub- 
tract the resulting product from the dividend. 

Divide the first term of the remainder by the first term of the 
divisor, and write the result as the second term of the quotient. 

Multiply the divisor by this second term of the quotient, and 
subtract the product from the remainder previously obtained. 
Proceed with the second remainder and all subsequent remainders, 
in like manner, untU a remainder zero is obtained, or until the 
highest power of the letter of arrangement in the remainder is less 
than the highest power of that letter in the divisor. 

In the first case the division is eocact; in the second cose the 
quotient at this stage of the work is called the quotient of the 
division, and the remainder the remainder of the division. 

46. Ex. 1. Divide ar^ — 4a; — 5 by x — Q. We have 



a^ — 4a; — 5 

a^ — Bx 

x — 5 
x — 5 



x — B 



x + 1 



44-46] DIVISION. 75 

Ex. 2. Divide 

a»6-166* + 19a6» + a*-8a%* by a^^5V + 3ab. 
Arranging to descending powers of a, we have. 

a*+ a86-8aV + 19a6«-166*lj^Jh3a6-66f 

-2a«6-3a«6* + 19a6> 

~2o»6-6a^y + i0qy 

3a%«4- 9a&»-166* 
3a'y4- 9a6»-166^ 

Ex.3. Divide Sa? — f by 2 icy + 4 a? + y*. 

Arranging the divisor to descending powers of a?, we have : 

8aj»-y8 |4g'4-2a?y4-y' 

— 4ir^ — 2a5y* — y* 

— 4g^ — 2a?y'-- y^ 

Observe that the remainder after the first partial division is 
arranged to descending powers of x, 

Ex.4. Divide 12a*+^ + 8a"-46a»-^ + 25a*-* by 6 a — 5, 

We have 



12a *+^ + 8 a- - 46 a-^ + 26 a—* 
12 0"+^- 10 a* 

18 a- — 46 a"-^ 

18 a* -16 a*-* 



6a^5 



2a" + 3a"-^- 6a"-* 



-30 a— ^4-26 a— « 
- 30 a"-^ + 26 a"-» 

Ex. 5. Divide o^ + (a + b + c)o? + (ab + (ic + bc)x + dbc 
by a3*-f (a-f 6)aj + a6. 

We have 
aj* + (a 4- ft 4- c)a? + (db + ac + bc)x + dbc \o?-\-(a-\-b)x + ab 

x' + (a + b )ar^4- o^^ I a 4- c 

cic* -|- (ac 4- 6c) x 4- a6c 
CiB* 4- (oc -h 6c) aj -h a6c 
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BXBB0I8E8 XIX. 

Find the values of the following indicated divisions : 

1. {x' + 2x + l)'h(x + l). 2. (a?«4-ll«+30)-5-(aj+5). 
3. (a2 + x-d0)-!-(aj-9). 4. (aj«-.5a+6)^(a;-3). 
5. (a2 + 7a:-44)-h(aj + ll). 6. (aJ»-3aj-40)^(a;-.8). 
7. (3aj2-13a;-10)H-(3aj+2). a (2a2-f a-6)^(2a-3). 
9. (15«»-7»-2)-h(5a-hl). 10. (6a«-23»+20)-!-(2a;-5). 
U. (aj»-4a?« — 20aJ + 3)4-(a:4-3). 

12. (ar^-7aj*4-13ic-15)-*-(aj-.5). 

13. (4aJ»-.3aJ2-24a;-9)-^(a-3). 

14. (3ic»-13aj2-|-23a;-21)-«.(3ic-7). 

15. (18aj» + 7a?-hl0)-*-(3aj + 2). 

16. (50ic»-23a?-f 6)-*-(5ic-2). 

17. (a^-f 2 a6 + &0 -*-(« + ^> 

18. (2 aj2 -I- 6 a* -h 7 aa;) -*- (2 a; -h 3 a). 

19. (35aj«-882^ + icy)-*-(7ic-.lly). 

20. (a« - 18 oicy- 243 aj*3^-«- (a -h 9 icy). 

21. (8ajy-65ajy««-632*)H-(icy-92r^. 

22. (6n8-7n2aj-f 27la?2)-^(-aJ-|-2n). 

23. (a?V + 6a?'-2ay)-«-(3a* + 2a^). 

24. (3a?*-3ic»-2a:2_a;-l)-5.(3aj* + l). 

25. (a«-6a*-f 9a2-4)^(a«-l). 

26. (21a«6-f206*-22a%8-29a*62)^(3a%-.662). 

27. (aj» + 8aj2-|-9aj-18)-f.(aj2 4-5aj-6). 

28. (a^-haj8-4a^-f 5a;-3)-f-(aj*-f 2aj-3). 

29. (6a^-a58-lla^-10aj-2)H-(2aj2-3aj-l). 

30. (iBS-l)^(aj2 + a: + l). 31. (a^ + 8) ^ (a^ - 2 a -f 4). 
32. (aj«-642/8)-^(a2-4y). 33. (a^a^ ^ f) ^ (ax -\- y). 
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34. (a^ + x' + l) + (a?-x + l). 

35. (aV + 64aj)H-(4aa;-f a^ar^-f 8). 

36. (4a*-25c*-3062c2-96*)-*.(2a2 + 5c» + 36«). 

37. (27aJ*-6c2ir*-f i(j*)-i-(c2-6caj-f 9aj^. 

38. (8aV-|-32a« + ^n«)-^(4an4-n2 + 4a^. 

39. (16 a^b^+9 a26*-12 a«6»-8 a*6-f 3 a«) -*-(a*+3 a*y-2 a»6). 

40. (28a«c - 26 aV- 13aV+ 15 aV)+ (2 aV+ 7 a«c - Sac'). 

41. (8l28-90 6V4-816V-206«)-!-(92* + 96V-56*). 

42. (a;84-y8^.3^_l)^(^_^y_l)^ 

43. (o« + 634.c8-3a6c)-f-(a + 6 + c). 

44. (a^-f 2a6 + 62__aj2^4ajy__4y2)^.(a + 6-aj + 2y). 

45. (a2 4.2ac-y-2 6d-f c2-d^^-(a4-c-6-d). 

Find the values of the following indicated divisions : 

46. la^^(a + l)x-j-a]'^(X'\-a). 

47. Ia^-(a-j-b)x + db2-i-(x-^b). 

48. [caj^ — (a6c -fl) a; -fa6]-^(ic — oft). 

49. l(b + c)a^'-bcx'\-a?'-bc(b-j-c)2-h(a^'-bc). 

50. [o^ 4-(a + ft 4- c)aj2 4-(a^ 4- ac + 6c)a? 4- a6c]-5-(ic 4- b). 

51. [aj^— (a 4- &-f c) ar^ 4- (oft + ac 4- &c) a — a6c] -^ (a; — c). 

52. (6aj*'-25a^4-27a^-5)-*-(2a;«-5).' 

53. (6 aj*« - 11 aj*» 4- 23 aj»» 4- 13 ar^ - 3 aj" 4- 2) -J- (3 «« 4- 2) . 

54. (6 o^n+i - 29 aj2« 4- 43 ar^^-i - 20 a^^^(2 a;« - 5 a?""^). 

55. (l4-a**-2a^)-^(3a2»4-2a«'4-2a*4-a*'4-l). 

56. (ia^ + ixy^f)-^(lx-\-2y), 

57. (aj2 4-i^a^-7a:-2/2 4-13 2/-30)^(|aj-i2/4-2). 
sa (-T^a^4-aV-faV4-ia«)--(faj3-fa2a; + ^a^. 
59. (*a'4-A&*4-a^6^-ifc^)-aa2 4-f6^-t(0. 
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47. In the equation D'i-d = q'^(D — qd)-i'd, 

IJ-^qd is the remainder at any stage of the work, and q is the 
corresponding partial quotient. If , for breyiiy, we let M stand 
for the remainder at any stage, we have 

O-hd^^g + R-hd. (1) 

That is, the result of dividing one number by another is equal 
to the partial quotient ait any stage, plus the remainder aJt this 
stage divided by the given divisor. 

E,g., 29-H6 = 44-5-H6 = 4-f-f; 

(a^ - a? + 2) -!- (oj 4- 1) = (a ~ 2) -f 4 -3- (oj + 1) . 

48. If both members of the equation 

D-i-d = q + B^d 

be multiplied by d, we have 

2>-^dxd = (5'4--B-^■d)d 

^qd-^-B-hdxd 

= gd + -B, since -i- d x d =s + 1. 

Therefore, D — qd + R. 

That is, the dividend is equal to the product of the quotient at 
any stage and the divisor, plus the remainder at this stage, 

E.g., 29 = 4 X 6 + 5, and a? - a? + 2 = (a - 2)(ic + 1) + 4. 

BXBB0I8ES XX. 

Find the remainder of each of the following indicated divi- 
sions, and verify the work by applying the principle of Art. 48 : 

1. (a?-7a? + ll)-4-(a:-2). 2. (3a^-f 5aj- 9) -^ (a- 4). 

3. (aj»-17aj2 + l6a?-13)--(2aj-5). 

4. (5a?«-7aj2-f 2a?-l)-^(ar'-7a; + 3). 



CHAPTER IV. 

ZNTEaBAL ALGBBRAIC BQUATZONa 

We will now distinguish between two kinds of equations. 

Zdentioal Bquattona. 

jL An example of the one kind is : 

(a+6)(a-6) = a»-6«. 

The first member is reduced to the second member by per- 
forming the indicated multiplication. 

2. Such an equation is called an Identical Bquation, or more 
simply^ an Identity. 

3. Notice that identical equations are true for all values 
that may be substituted for the literal numbers involved. 

JE.g,, if a = 6 and b = 3, the above equation becomes 
8x2 = 25-9, or 16 = 16. 

Conditional Bqnatloiis. 

4. An example of the second kind ip : 

a? + 1 = 3. 

The first member of this equation reduces to the second 
member, when x = 2. It seems evident that aj -f 1 reduces 
to 3 only when x = 2, 

5. Such equations impose conditions upon the values of 
the literal numbers involved. Thus, the equation in Art. 4 
imposes the condition that if 1 be added to the value of «, 
the sum will be 3. 

79 
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A Conditional Equation is an equation one of whose members 
can be reduced to the other only for certain definite values of 
one or more letters contained in it. 

Whenever the word equation is used in subsequent work we 
shall understand by it a conditional equation, unless the con- 
trary is expressly stated. 

6. An Integral Algebraic Equation is an equation whose mem- 
bers are integral algebraic expressions in an unknown number 
or unknown numbers. 

E.g. J 3 aj^ — 4 = 2 a?, and | a? -f 5 y = | are integral equations. 

7. The Degree of an integral equation is the degree of its 
term of highest degree in the unknown number or numbers. 

8. A Linear or Simple Equation is an equation of the first 
degree. 

E.g., a? -h 1 = 6 is a linear equation in one unknown number. 

9. A Solution of an equation is a value of the unknown num- 
ber, or a set of values of the imknown numbers, which, if 
substituted in the equation, converts it into an identity. 

E.g., 2 is a solution of the equation a: -f 1 = 3, 
since, when substituted for x in the equation, it converts the 
equation into the identity 2 -f- 1 = 3. 

The set of values 1 and 2, of x and y, respectively, is a solu- 
tion of the equation a -f y — 3, since 1 -|- 2 = 3 is an identity. 

10. To Solve an equation is to find its solution. 

An equation is said to be satisfied by its solution, or the solu- 
tion is said to satisfy the equation, since it converts the equation 
into an identity. 

U. When the equation contains only one unknown number, 
a solution is frequently called a Root of the equation. 

E.g., 2 is a root of the equation a: 4- 1 = 3. 
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Equivalent Equations. 

12. Consider the solution of the equation 

faj-6 = l. (1) 
Adding 6 to both members, 

ix=6. (2) 

Dividing by 3, \x=:2. (3) 

Multiplying by 4, x = 8. (4) 

It is evident that 8 is a root of equations (1), (2), (3), and (4). 

In thus applying the principles of Ch. I., Art. 17, we re- 
place the given equation by a simpler one, which has the same 
root, this equation by a still simpler one, which again has the 
same root, and so on. 

Such equations as (1), (2), (3), and (4) are called Equivalent 
Equations. 

In general, two equations are equivalent when every solution 
of the first is a solution of the second, and every solution of the 
second is a solution of the first, 

13. It is important to notice that the nse of the principles 
given in Ch. I., Art. 17, may lead to incorrect results. 

Thns, by (iii.), we should be permitted to multiply both 
members of an equation by an expression which contains the 
unknown number. 

E.g., the equation x -. 3 = has the root 3. 

Multiplying both members by a: — 2, we obtain 
(aj-3)(iB-2) = 0.* 

This equation has the root 3, 
since (3-3)(3-2) = .1 = 0; 

and also the root 2, 
since (2--3)(2-2^ = -^l .0 = 0. 
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But 2 is not a root of the given equation, since 2 — 3 does 
not equal 0. 

That is, in mtdtiplying both members by a? — 2, we gained a 
root 2. Observe that this root is the root of a? — 2 = 0. 

The derived equation is therefore not equivalent to the given 
one. 

Again, by (iii.), we should be permitted to multiply both 
members of an equation by 0. 

Multiplying both members of a? — 3 = 0, by 0, we have 

0(aj-3) = 0. 
Any number is a root of this equation, since 
0(l-3)=0, 0(2-3) = 0,0(3-3)=:0,0(4-3) = 0, etc. 

Finally, by (iv.), we should be permitted to divide both 
members of any equation by an expression which contains the 
unknown number. 

E,g.y the equation (aj — 1) (a? -f 1) = 3 (a? — 1), 
has the root 1, since 

(1 -1)(1 +1) =3(1-1), or Ox 2 = 3x0, or = 0j 
and the root 2, since 

(2-l)(2 + l) = 3(2-l), or 1x3 = 3x1. 
Dividing both members by a? — 1, we obtain 
a; -f 1 = 3. 

This equation has the root 2 ordy, and not the root 1 of the 
given equation. 

That is, in dividing both members by x — l, we lo^ the root 1. 
Observe that this root is a root of a? — 1 = 0. 

The derived equation is therefore not equivalent to the given 
one. 

14. The correct statements of the principles which are 
applied in solving equations are, therefore, as follows: 

(i.) Addition and Subtraction. — The equation obtained by 
adding to, or subtracting from, both members of an equation the 
same member or expression is equivalent to the given one. 
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(ii.) Multiplication and Division. — The equation obtained by 
multiplying or dividing both members of an equation by the same 
number^ not 0, or by an expression which does not contain the 
unJcnovm number or numbers, is equivalent to the given one. 

These principles hold for equations of any degree. 

In the solutions of equations in the preceding chapters, we 
multiplied or divided only by Arabic numerals. Nevertheless, 
we required each result to be checked. 

BXBBCISES I. 

Solve each of the following equations : 

1. x(X'\-3) = x(x-'5). 2. 3aj(a?-5) = 3a;(aj-f 2). 

3. 2(x + l)^S{x-\-l) + 9(x + l) + lS = 7(x + l). 

4. 5(aj-7)-4(a;-7)-f ll(«-7) = 10-f2(ic-7). 

5. _8(3a?-5)-f 5(3a?-5)-17-2(3a;-5) = 3. 

6. a;(a;-|-l)-f a?(a:-f 2) = (a;-f 3)(2aj-l). 

7. (5a;-2)(3iB-4) = (3ir-|-5)(6aj-6). 

8. 2(aj + 2).(a;-f 3) = 2(a;-f 2)(aj-5). 

9. (6a;-5)(9aj-3)-f 9 = 6(2-9ic)(2-aj). 

10. (16a? -h 5) (9a? + 31) = (4a; -f 14)(36a? -f 10). 

11. ar^-aj[l-a?-2(3-a?)] = a + l. 

12. (a + l)(ic + l) = [lll-(l-a?)]a;-80. 

13. 2[5(3aj-f4) + 3]-|-l = 77. 

14. _4-4{4-4[4-4(4-a;)]} = 44. 

15. 3{3[3(3aj + l) + 4]-f 5| + 2 = 107. 

16. 4{4[4(4aj-3)-3]-3}~3 = l. 

17. 3[5{5(a; - 3) - 3| - 7]= 2(a; 4-2) -3. 
18- i{i[3(«^-4) + l] + 3J = l. 
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Problems. 

Pr. 1. A man has $ 4.50 in dimes and dollars, and he has 
five times as many dimes as dollars. How many coins of each 
kind has he ? 

Let X stand for the number of dollars. 

Then 5x stands for the number of dimes. 

We must first express the dimes as fractional parts of 
dollars, or the dollars as multiples of dimes. The latter 
method is the simpler. Since one dollar is 10 dimes, x dol- 
lars are 10 a; dimes. 

The man evidently has 45 dimes. 

The problem states, 

in verbal language: ten times the number of dollars pltis the 
number of dimes is equal to 45 ; 

in algebraic language ; 10 a? -f 5 a: = 45, 

15a; = 45; 

whence a? = 3, 

the number of dollars. 

Then 5x,^ 15, the number of dimes. 

Evidently the value of the coins is 3 -h ^ dollars, or $ 4.50. 

As in this problem, the magnitudes of all concrete quantities 
of the same kind must be referred to the same unit ; if x stand 
for a certain number of yards, then all other distances must 
likewise stand for numbers of yards, not of miles or of feet. 

Pr. 2. I have in mind a number of six digits, the last one 
on the left being 1. If I bring this digit to the first place on 
the right, I shall obtain a number which is three times the 
number I have in mind. What is the number ? 

Let X stand for the number which is composed of the five 
digits on the right of 1. 

Then the original number is 100,000 -|- x. 

When 1 is moved to the first place on the right, each digit 
in aj is moved one place to the left. Therefore, the resulting 
number is 10 a; -f 1. 
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The problem states, 
in verbal language : the resulting number is equal to three times 

the original number; 
in algebraic language : 10 a? + 1 = 3 (100,000 + oj), 
whence 7 a; = 299,999, 

and a? = 42,857. 

Therefore the required number is 142,857. 

Pr. 3. A man asked another what time it was, and received 
the answer : " It is between 5 and 6 o'clock, and the minute- 
hand is directly over the hour-hand." What time was it ? 

At 5 o'clock, the minute-hand points to 12 and the hour- 
hand to 5. The hour-hand is therefore 25 minute-divisions in 
advance of the minute-hand. 

Let X stand for the number of minute-divisions passed over 
by the minute-hand from 5 o'clock until it is directly over the 
hour-hand between 5 and 6 o'clock. 

Since the minute-hand must pass over 2^ more minute- 
divisions than the hour-hand in order to overtake the latter, 
the number of minute-divisions passed over by the hour-hand 
is a; — 25. 

The problem states, or implies, 

in verbal language : the number of minute-divisions passed over 
by the minute-hand is 12 times the number of minute-divi- 
sions parsed over by the hour-hand; 

in algebraic language : a? = 12 (a? — 26), 

From this equation we obtain x = 27^^. Consequently, the 
two hands coincide at 27^ minutes past 5 o'clock. 

BXEBCISES II. 

1. The sum of three consecutive numbers exceeds the 
second by 42. What are the numbers ? 

2. A and B divide a sum of money. A receives $ 3 as often 
as B receives $ 5. If A receives $ 3 «, how many dollars does 
B receive ? 



86 ALGEBRA. [Ch. IY 

3. A and B divide $ 1200. A receives $ 3 as often as B 
receives $ 5. How many dollars does each receive ? 

4. The length of a room is four times its width. If it were 
12 feet shorter and 12 feet wider, it would be square. What 
are the dimensions of the room ? 

5. A man travels 144 miles by train, boat, and stage. He 
travels 20 miles farther by boat than by stage, and three times 
as far by train as by boat and stage together. How many miles 
does he travel by each conveyance ? 

6. A man paid a debt in four monthly payments. He paid 
$4:5 more each month than the preceding. If his debt was 
three times his last payment, how much was his first payment ? 
How much was his debt ? 

7. In a number of two digits, the tens' digit is three times 
the units' digit. The number itself exceeds four times the 
units' digit by 54. What is the number ? 

8. In a number of two digits, the tens' digit is twice the 
units' digit. If the digits are interchanged, twice the resulting 
number exceeds the original number by 9. What is the 
number ? 

9. Three boys. A, B, and C, have a number of marbles. 
A and B have 55, B and C have 62, and A and C have 57. 
How many marbles has each boy ? 

10. A man, wishing to give alms to several beggars, lacks 
15 cents of enough to give 22 cents to each one. If he were 
to give 20 cents to each one, he would have 1 cent left over. 
How many beggars are there ? 

11. A, travelling 25 miles a day, has 3 days' start of B, who 
travels 30 miles a day in the same direction. After how many 
days will B overtake A ? 

12. The sum of two numbers is 47, and their difference 
increased by 7 is equal to the less. What are the numbers ? 
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13. The sum of three consecutive even numbers exceeds the 
least by 42. What are the numbers ? 

14. Atmospheric air is a mixture of four parts of nitrogen 
with one of oxygen. How many cubic feet of oxygen are there 
in a room 12 yards long, 5 yards wide, and l7 feet high ? 

15. A merchant paid $7.50 in an equal number of dimes 
and five-cent pieces. How many coins of each kind did he 
pay? 

16. A man has $5.70 in dimes and quarters, and he has 
6 more quarters than dimes. How many coins of each kind 
has he ? 

17. In my right pocket I have as many dollars as I have 
cents in my left pocket. If I transfer $ 6.93 from my right 
pocket to my left, I shall have as many dollars in my left 
pocket as I shall have cents in my right. How much money 
have I in my left pocket? 

18. One barrel contained 36 gallons, and another 60 quarts, 
of wine. From the first three times as much wine was drawn 
as from the second; the first then contained twice as much 
wine as the second. How much wine was drawn from each ? 

19. A regiment moves from A to B, marching 18 miles a 
day. Two days later a second regiment leaves B for A, and 
marches 26 miles a day. At what distance from A do the 
regiments meet, A being 212 miles from B ? 

20. A man travels 3 miles in one hour. During the first 
half-hour, he goes 10 yards farther every minute than during 
the second half-hour. How many yards a minute does he go 
the first half -hour ? 

21. The greatest of three vessels holds 28 gallons more than 
the second, and 45 gallons more than the third. If the con- 
tents of the second and third, when full, are poured into the 
first, when empty, the latter will lack 8 gallons of being filled 
What is the capacity of each vessel ? 
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22. A father leaves $ 25,800 to his four sons. The first 
receives twice as much as the second, less $ 300 ; the second 
three times as much as the third, less $ 600 ; and the third 
four times as much as the fourth, less $900. How many- 
dollars does each son receive ? 

23. Two bodies move from the same point in the same direc- 
tion, one at the rate of 24 feet a minute, the other at the rate 
of 30 feet a minute. If the second starts 35 minutes after the 
first, where will it overtake the first? When will the distance 
between them be 270 feet before they meet? When 270 feet 
after they meet ? 

24. A child was born in November. On the 10th of Decem- 
ber the number of days in its age was equal to the number of 
days from the 1st of November to the day of its birth, inclu- 
sive. What was the date of its birth ? 

25. A person attempts to arrange a number of coins in the 
form of a square. On the first attempt, he has 31 pieces left 
over. When he adds 2 to each side of his square, he lacks 25 
coins of enough to complete this square. How many coins 
has he ? 

26. In a certain family each son has as many brothers as 
sisters, but each daughter has twice as many brothers as sisters. 
How many children are in the family ? 

27. A merchant's investment yields him yearly 33^% profit. 
At the end of each year, after deducting $ 1000 for personal 
expenses, he adds the balance of his profits to his invested 
capital. At the end of three years his capital is twice his 
original investment. How much did he invest ? 

28. I have in mind a number of four digits, the first one on 
the right being 2. If I bring this digit to the last place on the 
left, I shall obtain a number which is less than the number I 
have in mind by 2106. What is the number ? 

29. At what time between 3 and 4 o'clock will the minute- 
hand of a watch be directly over the hour-hand ? At what 
time between 9 and 10 o'clock ? 



CHAPTER V. 

TYPE-FORMS. 

1. We shall in this chapter consider a number of products 
and quotients which are of frequent occurrence. They enable 
us to shorten work by writing similar products and quotients 
without performing the actual multiplications and divisions. 
They are called Type-Forms. 

TYPE-FORMS IN MULTIPLICATION. 
The Square of a Binomial. 

2. By actual multiplication, we have 

(a+6)«=(a + 6)(a + 6) = a* + a6-f6a + 6* = a*-|-2a6 + 6». 

That is, the square of the sum of two numbers is equal to the 
square of the first number, plus twice the product of the two numr 
bei'S, plus the square of the second number, 

E,g., (2x-\-5yy=(2xy + 2(2x)(5y) + (5yy 

3. By actual multiplication, we have 

(a-6)2=(a-6)(a-6) = a«-a6-6a + *' = tf'-2a6 + 6l 

That is, the square of the difference of two numbers is eqyxd to 
the square of the first number, minus twice the product of the 
two numbers, plus the square of the second number, 

E.g., (3x-7yy= (3 xf - 2 (3 a;)(7 y) + (7 y)« 
= 9a?-i2xy + 49y'. 
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4. Observe that this type-form is equivalent to that of Art. 2, 
since a — 6 = a -|- (— 6). 

E.g., (Sx-7yy = (3xy + 2i3x){-^7y) + (^7yy 
= 9 ic* — 42 icy + 49 2/*, as above. 

The signs of all the terms of an expression which is to be 
squared may be changed without changing the result. 

For, (a - by = [- (6 - a)]* = (6 - ay 

Si In applying the type-forms in this Chapter, it will be 
necessary to raise a monomial to any required power. 
We have 

(6 c^byz=: 5 . 6 a^a^b*b*=: 5^a^%^*= 6W^%*^*= 25 aV. 

That is, to square a monomial : 

Square the numerical coefficient, and multiply the exponent of 
each literal fcLCtor by 2. 

In general, to raise a given monomial to any required power : 
Maise the numerical coeffi^cient to the required power, and mul- 
tiply the exponent of eajch literal factor by the exponent of the 
required power. 
E.g., (3 aby = SWft^xs = 27 a%\ 

BXBBCISBS I. 

Write, without performing the actual multiplications, the 
values of : 

(a; -3)1 3. (a + 5y. 

(3x + 2y. 6. (4-52;)l 

(ab-Sy. 9. (xy + zy. 

(Sxy-\-5zy. 12. (2ab-6bcy. 

(2aV-9(f)K 15. (4a%»-8c*)l 

17. (ar-y^y. la (a«+^ -F a*-^)l 

Simplify the following expressions : 

19. a^^b^-(a-by. 20. (x - yy - (x + yy. 

21. a^-f2/2 — 4aj4.62/-f3, when x = a-\-l, y^a — 2. 

22. (a + b — c)(a-{-b) + (a — b-\-c)(a + c)-\-(b + c — a)(b-^c). 



1. 


(0^ + 1)^. 


2. 


4. 


(x-4.y. 


5. 


7. 


(mn -I- 6y. 


a 


10. 


(4aj2-3)l 


11. 


13. 


{xf^Sa^yy. 


14. 


16. 


(x^+iy. 


17. 
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Verify the following identities : 

23. {a^^'y^{^-^f)-{ax-^hyy^(ay-hx)\ 

24. a* + 6* + 4c* + 2a6 -I- 8&C = 4(a + cf, when 6 = a. 

Product of the Sum and Difference of Two Nnmbem. 
6. By actual multiplication, we have 

(a + A)(a-A) = a2-aA-l-Aa-A* = a2_6a. 

That is, the product of the sum of two numbers and the 
difference of the same numbers^ taken in the same order, is equal 
to the square of the first, minus the square of the second, 

Ex. 1. (2a? + 3y)(2aj-.3y) = (2aj)«-(32^)2 = 4aj2-92/*. 

The product of two multinomials can frequently be brought 
under this type-form by properly grouping terms. 

Ex.2. (ic»H-a;H-l)(aj*-a;H-l) = [(a^+l)+a;][(aj2-f l)-a;] 

= (a^4.1)8-ar^ 

Ex. a (aj — y + 2) (a; + 2^ - 2) = [a; - (y - «)] [a; + (y - «)] 

= a^-(f-2yz + z^ 
= aj* — ^ — «* + 2yz. 

EXBBCISBS II. 

Write, without performing the actual multiplications, the 
values of: 

1. (a + 2)(a-2> 2. (x-^e)(x + e). 

3. (m + 9)(m-9). 4. (2a-hl)(2a-l). 

5. (5a;~7)(5aj + 7). 6. (9- 5»)(9 + 5aj). 

7. (2a-|.36)(2a-36). a (5aj-6y)(5aj-f 6y). 

9. (-8m+5n)(8m+5n). 10. (aft -f 1) (a6 - 1). 

U. (3aaj — 4)(3aaj + 4). 12. (— xy + z) (xy '\- z). 

13. (-2a6-f c)(2a6-f c). 14. (5 xy - S z) (5 xy -[- 3 z). 
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15. (aj« + l)(aj«-l). 16. (3 a« -f- 4) (3 a« - 4). 

17. (5a*-26)(5a*-h26). 18. (3 a^ - 5 2?) (S x^ -{• 5 s^, 

19. (3a»-f 5)(3a--5). 

20. (- 6 a?»+^ + 9 of'-') (5 a?»+^ + 9 a?"-^). 

21. [a«-|-6(a + 6)][a«-6(a + 6)]. 

22. (»4.y4.5)(a; + y~5). 

23. (4a-36-7)(4a-36-|-7). 

25. (a«-a6 + 6^(a«4.a6 + 6*). 

26. (a:* + 2aj-l)(aj«-2aj-l). 

27. (aj*-ic*-|-l)(aj*4.a?*-l). 

28. (-a«_68-i-3)(a«-6* + 3). 

Simplify the following expressions : 

29. (l + xy^(l-x)(l^x). 

30. (2x-}-Syy(2x^Syy, 

31. (a?-3)(ic-l)(a? + l)(ic + 3). 

32. (a — a;)(a + a?)(a* + aj^(a* + itf*). 

33. (aj*-l)(aj«-hl)(a?* + l)(aj' + l). 

35. (a -}- b — c)(a -{- c — h)(b + c — a)(a + b + c). 

The Product (jr + a)(jr + 6). 
7. By actual multiplication, we have 
(jr + a) (jr + *) = Jr^ 4. fljr -f *Jr -I- a6 = jr^ + (a -I- A)jr + ab ; 
(jr + a)(jr - 6) = jr^ + ajr - 6jr- a6 = jr^ + (a - b)x - a6; 
(jr - a) (jr - 6) = jr^ - ajr - 6jr + a6 = jr^ - (a + 6)jr + ab. 

We thus derive the following method for multiplying two 
binomials which have a common first term : 

Hie first term of the product is the square of the common first 
terms of the binomials. 
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The coefficient of the second term of the product is the algebraic 
sum of the second terms of the binomials. 

The last term of the product is the produ^ of the laM terms of 
the binomials. 

Ex. 1. Write the product (x + S)(x + 7). 

The first term is a^ ; 

The second term is (3 + 7)a;, = 10 a; ; 

The third term is 3 x 7 = 21. 

Therefore (a? -f 3) (a? + 7) = a^ + 10 a? + 21. 

Ex. 2. Write the product (x — 8) (a? -|- 2). 

First term: aj^; second term: (— 8-|-2)aj, =— 6aj; 
third term: -8x2 = - 16. 

Therefore (a; - 8) (a? + 2) = aj« - 6 a? - 16. 

Ex. 3. Write the product (a^ + 9) (a* - 3). 

First term: (a^f, =a*; second term: (9 — 3) a*, =6 a'; 
third term : 9 x (- 3), = - 27. 

Therefore (a^ + 9) (a^ - 3) = a* -h 6 a^ - 27. 

Ex. 4. Write the product (a? — 5 y) (a? — 7 y). 

First term: aj*; second term: (— 5y — 7y)a?, = — 12a5y; 
third term: —5yx(—7y), =35y*. 

Therefore (aj-5y)(aj-7y) = aj*-12ajy + 362^. 

EXBBCISES III. 

Write, without performing the actual multiplications, the 
values of: 

1. (a; -I- 2) (a? + 3). 2. (a? + 2) (a; - 3). 

3. (a? - 2) (a? -I- 3). 4. (a? - 2) (a? - 3). 

5. (a? 4- 5) (a? + 8). 6. (a; + 5) (a? - 8). 

7. (a; — 5) (a; 4- 8). 8. (a; — 5) (a; — 8). 

9. (8 + m)(m- 9). 10. (5 -^a)(a - 6). 

U. (7-|-3a;)(7 -aj). 12. (- 3 + 5a)(6 + 5a). 

13L> (x-hy)(x + 2y). 14. (a? + 2^)(a?-2y). 
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15. 


(x-y)(x-2y). 


16. (aft + 1) (aft -3). 1 


17. 


(xy + T)(xy-«). 


la (a6 + 3c)(a6-6c). 1 


19. 


(«» + 8)(!»»-9). 


20. (a!»y-6)(a!«y + ll> 


21. 


(xf + 9a){xf-&a). 


22. (a!» + 3a6)(a!»-2a6). 


23. 


(a" + 2) (a" -5). 


24. (a!-+»- 3) (a!-+i+ 8). 


25. 


(a + t + 3)(a + 6-7). 


26. (x-y + Sz)(x-y-5z). 



The Prodaot (ajr + 6)(cjr + d). 
8. By actual multiplication, we obtain 

{ax + *) {ox + iif) = acjr* + {ad -|- 6c)jr -|- bd. 
In this type-form that part of the multiplication which gives 
the middle term of the type-form may be represented concisely 
by the following arrangement: 

caj + d 

{ad + hc)x 

The products of the terms connected by the cross lines are 
called cross-prodttcts, and their sum is the middle term of the 
given trinomial. 

That is, the product of two binomials, arranged to powers of a 
common letter, is equal to the product of the first terms, plus the 
sum of the cross-products, plus the product of the last terms. 

Ex.1. {7x-5y){2x-^3y)=7x'2x'{-{7'3-5'2)xy-^5y'3y 

^zUx' + llxy-lBf. 

BXBBCISES IV. 

Write, without performing the actual multiplications, the 
values of: 

1. (3a + l)(5a + 2). 2. (7 a: - 3) (3 a? - 1). 

3. (5aj-f7)(3aj-.2). 4. {2 x - 9) {5 x -{-!), 

5. {2x-\-15){4:X-5). 6. (11 a - 3) (9 a -i- 7). 

7. (2a-f 6)(3a-6). 8. (2 a - 6) (3 a + 6). 
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9. (Sx-^y)(2x-^y). 10. (7a + 36)(5a + 26). 

U. (6x — 7y)(3x + 2yy 12. (5a?-32;)(2a + 6»). 

13. (7y + 2u)(Sy^7u). 14. (2 oft - a?) (3 a6 + «> 

15. (5mn + 3i))(6mn-|.7i>). la (9 m* - 3) (8 m^ + 11). 

17. (Sit'-^5f)(2ix?-Sf). 

la [3(a + 6) + 5][5(a + 6)-2]. 

19. l2(x^y)^72lS{x-y) + 2l 

TYPE-FORMS IN DIVISION. 

Quotient of the Sum or the Difference of Like Powers of two 
Numbers by the Sum or the Difference of the Numbers. 

9. By actual division, we obtain 

(a^--.l^-i-(a + b) = a-b and (a^-^b^-h(a-b) = a-]-b. 

That is, the difference of the squares of two numbers is divisible 
by the sum, and also by the difference of the numbers. The 
quotient in the first case is the difference of the numbers, taken in 
the sam£ order, and in the second ca^e is the sum of the numbers, 

Ex.1. (9-25a^-f-(3-|-5aj) = 3-5a?. 

Ex.2. (16aJ*-8l2/^-h(4ar^-92r*) = 4ar» + 92/^. 

BXEBCISES V. 

Write, without performing the actual divisions, the values of : 
1. (ar»-l)-t.(a;-l). 2. (25 - a^ -^ (5 + a?). 

3. (4a»-9)^(2a-3). 4. (^-a?f)^{\^-xy). 
5. (a^_i)^(aj2 + l), 6^ (4 a* - &2) -- (2 a« - 6). 

7. (16a:«-920-^(4aJ-3y). a (64a*6«-121c*)-^(8a6+llc). 
9. (4aV-2^-^(2aV+y*). 10. (25a*«-16aJ«i/*)--(5a«-4ar'2/). 
11. (aA»-l)-5-(af-l). 12. (a*•-166^«)-^(a*• + 4 6P). 

13. (ar^+»-4)^(af+i + 2). 14. (a*' - 6^+*) h- (a^ - 6^+^. 
la [(a + &)*-l]-^(a + 6 + l). 
16. [4 - (a + bf] -J- (2 - a - 6). 
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17. (a«-2a6 + 6*-l)-f-(a-6-|.l). 
la (a* — vf —jf -I- 2.np) -^{a — n +p). 
19. (J?«-r*-4-4r)-^(i>--r~2). 
L [(a« + 2a5 + 6«)a^-3^]-j-[(a + 6)a^ + y»]. 

(aJ* + 2icy + 3^—2* — 22;tt — tt^ -^ (oj* 4- y" 4- w + «). 

(a* — 6' + 262; — 2aaj + aj* — 2*)-f-(a — a — 6 + 2). 



20. 
21. 
22. 



The Sam and Dilference of Two Caber 

10. By actual division, we obtain 

{fj^^h'^-^{a + h)=^a^-ah^-b\ (1) 

(a3_ 48)^ (a _ 4) 3^^2^^4:1.42^ (2) 

That is, the sum of the cubes of two numbers is divisible by the 
sum of the numbers. The quotient is the square of the first numr 
ber, minus the product of the numbers^ plus the square of the 
second number. 

The principle contained in (2) may be stated in a similar 
way. 

Ex.1. (Sa^ + ji^)^(2x + i)=(2xy--(2x)(i)^ay 

Ex. 2. (a" ~ 69) -- (a* - y) = (a*y + a%' -f (by 

= a« + a*68 + 6«. 

BXBBCISES VI. 
Write, without performing the actual divisions, the values of : 
1. (l-i-a»)^(l-|-a). 2. (aJ»-8)-^(a?-2). 

3. (m»-|-27)-^(m-|-3). 4. (64 - a^ -^ (4 - ic). 

5. (216 + a3)-.(6 + a). 6. (8a»~27)-5-(2a-3). 

7. (ajy + l)H-(«y + l). 8. (8a»6« + 27)+(2a6* + 3). 

9. (126aY-«0-«-(5iB2^-20. 

10. (27a«6»-64c») + (3a«y-4c). 

11. (8 m^V - p^«) -^ (2 m*n - p*). 
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12. (a*»-f l)^(a» + l). 13. (aj*-- 3r»-)^(a*- - y"). 

14. (343 a^-« + /") -i- (7 a;—* + y*"). 

15. [(a; + y)»-8]-f-(aj + y-2). 

16. [l+(ir-y)»]^(l + a;-y). 

17. [(a-6)•-8c»]-^[a« + &*-2(a6 + c)]. 

« 
Stun and Difference of Zalke Powers of Two Numbers. 

11. By actual division, we find : 

a* + 6* is not divisible by either a + 6 or a — A ; 
(a« + 6^-s-(a + 6)= a* - a»6 + a'V' - ab' + A*; 
a* + 6* is not divisible by a — 6. 

The above identities and those of Arts. 9-10, illustrate the 
following principles : 

(i.) a* — 6* is divisible by a — by btU not by a + b, when n is 
odd. 
The quotient is 

ar-i -I- a*-% + a— »6* + — + aV"* -j- a6— * -j- 6--\ 
(ii.) a^ — b^is divisible by both a -|- 6 and a—b, when n is even. 
The quotient, when a -|- 6 is the divisor, is 

a«-i - a»-% + a""'^ a^^""^ + «&*"* - &-"' ; 

and, when a — 6 is the divisor, is 

a— 1 -I- a*-% + a— «6* H h «*«>*"* + a&-"^ + &"~^ 

(iii.) a* + 6* i« divisible by a + b, but not by a-'b, when n is 
odd. 
The quotient is 

(iv.) a?^-]-b*i8 not divisible by either a-^b or a—b, when n is 
even. 
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12. The following directions will be helpful in writing the 
quotients of these type-forms : 

(i.) When the divisor is a sum, the signs of the terms of the 
quotient alternate^ + and — . 

(ii.) When the divisor is a difference, the signs of the terms of 
the quotient are all +. 

(iii.) In the first term of the quotient the exponent of a is less 
by 1 than its exponent in the dividend, and decreases by 1 from 
term to term, 

(iv.) The exponent of b isl in the second term of the quotient, 
and increases by 1 from term to term. 

Observe that -the quotient is homogeneous in a and b, of 
degree less by 1 than the degree of the dividend. 

Ex.1. {^-l^f)^{x-2y) 

= [x'-^(2yy]^{x^2y) 

=^x^-\-:^(2y)^x{2yy^{2yf 

= ii^ + 2a?y + 4:xf + Sf. 
Ex. 2. (a?* - 32) -ir(x - 2)= a;* H- 2a:' + 4x2+ 8a; + 16. 

BXEBCISBS VII. 
Write, without performing the actual divisions, the values of: 

1. (a^-i)^(a.^_i). 2. (l-a*)^(l-a). 

3. (wi* _ 1) ^ (wi - 1). 4. (32 -h n*) -^ (2 -f w). 

5. (a«-.6«)H-(a-6). 6. (cJ -{- b') -h (a + b). 

7. (a''-b^^)-ir(a-b). 8. (a" + 6^^)-s-(a-|.6). 

9. (a?^f)^(a^^f), 10. (x''-}-y'')^(a^-i-f). 

11. (aY-b''^-^(a^y-i-b'), 12. (a^Y - z^ -h (x'y -^ :^ 

13. (a;«-642/^^(a?-22^. 

14. (243a*6" + 32c^o)-*-(3a6« + 2c2). 

15. (p^-y*")-i-(x-y), 16. (ar^ - 1) -f- (af — 1). 

17. (1 + a**") -5- (1 + a). 18. (a^V~+6"'»)-5-(aV-f 6**). 



CHAPTER VL 

FACTORS AND MX7LTIFLES OF INTEORAIi ALOEBBAIC 
BZPRBSSION8. 

INTEGRAL ALGEBRAIC FACTORS. 

1. A product of two or more factors is, by the definition of 
division, exactly divisible by any one of them. 

An Integral Algebraic Factor of an expression is an integral 
expression which exactly divides the given one. 

E.g., integral factors of 6 a*a? are 6, a^x, 3 a, 2 a\ etc. ; 
integral factors of a* — V are a 4- 6 and a — 6, 

2. A Prime Factor is one which is exactly divisible only by 
itself and unity. 

E.g., the prime factors of 6 dfx are 2, 3, a, a, x, 

A Composite Factor is one which is not prime, i.e., which is 
itself the product of two or more prime factors. 

E.g., composite factors of ^dfx are 6, axy 2a, Sax, etc. 

3. Any monomial can be resolved into its prime factors by 
inspection. 

E.g., the prime factors of 4 afV are 2, 2, a, a, a, h, b, 

MultlnbmialB whose Terms have a Common Factor. 

4. From Ch. III., Art, 30, we have 

ah + ac-ad = a(b-[-G-d). (1) 

This relation may be called the Fundamental Formula for 
Factoring. From it we derive the following method for find- 

99 
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ing the second factor of a multinomial whose terms have a 
common factor: 

Determine by inspection the remaining factors of its terms, and 
take their algebraic sum, 

5. Ex.1. Factor 2aj«y-2«y*. 

The factor 2a^ is common to both terms; the remaining 
factor of the first term is x, that of the second term is — y^ 
and their algebraic sum is x^y. 

Consequently, 2 aj*y — 2 a;y" = 2,xy (x — y). 

Ex.2. a6*-|-a5c + 6*c = 6(a5 + ac + 6c). 

6. In the fundamental formula the letters a, b, c, d may 
stand for binomial or multinomial expressions. I 

Ex.1. Factor a(aj-2y)-|-&(aj~2y). 

The factor x — 2y is common to both terms; the remaining 
factor of the first term is a, that of the second term is b, and 
their algebraic sum is a -f &. 

Consequently a(x ^2y) -{- b (x ^ 2y) = (x ^ 2y) (a -\-b). 

Ex.2. aj*(l - m) -y»(m-l) = aj2(l-m) + 2/2(1 -m) 

=^(l-m)(a?'\'f). 

BXEBCISES I. 
Factor the following expressions : 

1. 5 a? + 5. 2. ax — a. 3. 4 a* — 6. 

4. itf*-2aj8. 5. a^b + ab^. 6. 2an-4n*. 

7. 3aY~5a^2/». 8. 12 a%« -h 3 a%2. 9. 10 a'a^ -^ 15 a^a^. 
10. Sab + 6ac-12ad. 11. 70 xy - 9S f - UO yz, 

J2. \^ax + {^bix? + ix, 13. 6ai»*-15a?6aj«+18a2&*««. 

14. 8 aWar^- 10 anV + 4 aWojS. 

15. 45 m^n^p -f 90 m^n^p — 75 m^np^. 

16. 28 a^ft^c- 84 a^ftV-h 98 a^6V. 

17. 27 ;x^y*s^ + 135 xi^y*z^ - 81 aj^V. 
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la x-(n + l)x, 19. a\a + x)+a^(a + x), 

20. 3a(a-l)-3(a-.l). 21. 2(n + l)«-4(n + l). 

22. a (a? — 1) — a? + 1. 23. m (g — j)) — ( p — q). 

24. 6m*+^-3m"+*-|.9m''+«. 25. a*+^-a + a— \ 

26. 5''+'-125aj + 625aj2. 27. 2*+^ - 8 x 2^' +16. 

Grouping Terms. 

7. When all the terms of a given expression do not contain 
a common factor, it is sometimes possible to group the terms 
so that all the groups shall contain a common factor. 

Ex. 1. Factor 2a + 2b + aX'\'bx. 

Factoring the first two terms by themselves, and the last 
two terms by themselves, we obtain 

2(a + b)+x(a + b) = (a'\'b)(2 + x). 
Ex. 2. a^--xy''XZ + yz=z(pi^ — xy)'-{xz-'yz) 

Ex.3. aj* + 3iB^-2a?-6 = (aj«-|-3a^-(2aj-|-6) 

= ic*(aj + 3)-2(a; + 3) 
= (aj + 3)(aj«-2). 

BXBBCISES n. 
Factor the following expressions : 

1. am + an + bm + bn. 2.ax — by — bx + ay. 

3. w? "^ am + bm — ab. 4. a?* — 5aj — 2ajy + 10y. 

5, ax + a-^-x + l, 6. «a — a + ?i — 1. 

7. m« -I- m — « — 1. 8. aj^ — a?* -I- a? — 1. 

9. x — y-^xy^l. 10. l-3a--6 + 3a5. 

U. a^ — a^c + a(?-(?. 12. 3a^- a^ + 6aj- 2. 

13. 3 c* — 3 c?n + en* — n^ 14. 5 oa; — ca? — 5 ay -|- cy. 

15. 2aa; — 362/ — 2a2/-h36a?. 16. ac — 5ad + 36c — 156cZ, 
17. 3w«-|-nar*-6n2aj-2aj8. 18. 18 w^a? - 12 a? - 9 ri* 4- 6. 
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19. ISoaj-fSOay — 96aj — 156y. 

20. 20ad"'S5bd — Sax + Ubx. 

21. 24 mn — 44 n' — 30ma; 4- 55«a?. 

22. 12a%*-4aV-4aW + 12aW 

23. a* — aW -I- aJhfi — an^ -|- n* — anK 

24. a?*-aa^ + 3aW-2a«to* + 2a»&aj-.6flt*6. 

25. aa:'{'by + cz + bx + cy + az + cx + ay-]-bz, 

26. ax — by + cz — bx ^ cy — az — ex + ay + bz, 

27. aa; -I- 6y + 02 — 6a; — cy + oa; 4- ca? — ay — 6«. 

28. oa; + 6y + C2 — &a? + cy -- oa; — caj — ay -f 62. 
29. a^ + 4a;*-3aj-12. 30. a? -So? + Bx-^IS. 
31. af* + 2a2_,.g^^i6^ 32. aj8_7a;2_4a.^28. 

Use of Type-FomiA in Factoring. 

8. If an expression is in the form of one of the type-forms 
considered in Ch.V., or if it can be reduced to such a form, 
its factors can be written by inspection. 

Trinomial Type-Forma. 

9. From Ch. V., Arts. 2 and 3, we have 

a«-2a6 + «'=(a-6)«. 

Therefore a trinomial which is the square of a binomial 
must satisfy the following conditions: 

(i.) One term of the trinomial is the square of the first term of 
the binomial. 

(ii.) A second term of the trinomial is the sqvxire of the second 
term of the binomial, 

(iii.) The remaining term of the trinomial is twice the product 
of the two terms of the binomial. 
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10. Ex.1. Factor aj* + 6 oj + 9. 

Q^ is the square of x^ 9 is the square of 3, and 6 a; = 2 • a; • 3. 

Therefore ic^ ^ ^ ^ ^ 9 _ (a. ^ 3^8 

Ex. 2. Factor — 4a^ + 4aj* + 2/^. 

4 ar^ is the square of 2 », or of — 2 a? ; y* is the square of y, 
or of — y. Since the term — 4 ajy is negative, one term of the 
binomial is negative, the other positive. 

Therefore -4a^ + 4a:^+2/*= (2aj-y)*= (-2aj + y)* 
BXBBCISBS lU. 

Factor the following expressions : 

1. a^-2aj4-l. 2. a^ + 6a + 9. 

3. 2^^ + 122^ + 36. 4. a2-10a6 + 256*. 

5. 4aj*-12aJ2/ + 92/*. 6. 9a2 + 30a + 26. 

7. 20a?-4aj2-26. a 36 a? - 4 aj* - 81. 

9. 16a2 4-4006 + 2561 10. 49 a^ - 28 a^ + 4 2/*. 

11. a*-2a*a? + a^. 12. d^ -'2a?f -\-y'. 

13. 4oaj + 2a« + 2a:*. 14. 6aW-3aV- 3a*aj. 

15. a2a^-4ac'a? + 4c«. 16. 9 aj^i/* - 30 a^a;' + 26 2*. 

17. 24a^-9a^-162/*. la 2aW-a*-a^. 

19. 4a!*'-12aJ» + 9. 20. 36 a*+* - 48 a» + 16 a-l 

21. 4.a!'V'-12a?h(? + ^d'. 22, 25 mhi'' - m m^nY -\- ^^ p^ 
23. 16aj«2^-24aj»2/^2;» + 92;«. 24. 49 a*6« + 70 a^ftV + 25 c». 

25. (a + aj)2 + 2(a + a;)+l. 

26. (2a?-9)2-6(9-2aj)+9. 

27. ajy — a» — (2^ — 2 2/2 + «^. 2a a^ + 2 an + n* — op — jwi. 
29. 2a + ad-cP-4d-4. 30. 0^+2 06-4 ac-46c+4cl 

31. a^ — 6yz — 4:xy-\-Sxz-}-4:y'. 

32. a*6* + 2aW + 2a*62 + 2a6 + l. 
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11. From Ch. V., Art. 7, we have 

jr^ + (a + 6) jr + a6 = (jr + a) (jr + 6). 

When a trinomial, arranged to descending powers of some 
letter, say x, can be factored into two binomials, it must satisfy 
the following conditions : 

(i.) One term of the trinomial is the square of the letter of 
arrangement, i.e., of the common first term of the binomial factors. 

(ii.) The coefficient of the first power of the letter of arrange- 
ment in the trinomial is the algebraic s^im of two numbers whose 
product is the remhining term of the trinomial, 

(iii.) These two numbers are the second terms of the binomial 
factors. 

12. Ex.1. Factors^ -I- 8 a: + 15. 

The common first term of the binomial factors is evidently 
X, The second terms are two numbers whose product is 15, 
and whose sum is 8. By inspection we see that 

3 + 5 = 8 and3x5 = 15; 

that is, the second terms of the binomial factors are 3 and 5. 

Consequently, aj* + 8 a? + 15 = (a? + 3) (a? + 5). 

Ex. 2. Factor 7?-7x + 12. 

The common first term of the binomial factors is x. The 
second terms are two numbers whose product is 12, and whose 
sum is — 7. Since their product is positive, they must be both 
positive or both negative; and since their sum is negative, they 
must be both negative. 

The possible pairs of negative factors of 12 are : — 1 and 
-12; -2 and -6; -3 and -4. 

But since - 3 + (- 4) = - 7, 

the second terms of the binomial factors are — 3 and — 4. 

Consequently, aj^ — 7 a? + 12 = (a; — 3)(aj — 4). 
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Ex. 3. Factor aW -f 5 oo; - 24. 

The common first term of the binomial factors is ax. The 
second terms are two numbers whose product is — 24, and 
whose sum is 5. Since their product is negative, one must be 
positive and the other negative; and since their sum is posi- 
tive, the positive number must have the greater absolute value. 
The possible pairs of factors of — 24 are : — 1 and 24 ; — 2 
and 12; -3 and 8; -4 and 6. 

But since —3 + 8 = 5, 

the second terms of the binomial factors are — 3 and 8. 

Consequently aV + 5 oa; — 24 = (ax — 3) (a^ + 8). 

Ex. 4. Factor a^ - 3 a^ - 28 /. 

The common first term of the binomial factors is x. The 
second terms are two numbers whose product is — 28 ^, and 
whose sum is — 3 y. It is evident that both of these terms 
contain ^ as a factor. Therefore we have only to find their 
numerical coefficients. 

Since their product is negative, one must be positive and the 
other negative; and since their sum is negative, the negative 
number must have the greater absolute value. The possible 
pairs of factors of —28 are : 1 and —28 ; 2 and —14 ; 4 and —7. 

But since 4 -f (— 7) = _ 3^ 

the second terms of the binomial factors are 4 y and — 7 y. 

Consequently, ic^ — Socy — 28 y- = (a; + 4 y) (a; — 7 y). 

EXERCISES IV. 

Factor the following expressions : 
1, a^-3x + 2. 2. a^ + 3a;-f2. 3.a^-x-2, 

4. ar* + a?-2. 5. a^-f a;-6. 6. a?-x-6. 

7. aj2-f 7a; + 6. 8, x^ — 5x-{-6. 9. o^ ^ ;[q a, _ 24. 

10. ar*-2aj- 24. H. a^ -{- 5 x - 24:. 12. aj^ - 23 a: - 24. 

13. a^ - 5a; - 24. 14. o^ _^ 23 a; - 24. 15. a:^ + 2a; - 24. 
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16. ic*-10a;-24. 17. aj« -f 3 a - 40. ' la a?" - 18 a? — 40. 
19. aj* + 6aj - 40. 20. a?" - 39 a - 40. 21. a?* - 4 a; - 60. 
22. a^ -f 7aj - 30. 23. «• + 12 a? + 32. 24. «" - 3aj - 40. 
25. a^- 12 a? + 36. 26. a* -17 a* +72 a;. 27. aj* + 13 a? - 30. 
2a 6aj-aj*-aj». 29. 35 + 2 a?- a?*. 30. aj* + 4 a^ - 21. 

31. a?* + 8aj" + 16. 32. a?* - 24 «" + 63. 33. 3a^+39a*+66. 
34. aj«-aj»-63. 35. a^+6a;"-112. 36. aj** - 16 «* + 55. 

37. ic^-{-(a-{'b)x + ab, 38. x' — (m-\-n)x-{-mn. 

39. x^+iP'-q)x-'pq. 40. «"+ (3r-2«)a;- 6r«. 

41. aa2 + 7a'aj + 6a^. 42. a? + 2ajy-153^. 

43. aj2-4aa?-12a». 44. a:*-7aa; + 12al 

45. 2a^f'-26a?f'\'84:xy*. 46. aj* - 11 am + 30 m^ 

47. aj%« + 12a»-13. 4a a^i^^ - 7 a6 + 10. 

49. mV - 20mii + 99. 50. 1 - 25»y + 126ajy. 

51. l-23a26 + 132aW 52. aV - 23 a*aj + 120. 

53. a^y^ -Jx'f-lS. 54. aW + 3a*6« - 108. 

55. aW + 5 a^Maj* - 84 a?*. 56. a'-^" - 2 a*h*c? - 15 c*. 

13. From Ch. V., Art. 8, we have 

(ax + b) (ex + d) = acx^ + (ad + bc)x + bd. 

A trinomial which can be factored by this type-form must 
satisfy the following conditions : 

(i.) One term of the trinomial is the product of the first terms 
of its binomial factor's, 

(ii.) A second term of the trinomial is the product of the second 
terms of its binomial factors, 

(iii.) The remaining term of the trinomial is the sum of the 
cross-products, 

Ex. 1. Factor 6 a^ + 19 a; + 10. 

The first terms of the required binomial factors are factors 
of 6 aj^, the second terms are factors of 10, and the sum of the 
cross-products is 19 x. 



;a; + iO 6a;-fi 6x-\-5 6x + 2 
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The factors of 6 a* are : x and 6x,2x and 3 x ; and the factors 
of 10 are : 1 and 10, 2 and 5. 

The following arrangements represent possible pairs of 
factors : 

aj-j-l aj + 10 x + 2 x + 5 

6a?+ 

16aj eioj 17aj 32x 

2x + l 2a; + 10 2aj + 2 2x + 5 

3a;-f-10 3 a? -hi 3a; + g 3a?-h2 

23aj 32aj 16x 19a; 

Since the sum of the cross-products in the last arrangement 
is equal to the middle term of the given trinomial, we have 

6a;» + 19aj-|-10 = (2a; + 5)(3aj + 2). 

Ex.2. Factor 6a?- 6a^- 82^. 

The factors of 5aj* are x and 5x'j and the factors of — 83/* 
are: y and — 8y, — y and 8y, 2y and — 4y, — 2y and4y. 
x — 2y Since the sum of the cross-products in the arrange- 

Xment on the left is equal to the middle term of the 
r . A given trinomial, we have 
5 a; 4- 4y ^ 

-6a;y 5a5?--6«2^-8*2^ = (aJ- 2y)(5a; -f ^y). 

Ex.3. Factorl0a* + a%-216«. 

The factors of 10 a* are : a® and 10 a', 2 a* and 5 a* ; and the 
factors of - 21 y» are: b and -.21 &, - 6 and 21 6, 3 6 and -7 b, 
- 3 6 and 7 6. 

3 & Since the sum of the cross-products in the arrange- 
ment on the left is equal to the middle term of the 
K '2 7h &^^®^ trinomial, we have 
■~^6 10a*-ha%-21b' = (2a'-{-3b)i5a'-7b). 



X 
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14. The following directions may be observed in factoring 
trinomials which come under this type-form : 

(i.) WJien all the terms of the trinomial are positive, oiUy posi- 
tive factors of the last tei^m are to he tried, 

(ii.) When the middle term is negative and the last term is 
positive, the factors of the last term must be both negaiive. 

(iii.) When the middle term and the last term are both negative, 
one fojctor of the last term must be positive, the other negative. 

(iv.) Select those pairs of factors of the first and last terms 
which, by cross-multiplication, give the middle term of the trinomial. 

BXEBCI8B8 V. 
Factor the following expressions : 

1. 6a^-{-x-12, 2. 6a^-x-12. 

3. 35a^-{-S2x-12. 4. 35 «« -h a? - 12. 

5. 35a^-f 16aj-12. 6. 35 aj^ _ 13 a? - 12. 

7. 2a^-f 5a;-|-2. a 10 -f 16 a? -h 6 aj*. 

9. 6-fl3aj-63»». 10. 3a^-fl3aj-hl2. 

11.. 40 + 2a;-2a^. 12. 25 aj» -h 25 a^ - 6 a?. 

13. 36aJ*-18aj2-10. 14. 12a?- 6a^- 90a^. 

15. 10a^ + 7a;-33. 16. 8 a^ - 19 o^ - 15. 
17. 40-f6aj-27aj2. 18. 49 a^ - 35 aj -f 6. 
19. 64ar^- 92a? 4-30. 20. 6 - 19 a; + 15 a?^. 
21. 6x^-4:1x^56, 22. 30a?2-89a; + 35. 
23. 18 ar^ - 3 a?!/- 45 2/'. ' 24. Sa^-5ab-2b\ 

25. al)a^ — (a^-{-b^)x-{-ab. 26. abx^ -{-{a^ — l^x — ab. 
27. 5aV-4a2a?2;-962l 28. - 10 a* + 7 a%2 + 12 6*. 
29. 4.a?-xy-^y\ 30. lOa^^- lla& - 66^ 

31. 9ar^"-4a?''-5. 32. 2 ar^+2 _ 3 ^+i _ 2. 

33. 6a;2«4.a;«y«-152/^". 34. 10(a+&)^+7c(a-|-6)-6c2. 

35. l{x-'yy-^lz(x-y)-{-107?, 

36. 6 (a^ + 2/2)2- 9 (a?2 4-2/^^2-152;*. 

37. 2(a2-c2)2-46(a2-c^-662. 
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Binomial Type-FonxiB. 

15. From Ch. V., Art. 6, we have 

a2-62^(a + 6)(a-6). 

That is, the difference of the squares of two numbers can be 
zcritten cw the product of the sum and the difference of the 
numbers. 

Ex. 1. aW - J &2 = (axy - (i by 

==(ax-^ib)(ax^ib). 
Ex. 2. 32m*n --2n^ = 2n(16m* - n^) 

= 2n[(4m2)2-n2] 
= 2 n (4 m* -f n) (4 m* — n). 

16. The difference of any even powers of two numbers can 
be written as the difference of the squares of two numbers, and 
should therefore first be factored by applying this type-form. 

Ex. a* - 6* = (ay - (b^ 

^ip^^-V^ia^-J^ 

= (a2-f 62)(a + 6)(a-6). 

EXERCISES VI. 

Factor the following expressions : 

1. aj2-l. 2. 4-.al 3. l^-f. 

4. 2bx'f-^, 5. 36a2-49&l 6. Aa^-y'. 

7. 86^-141 8. 57^-431 ?. 37^-271 

10. 81 a* -16. 11. |.a262-||c2(f2. 12. 16 a«- 25 6V. 

13. a^ftV-i. 14. ^aV-y^aj«. 15. a^" - 1. 

16. a^-&2m 17 a^+2-4. 18. 9 a^ft^ - 4 c**". 

19. 7 -112 a;*. 20. 16 a;* -1^. 21. a^-b^ 

22. l-256a^/. 23. x^^-y^\ 24. a^«-l. 

25. 5 a^- 180 6*. 26. |a62_2c^c2. 27. ^^^^^x^, 

28. 75a2&*-108c2d*. 29. 2436V«-756^ 

30. a** -6^. 31. 144 a;'* - aj'^-^^^ 32. 4a3«^3_^n+i^ 
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33. a»-6«4-(a + 6)c. 34. a^^a?-ira-x, 

35. a* — a' + a — 1. X. o^ — xz — yz — jf, 

37. a^-.ahi'\'an^'^n\ 38. a* - 2 a5» - 6* + 2 a^ft. 

39. Q?y — a^ + ar^y + icy*. 40. a?-{-3a^ — a^ — 3x. 

42. (n-aj)(57i*-4a^-(3aj"-4n2)(a;-n). 

17. This type-form may frequently be applied to multi- 
nomials. 

Ex.1. iB2-4ajy + 4y"-9«« = (aj-2y)*-(32)2 

= (x-2y-{'3z)(x-2y-^3z). 
Ex.2. 4aV-(a«-y-f c*)* 

=^ (2ac -f a' - 6* + cO(2ac - a^ + &2 - c^ 

= [(a4.c)2-62][63«(a-c)T 

= (a + c + 6)(a + c — 6)(6 + a — c)(6 — a + c). 

BXBBCISBS VII. 
Factor the following expressions : 

1. (a 4- 6)2 -c*. 2. (a-hf-(?, 3. (w-f l)2-n2. 

4. n2-(n-l)2. 5. 9-(3-aj)l 6. 49 -4(a 4-5)1 

7. (2a4-«>)'-9c2. 8. (4a?-3)2-16aj«. 

9. 25a2-4(&4-c)2. 10. 3^ a? -- %l(x - 2)\ 

11. (a4-&)'-(c-f <0'- 12. (a-6)2^(c-c?)l 

13. (a + 6)2 -(a -6)1 14. (» + 2)^ - (a; - 1)1 

15. (bx-2Y-(4.x-3)\ 16. (30^3^ - 4)2 -(2a^- 6)2 

17. (a + 6-c)2-(a-.6 4-c)2. 18. {x-\-y-3y-{x-y-{-bf. 

19. (a^4-a; + l)2-(a^-.ir-|-l)2. 

20. (a + 6)2-l-2(a+6 + l). 

21. (a-26)2-9-3(a-26 + 3). 

22. a?-2xy-\-f-z^. 23. a^ - 2 a6 -h 6* - c*. 

2^, i^--7?-2Qi^-f. 25. 9-«2^2a?y-2/'. 
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26. a^ — n^-f 2ni>-p2. 27. a^ + 2hc-h^ -(?. 

28. 25 + 12 a^-9ic2_42^ 29. 26 ««- 49 j^ - 10 a? + 1. 

30. a»-2a^> + 6«-a»-2a^-y2. 

31. a;8-2a;-|-l-a* + 2a6-6». 

32. a* + y_c*_d2^2a6-+-2cd. 

33. aj« + y»-.2iBy-a*r-96« + 6a6. 

34. 25aj*-25y4-l-a'-10aj + 10a6. 

35. a*-25a^-96*-30a6-6a« + 9. 

36. 4a* + 96*-26(J* + 12a«6*. 

37. a2 + &2__c*-(P4-2(a6 + cd). 

38. a2 + &'-c2-rf'-2(a6-cd). 

39. 2(a6 + cd)-(a2-f 6*-c«-cP). 

40. a2-6« + 262--2aaj + iB»-2«. 

41. 4a262_(a2 + 62-c2)l 

42. a2'-a^-2a^'--a^^ 

43. a* + 4a2c-46« + 46d* + 4c2-d*. 

44. 4(ad + 6c)2-(a2-62-<^ + (P)l 

18. From Ch. V., Art. 10, we derive 

a» + *' = (a + 6)(a*-a« + «0j 

Ex.1. a? + 83/» = aj8 + (2 2/)» 

= (aj + 2y)[a^-aj(2y) + (22/)«] 
= (aj + 2y)(aj*-2a:2/ + 42/»). 

Ex.2. 612a^-2/» = (8a^»-2r' 

= (8ar^-2/)(64a^ + 8aj2y + 2/2). 
Ex. 3. 
a«-729&« = (ay-(27&8)2 

=(a8 + 27 63)(a8-27 68) 

=(a4-3 6) (a2~3 a6+9 6^) (a-3 6) (a^-hS a6-|-9 6«). 
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Ex.4. 

= (1 _ a- _ 2 x)l(l - aj)2 +(1 - x)(2 x) + (2 x)"] 
= (l-3»)(l-f3«^. 

19. The sum of the like even powers of two numbers, whose 
exponents are divisible by an odd number, except 1, can be 
factored by applying the type-forms of Art 18. 

Ex. «« + y^ = (aJ*)« + (2^)» 

BXBRCISBS VIII. 

Factor the following expressions : 



1. 


ai» + l. 


2. a!»-8. 




3. a" + 27. 


4. 


64a!»-l. 


5. 8!t»-y. 




6. 8xy-27. 


7. 


125a:V' + 8. 


a 3a«-24 


a?. 


9. 27a-a*6«. 


10. 


27a!«-y». 


11. 126«»- 


y'%». 


12. 2ary + 432y'. 


13. 


27a»6»c» + l. 


14. 642^2*- 


-126. 


15. 8mV-343i)». 


16. 


a^-64. 


17. a!« + y. 




18. a!» + y». 


19. 


!K»-1. 


2a a"-l. 




21. a'^+6". 


22. 


l-»". 


23. «" + y". 




24. a»"-6*'. 


25. 


s x^^r- 729 ir+v. 


26. (x + yf-l. 


27. 


l-(x-y)'. 




2a 27 


-(3 + 2x)«: 


29. 


(a + 6)»+(a- 


-by. 


30. (2 


a,_l)»_(a;-2)». 


31. 


(2a + xy + (a 


-2x)\ 


32. (a 


+ 6)«-(c + d)«. 


33. 


a?-y'-23?y + 2x^. 


34. 4- 


_ar' + 4!e»-a!». 


35. 


af-a?-a? + l. 


36. «» 


_8-6!r» + 12a!. 


37. 


a' — 4 o'c — 4 oc* + c*. 


3a «« 


+ 6nV + 6nV + a^. 



20. From Ch. V., Art. 11, we derive : 

(i.) Hie sum of the like odd powers of two numbers contains 
the sum of the numbers as a factor. 
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(ii.) The difference of the like odd powers of two numbers cori' 
tains the difference of the numbers as a factor, 

Ex.1. ar'-f2r^=(aJ-l-y)(a;*-arV-f aj'j/'-a^-fy*). 

Ex.2. Q^-y'=(x-y)(af' + a^y-hixi'f-hix^'i'3^'\-X!/'^^). 

EXBBCISES IX. 

Factor the following expressions : 

1. a*-f-&*. 2. a^-1, 3. af + y^ 

4. a^-1. 5. 32a*-&i«. 6. 243aj^«-/. 

7. a^«+6i«. a a?^«-l. 9. aj^-fl. 

10. 128aj^ + l. 11. a*&* + 32. 12. aj^y'"* - 1024 z^^ 

Special Devices for Factoring. 

21. A factorable expression can frequently be brought to 
some known type-form by adding to or subtracting from it one 
or more terms. 

Ex.1. Factor aj* + a*2^ + y*. 

This expression would be the square of a^ + y*, if the co- 
efficient of a^^ were 2. We therefore add ary ; and, in order 
that the value of the expression may remain the same, we 
subtract a^y*. We then have 

aJ* + 2aj22/2^2^_aY=(a^ + yO'-«V 

22. Another device consists in separating a term into two 
or more terms, and grouping these component terms with 
others of the given expression. 

Ex. Factora?-3aj* + 4. 

Separating — 3 aj* into — 2 aj* and — aj", we obtain 
aj8_3aj» + 4 = aj»-2aj"-aj2-f.4 
= aj«(»-2)-(aj«-.4) 
nr(aj-2)[aj^-(aj+2)] 
«(aj-2)(aj«-a-.2) 
■s(a-2)(aj-2)(aj + l) 
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BZEBGISBS X. 
Factor the following expressions : 
1. 1+4jJ«. 2. l + 64a?*. 3. aJ*" + 4y**. 

4. l-|-3a* + 4a*. 5. l-7a« + a*. 6. l-{-2a^+9a^. 
7. a?«-jcy-|-16y*. a ««+y*-ll«y. 9. 16aj*-iBy+y*. 

la a^ + 4y*-12aY. U. a?* + y« + «y. 

12. «* + y«-142aY. ^^ «»-6aj* + 16. 

14, x»-16a? + 250. 15. «» + 6a;« + 10a; + 4. 

16. x»-9a? + 32a:-42. 17. «» - 15 aj* + 72 a? - 110. 

la 8a?-36a?4-48a:-.18. 

Mviem ^iqieg xi. 

Factor the following expressions by the methods given in 
this chapter: 

1. a* + 2a»6-2a*»-6*. 2. aa^+ (a + b + c)x + b + c. 

a 10c*"+*-6c'«+*-5c*+*. 4. xy + lTajy + ie. 

5. ai« + 64. a (i«6* + l. 7. 2»-»^-64. a m^j^^l. 
9. 2a*-16a^>». 10. aJ*4-2a?4-9. 

11. 24aj'-(36-8a)a;-a6. 12. 6«-c«4.a(a-2ft). 

13. aj^* + 2ar+»+a^*. 14. a?«-2iB»- l + 2aj. 

15. a*-hll»4-24. la a*-a6 — 66«. 

17. ay-4ajy-5. la a? + a: + y-^. 

19. a6(ic« + y«) + icy(a« + 6«). 

20. 28(a; + 3)»-23(a^-9)-16(a:-3)* 

21. axr^ + &a?* -j- cas* — cur* — 6a; — c. 

22. (a + &)«* + (a-2&)x-36. 
2a a2_&2-c^-2a + 26c-hl. 
24. 49aV + 42a'y + 9x^"^^. 

25. «2_i3ipy^40y2. 26. a2-6a5 + 66«. 

27. mV + 6mn — 56. 28. ft^ + oc — c* + a6. 
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29. xy^ocz-{-2yz — y^ — z\ 30. ar^ — 2x-fl — y*. 

31. 15 ar^ -fa? -40. 32. a^ - aj^a; -f a»2 - a;^. 

33. a^ — 1 -f c — oc. 34. a* — a — 1 — a^c + ac + c 

35. 2a2-f a-4aaj-a? + 2a^. 36. 20 ar^ - 123 a; -f 180. 
37. a^_5a;2_a._^5, 38. x" (x + 1) -^ b^ (b + 1). 

39. 25 a*6* + 70 a%V + 49 c*. 40. a^ + Zix? — xy - z. 

41. ar^-92;»-4y(3^ + 3«). 

42. ;x?'-2 7^'\'f-'4:a?f{a?-ff, 

43. a^ + a^c-f a&c + 62^-&8. 44. 5 a* - 10 a« - 75 a*. 

45. 3(a-l)»-(l-a). 46. a^-y^ + l-2a». 

47. a^ — oa:— 6a; + a5. 48. ar^y^ ^ 25 — 9 2^ — 10 ay. 

49. x^-\-9-2x{^'^2xf). 50. a%2_4a&-21. 

51. 3a« + 8a;*-8a^-3. 52. 7 aV + 49 a^a? + 84 a. 

53. (a^^xy-{-f)^-(it^-xy'^f)K 54. cd- 6d -f a(6 - c). 
55. (ic2^i)8_(2/2^1)3. 56^ abar' + x + ab + l. 

57. 36a*-21a* + l. 58. 10 a;* - 47 o^ + 42. 

59. (a?^xy^f)^-(a?-xy-f)\ 

60. a;2-|-c(a + 6)aj + a6(a + c)(c — &). 

61. 5a2- 18062. 62. ^ab<^-^abcP. 

63. 10a2^3a._i8. 64. a?2»-y2n^4y«_4^« 

65. ab(a^^f) + xy(a?-V). 66. 36 aW - 60 a«6» + 25 a%*. 

67. a2(ei2_i)__ 52(52 _i)^ ea (m-n)2~12(m-n)4-27. 

69. a^a:f^(a^ — x) — aV{iX^ — a), 

70. (a2-&2)(^^5>j^2a52-2a2&. 

71. (a-by'-a^'-(x-a-{-b)(a + b'-x). 

72. (a; + y)2_18(a; + y) + 77. 

73. (a2-62>j^_(^2^52)^^^ 

74. 300 aftc^- 432 oftdl 75. 75 a^^ - 108 c^^. 

76. ^a^ix^f'-^iabzK 77. 18 aV- 98 6V. 

78. lS(x + yy + 23(a^^f)--6(x--yy, 
79. Express (a^ — b^) {& — cP) as the difference of two squarea 
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HIGHEST COMMON FACTORS. 

23. If two or more iDtegral algebraic expressions have no 
common factor except 1, they are said to be prime to one 
another. 

E.g.y ab and cd ; 5iB*y and 82?; a' + 6* and c? — 6*. 

24. The Highest Common Factor (H. C. F.) of two or more 
integral algebraic expressions is the expression of highest 
degree which exactly divides each of them. 

E,g,j the H. C. F. of a3?j ba^y and ca^ is evidently 0^. 

25. Monomial Expressions. — The H. C. F. of monomials can 
be found by inspection. 

Ex. 1. Find the H. C. F. of a^z, ohf^j and a^z*. 

In the expression of highest degree which exactly divides 
each of the given expressions, the highest power of x is evi- 
dently a?j of y is y*, and of 2; is z. Therefore the required 
H. C. F. is ajy?. 

Observe that the power of each letter in the H. C. F. is the 
lowe^ power to which it occurs in any of the given expressions. 

If the monomials contain numerical factors, the Greatest 
Common Measure (G. C. M.) of these factors should be found 
as in Arithmetic. 

Ex. 2. Find the H. C. F. of 18 a^V<?d, 42 a»6c*, and 30 a^ftV, 

The G. C. M. of the numerical coefficients is 6. The lowest 
power of a in any of the given expressions is a^ ; the lowest 
power of 6 is 6 ; the lowest power of c is c^ ; and d is not a 
common factor. Therefore the required H. C. F. is 6 a^h(^. 

26. In general, to obtain the H. C. F. of two or more 
monomials : 

Multiply the G, C. M. of their numerical coefficients by the 
product of their common literal factors, each to the lowest power 
to which it occurs in any of the given monomials. 

27. Multinomial Expressions. — The method of finding the 
H. C. F. of multinomials by factoring is similar to that of find- 
ing the H. C. F. 6i monomials. 
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Ex. 1. The expressions 

a^-l = (a:-l)(aj + l), 
and a;* + aj-2 = (a;-l)(aj + 2), 

have only the common factor x — 1. This is their H. C. F. 

In general, tfie H, C. F, of two or more multinomial expres- 
sions is the product of their commx>n factors, each to the lowest 
power to which it occurs in any of them, 

Ex. 2. Find the H.C.F. of a^x^-a^, 2aaj* + 2aaj-4a, and 
4 aa^ - 12 oaj + 8 a. 

We have aV -^a^ = a\x + 1) (x - 1), 

2 oaj^-h 2 oaj - 4 a = 2 a(ir + 2)(ir- 1), 
4 aic*- 12 aa?-+-8a = 4 a(aj- 2) (oj-l). 
Therefore the required H. C. F. is a (a; — 1). 

BXEBCISBS XII. 

Find the H. C. F. of each of the following expressions : 
1. 36 a^ 27 a*. 2. 20 06^, 35 a%. 3. 45ajy, 12a?yz. 

4. a^bx", a%V, a*V. 5. 56 xY, 70 a^y', 9Sa?f, 

6. 24 a^ftaj*, 42 oo^, ISaVy. 7. 15 m*ny, 40 mVaj, 35 m'no^. 
a 9(x-{-y),6(x-hyy^ 9. 122/2(a-&), 30y(a-6)«. 

10. a^-9, aj2 + 3a?. 11. 3aj2-3a^, Bx-Bxf, 

12. (a + 6)2, a^- 68. 13. aa^ - a, oaj^ -f 2 oo? -f a. 

14. af ~ 25 2/*, aj*+ xy - 30 2^. 15. (a^b - ab^y ab (a» - 6^). 

16. 27aj» + 2/», 9a^-2^. 17. a»-4a5^ a»-86». 

18. a2_ 2a? -15, 0*4- 10a: 4-21. 

19. a;2-2a;-24, aj*4-9aj4-20. 

20. 3aj»-3y», aj*-% + &«-»y. 

21. a^-f, o^ + Sic^f^4:y^, 

22. a^ + xy-SOy^ x^-2xy-15y^, 

23. a^f-xf--^2y*, 6 a^y -^ IS a^f-lOSxy^. 

24. 3a;2_^_4^2^ 53j2__i7^^12al 

25. 3aj»-8aj« + 4a;, aj8-6a?2 4.12a;-8. 
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26. a*4-2a^ + 2a + l, a» + l. 

27. ar + a& — ax— &r, as* — a5 — aa?4-6aj. 

29. iF»-y», a?*-hJcy + y*. 

aa a^-3x, a^--9, x» — 6j:-f-9. 

31. aj*-8, aj«-h7ar — 18, a? — 8x4-12. 

32. a«-3x-40, jp*4-3x — 10, aj*-aj-30. 

33. a5* + 2jcy4-y* — 2*, ox + ay-f-cw. 

34. (y-.2/-x», (x + y)»-2*, 2/^-(«-a:)*. 

LOWEST COMMON MULTIPLES. 

28. A Multiple of an integral algebraic expression is an ex- 
pression which is exactly divisible by the given one. 

E.g., multiples of o + & are 2 (a 4- 6), (x — y) (« + b), etc. 

29. The Lowest Common Multiple (L.C.M.) of two or more 
integral algebraic expressions is the integral expression of 
lowest degree which is exactly divisible by each of them. 

E,g,y the L. C. M. of ox*, 6x*, and ex* is evidently oftcx*. 

30. Ex. 1. Find the L. C. M. of cr^b, aVx?, and aV^c\ 

In the expression of lowest degree which is exactly divisible 
by each of the given expressions, the lowest power of a is evi- 
dently a*, of 6 is 6', and of c is c*. Therefore their L. C. M. is 
a^b-c\ 

Observe that the power of each letter in the L. C. M. is the 
highest power to which it occurs in any of the given expres- 
sions. If the expressions contain numerical factors, the 
L. C. M. of these factors should be found as in Arithmetic. 

Ex. 2. Find the L. C. M. of 

3a5*, 66(x4-y)*, and Aarb(x-y)(x + y). 
The L. C. M. of the numerical coefficients is 12. 
The highest power of a in any of the expressions is a*; of 
6 is 6^ ; of X + y is (x + yY ; and of x — y is x — y. . 

Consequently the required L. C. M. is 12a-6*(x4-y/(x — y). 
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31. In general, to obtain the L. C. M. of two or more 
monomials : 

Multiply the L, C. M. of their numerical coefficients by the prod- 
uct of all the different prime factors of the expressions, each to 
tJie highest power to which it occurs in any of them, 

EXBBCISBS XIII. 

Find the L. C. M. of the following expressions : 
1. 3a, 66. 2. 3xf, SaY- 

3. Sa% 12 aV, 10 ad, 4. 30a«&*, 46 aV, 72 aV, 

5. 12a^2/», 18 aj*^, 36 a^^^. 6. 16a*6», 60 aV, 726V. 
7. 40a%V, 62aVx', 124a*6V. 
a 56m^nx, 72m^V, 90mV2/». 
9. 3a?, 6aj2-f 10a?. 10. 6mn, 4m2 — 12mn. 

H, a^-1, x-]-l. 12. 3a- 66, a^c-4:b^c, 

13. a; + l, a^-2aj-3. 14. ax — bx, a^ - 2 a^b -{- abK 

15. (a + b)\ a^ - 1^, 16. ix?{m- n), a? (m» - n^). 

17. a;2^3a._i() aj2_3a._40. 

18. a;2 + 6a;-66, aj2-lla; + 30. 

19. a;2_4cta;-f3a^ a;^ ^ 2 oa; - 3 al 

20. m^ + 2 mn — 15 n^, m^ -f 3 mn — 10 n®. 
21. a^ — a^, a^ — a?, x — a. 22. aP — y^, (x — yy, a^ — ^, 
23. x-a, a^-a^, a^ - a\ 24. l-2a;, 4:0^-1, l + 4a?2. 

25. a^ — llx-{'24:, a^-dx-ie, a^-x-6, 

26. a;2__4^_45^ a?2-7a?-18, aj^-f 7a? + 10. 

27. 3a;2^24a; + 45, 6 ar^ + 18 a; - 60, 8 ar^ - 24 a; -f 16. 

28. 4ar' + 4a;-224, 6 a;^ 4- 24 a? - 462, 8 a;^ ^ ^4 a; - 264. 

29. a;2_4^^3a2^ ar^^4^_5^2^ 3j2^2aa;-15al 

30. a?2 + 2maj-3m^ ar^ -f 7 ma? - 8 m^, a?^ - 6 ma; - 27 ml 

31. a?-4a2, a?» + 2aar^ + 4a2a? + 8a^a?'-.2aa;2^4^2^__3^3 

32. a'_(6-f c)2, 62_(^^^)2^ c2~(a4-6)l 
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H. C. F. AND L. C. M. BY DIVISION. 

32. If the given expressions cannot be readily factored, their 
H. C. F. can be obtained by a method analogous to that used in 
Arithmetic to find the G. C. M. of numbers. 

33. The expressions whose H. C. F. is required should be 
arranged to powers of a common letter of arrangement. 

If one of two expressions be divisible without a remainder by 
the other, which must be of the same or lower degree in the letter 
of arrangem£7ity then the latter (the divisor) is the required H, C. F, 

For it is a factor of the other expression. 

But if the one expression be not divisible without a remain- 
der by the other, their H. C. F. is found as follows : 

(i.) Divide the expression of higher degree in a common letter 
of arrangement by the one of lower degree; if the expressions 
be of the same degree, either mxiy be taken as the first divisor. 

(ii.) Continue the division until the remainder is of lower 
degree than the divisor in the letter of arrangement 

(iii.) Divide the first divisor by the first remxiinder, the first 
remxiinder (second divisor) by the second remainder, and so on, 
until a remainder is obtained. The last divisor will be the 
required H, C F, 

34. Ex. Find the H. C. F. of 2a^-5a^-5aj-f 8 arid 
a^_4a;-f 3. 

We have 

a^-4ajH-3)2ic8-5a^- 5a?H-8(2aj + 3 
2g»~8a^H- ^x 
3a^-llaj 
3a^-12a; + 9 

7?— X 

— 3aj 
-3a; + 3 

By Art. 33 (iii.), the H. C. F. is a; - 1. 
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Principle of H. C. F. 

35. The validity of the preceding method is based upon 
the following principle : 

If an integral algebraic expression be divided by another (of 
the same or lower degree in a common letter of arrangement) and 
if there be a remainder^ then the H, C F, of this remainder and 
the divisor is the H, C. F. of the given expressions. 

E.g., the H. C. F. of 

a^-10aj»H-35ic2_50a. + 24, =:(a?-l)(aj-2)(aj~3)(a?-4), (1) 
and o^-Ta^ + lloj-S, =(aj-l)(aj-l)(a?-5) (2) 

is evidently a? — 1. 

The remainder obtained by dividing (1) by (2) is 

3a? - 12 a? H- 9, =3(aj-l)(a?-3). (3) 

The H. C. F. of this remainder and the divisor (2) is evi- 
dently also a? - 1, the H. C. F. of (1) and (2). 

Notice that the H. C. F. of the remainder and the dividend 
(1) is (x - l)(aj - 3), and is not the H. C. F. of (1) and (2). 

Since this principle can be applied at any stage of the work, 
the H. C. F. of any remainder and the corresponding divisor is 
the required H. C. F. 

When the last remainder is 0, the last divisor is the H. C. F. of 
itself and the corresponding divisor, that is, of the preceding 
remainder and divisor, and is, therefore, the required H. C. F. 

If a remainder which does not contain the letter of arrange- 
ment, and which is not 0, is obtained, the given expressions do 
not have a H. C. F. in this letter of arrangement. 

36. The following principle will frequently simplify the 
work of finding the H. C. F. of two expressions : 

Either of the eocpressions may be multiplied or divided by any 
number which is not already a factor of the other expression. 

For a factor introduced by multiplication into one expression 
will not be common to both of them, and therefore will not be 
introduced into their H. C. F. 
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In like manner, the factor removed by division from one 
expression was not common to both of them, and therefore 
would not have been a factor of their H. C. F. 

Ex. Find the H. C. F. of 2a:* + 5a; -3 and 

2a^-f a^--5a? + 2. 
We have 

2a* + 6a?- 3)2 a»-f a?^ 6aj + 2(aj-.2 
2^^ + 50*— 3a? 
-4a?*~ 2a; 
— 4a^ — 10a? + 6 
8a?-4 

The next step would introduce fractional coefficients. To 
avoid these, we divide 8 a? — 4 by 4, since 4 is not a factor of 
2 a^ + 5 a? — 3, and take 2 a; — 1 as the divisor of the second 
stage: 

2aj-l)2a?« + 5a?-3(a? + 3 
2a:'- X 

6a?-3 
6a?-3 

The required ?. C. F. is 2 a? — 1. 

37. Before proceeding with the division, remove from the 
given expressions any* monomial factors and set aside their 
H. 0. F. as a factor of the required H. C. F. 
Ex. FindtheH.C.F. of 

2a?»y« - 12a?y + 12 ajy - 6a;«y2 H- 4a5y2 
= 2a;.v*(a^ - Go? + 6a:* - 3a? + 2), 

• 6a:»y-15a:V + 21a?V-12a:*y 

= 3a?V(2a;»-5a:* + 7a?-4). 

We set aside xy, the H. C. F. of 2 a:^ and 3 a^, as a factor of 
the required H. C. F., and find the H. C. F. of the remaining 
factors by division. 

The first of these expressions cannot be divided by the 
second without introducing fractional coefficients. To avoid 
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these we multiply the first by 2, since 2 is not a factor of the 
other eocpression, 

2aj8-5a:* + 7a?-4)2a?*-12aj»H-12ic*- 6a? + 4(a? + 7 

2a^--. ^Qi^^ 7a^- 4a? 

X (~ 2) ) - 7a;»+ 5a;»~ 2a;+ 4 

14aj«--10a^-f 4a?- 8 

14a?^-35a?« + 49a?-28 

-»-g )25g'-46a? + 20 

2d divisor, 67?— 9a? + 4 

To avoid fractional coefficients in the next stage of the work, 
we multiply the last divisor by 5 : 

5x2_9a? + 4)10a?»-25a?>+ 35a?- 20(2a?-7 
10a?8-18a?«H- 8a? 



3d divisor, 



To avoid fractional coefficients, we multiplied the partial 
remainder of the first division by — 2, divided the remainder 
of the first division by 5, multiplied the partial remainder of 
the second division by 5, and divided the remainder of the 
second division by 72. 

The required H. C. F. is a^(a? — 1). 

38. If the divisor and dividend at any stage of the work can 
ye factored readily, it is better to find their H. C. F. by factoring 
than by continuing the method of division, 

Ex. Find the H.C.F. of 

aj4__i0a:?^H-35a?2-50a?4.24, (1) 

and a?»-7a?2 4.11a?-5. (2) 



x5)- 7ar'+ 27a!- 20 




-35 a* + 135 a; -100 




-35a!«+ 63ar- 28 




•+■72) 72a!- 72 




a!-l)6a!' — 9a! + 4(6a!- 


-4 


5a!»-6a! 




-4a! 




-4ai + 4 
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We have : 

~ 3g»H- 21 <~33^+15 
^3}3^-J^^+J) 
a*— 4ir+ 3 
The remainder a? — 4 a? + 3, = (a? — 1) (a: — .*>), is readily fac- 
tored. 

Dividing «*•— 7a' + llaj — 5 by x — l, we have 
ajS_7aj2^11a?-5 = (a?~l)(«*-6a;H-5) = (aj-l)2(a?-5). 

The H. C. F. of the first remainder and (2), and therefore 
the required H. C. F., is a? — 1. 

Lowest Common Multiple by Means of H. C. F. 

39. If the given expressions cannot be readily factored, 
their L. C. M. can be obtained by first finding their H. C. F. 

Ex. Find the L. C. M. of 

a? — 2a? — 2a?y '\-^xy'\-x-'2y and a* — 2a^ + a^^— 2^^*. 
The H. C. F. of these expressions is found to be a? — 2 y. 

Consequently the other factors of the given expressions can 
be found by dividing each of them by their H. C. F. We have 

aj8 _ 2aj* - 2aj*y + 4a:2/ H- a? - 2y = (a? - 22^)(a* - 2aj -f 1), 
7?-27?y^xf-2f^(x-2y)(x' + f). 

From the definition of the H. C. F., as also by inspection, 
we know that these second factors, »* — 2 a? + 1 and a^-^-y^, 
have no common factor, and therefore that the L. C. M. of the 
given expressions must contain both of them as factors. 

Consequently the required L. C. M. is 

{x-2y)(a?-\-f)(x-iy. 

This example illustrates the following principle : 

ITie L. C. M. of two integral algebraic expressions is the 
product of their H. O. F, by the remaining fa^^rs of the 
expressions. 
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Relation between H. C. F. and L. C. M. 

40. The following example illustrates an important relation 
between the H. C. F. and the L. C. M. of two integral algebraic 
expressions. 

Ex. The H.C.F. of 

and a^~l = (aj-l)(aj + l) 

is (x — 1). 

The L. C. M. of the same expressions is 

The product of the two given expressions is 
(aj-l)(a?-l)(aj + l)(aj' + a? + l) = (H.C.F.)x(L.C.M.). 
In general, 

The product of two integral algebraic expressions is equal to the 
product of their H. C. F, and their L. C. M, 

It follows from this principle that the L, C. M, of two integral 

algebraic expressions can be found by dividing their product by 

their H, a F. 

BZEBCISBS XIV. 

Find the H. C. F. and L. C. M. of the following expressions : 

1. aj«4.4a.-_5, aj»-2a^-f6a;-5. 

2. 2aj8H-3a^-aj-12, 6a^-17a^ + 2a;-f 15. 

3. aj8_3a._|_2, a^4.2a^-a;-2. 

4. 2aj8-17a^ + 19aj-4, 3aj3-20aj2-10a? + 27. 

6. iB8-aj2-9a;H-9, a^-4aj24.l2a;-9. 

7. aj8_3aj2^4^ ajS_2a^-4aj + 8. 

8. a^-3a;-f2, i»*-6a^ + 8aj-3. 

9. 2iB2 + 3a:-2, 4a^ + 16aj2-19aj-f5. 

10. a^-3aj2 + 4, 3x3-18aj2 + 36aj-24. 

11. Q^ — {a-\-b'-c)d(? -\- {ah — ajC'-bc)x-\- abc, 
x^-'(a — b-{-c)x^-\- (ac — ab — bc)x-\- abc 
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12. a!» + x» — 5x + 3, 2x» + 7a:* — 9. 

la 3a!»-8x*-36x + o, 9a!»-50ai« + 27x-10. 

14. 4aV-3«y-4^ + 3, oa!»^ + 8xy + a?y-14. 

15u x«-3a^-2^, 2x»-oa5*y-a^ + 6y». 

Ifi. fl? — <^ — 5a + 2, 3fl? — <^ — 8a4-12. 

17. a:»4-2x» + 2x4-l, as* — 4x« — 4x — 5. 

la 30x»-25aa:»4-8a^-a", 18 a* - 24 ox* + 15 a*x - 3 cr*. 

19. 2a^-3x» + 4x«-5x~4, 2a^-x» + aj-12. 

20. 4x»-8x«4-ox-3, 2a^-3x»4-6x»-3x-f 2. 

21. 4x*-8x»-3x* + 7x-2, 3x*-llx« + 2x + 16, 

22. 36a« + 9a»-27a*-18ci», 27a^y-9aS6*-18a*&2. 

23. 3x»-10x»4-lox + 8, x»-2x*-6x' + 4x* + 13x + 6. 

24. 2x»-3x*-8x-3, 2a^-9x»4-13x*~23x-16. 

25. x» + x»-8x»-8, aJ*-2x» + x*-2x. 

Tbe H. C. F. and L. C. M. of Three or More lixpresaions. 

4L To find the H. C. F. of three or more integral algebraic 
expressions find the H. C.F. of any two of them, next the 
H. G. F. of that H. C. F. and the third expression, and so on. 

42. To find the L. C. M. of three or more integral algebraic 
expressions, find the L. G. M. of any two of them ; next, the 
L. G. M. of a third and the L. G. M. already found, and so on. 

EXBSBCISBS ZV. 

Find the H. G. F. and the L. G. M. of the following expres- 
sions: 

1. aj»-4a?-f 3, 2 a^ -^ a? -- 7 x + 4:, x»-2x«-f 1. 

2. x»-6iB2-fllx-6, x'-9ic*-f26x-24, aj^-Sx^-f 19x-12. 

3. 2x»H-5iB2-4x-10, 2x'+5x2+2x+5, 2a^+Ta^+7x+5. 

4. 2i»* + 6x*H-4x«, 3a?-f-9x* + 9x + 6, 3x»-f-8aJ* + 5x+2. 

5. 2a?*-x* + 3x« + x + 4, 2iB*-3a^-2x* + 9x-12, 

4 a^ - 16 x» + 25 x^ _ 23 « -f 4. 
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SOLUTION OF EQUATIONS BY FACTORING. 

43. The roots of the equation 

(aj-l)(aj-2)=0 (1) 

are evidently 1 and 2. For 1 reduces the first member to 
X (— 1), = ; and 2 reduces the first member to 1 x 0, =0. 
Therefore equation (1) is equivalent to the equations 

a? — 1=0 and aj — 2 = 0, jointly. 

This example illustrates the following method of solving an 
equation by factoring : 

Transfer all terms to the first member. Factor this first m^mr 
her, and equate each of the resulting fdctors to zero, Bdve the 
equations thus obtained, 

Ex. 1. Solve the equation aj (aj — 2) (aj + 5)= 0. 

Equating factors to 0, a? = ; a: — 2 = 0, whence a; = 2 ; 
and a: + 6 = 0, whence a? =3— 6. 

The roots are therefore 0, 2, and — 6. 

Ex. 2. Solve the equation a^ — 1 = 3. 

Transferring 3 to first member, and factoring, we have 
(aj-2)(a? + 2)=r0. 

Equating factors to 0, a; — 2 = 0, whence «« 2; 

and a? -f 2 = 0, whence x^--2. 

The roots are therefore + 2 and — 2. 

The statement +2 and —2 is usually written ±2, read 
positive and negative two, 

Ex« a Solve the equation a^ + 2 a; — 12 = 3. 
Transferring 3, a^ + 2flp-15 = 0. 

Factoring, (a? -f 5) (a? - 3) = 0. 

Equating factors to 0, a? + 5&:0, whence a; = — 5; 
and a; — 3=:0, whence a;ss3. 

The required roots are therefore — 5, 3. 



I- 
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XVI. 

Solye each of the following equations : 

1. x(x-3)=0. 2. x(x + 5) = 0. 

a 5x(x + 7) = 0. 4. («- 2)(a? 4- 1) = 0. 

5. (3x4-2)(ox-3) = 0. 6. x(x + 2)(3x-l) = 0. 

7. 3x(16x»-25)=0. a (x*-l)(9x*-16) = 0. 

a (x*-9)i^4x»-25) = 0. la (2ox»-4)(x«-196) = 0. 

U. x»-ll = 5. la 4x»-15 = l. 

la 23-9x» = -2. 14. 5x»-16 = 4. 

15u 7x* — 46 = 5x*4-4. Ifi. x* — x~2 = 0. 

IT x»-hx=12. la x« + 3x-28 = 0. 

19. x» — x = 30. 2a 2x* — X — 3 = 0. 

21. 3x»-13x-10 = 0. 2a 10x* + 21x-10 = 0. 

2a 15x* + 14x — 8 = 0. 2ft. 16x* — 22x4-8 = 0. 

25. (x- 5) (x- 6) = 30. 2a (x-12)(x4-15)=-180. 

27. (x4-15)(x4-4) = 60. 2a (x + 20)(x-6)=-100. 

2a If 24 is added to the square of a number, the sum will 
oe equal to eleven times the number. What is the number ? 

aa If 40 is added to the square of a number, the sum will 
be equal to thirteen times the number. What is the number ? 

31. In a number of 2 digits, the imits' digit is 2 greater than 
the tens' digit. The product of the digits is equal to the num- 
ber diminished by 16. What is the number ? 

3a The length of a field exceeds its breadth by 3 rods. If 
18 rods were added to its length, and 2 rods were taken from 
its breadth, the area would be doubled. What are the dimen- 
sions of the field ? 

33. The number of square feet in the area of a square floor, 
increased by 20, is equal to nine times the number of feet in 
its side. What is the length of a tide of the room ? 



CHAPTER VII. 

FRACTIONS. 

1. The quotient of a division can be expressed as an integer 
or an integral expression only when the dividend is a multiple 
of the divisor ; as a% -5t a6 = a ; (aoi? -\- 2hx) -^ x = ax -\- 2h, 

If the dividend be not a multiple of the divisor, the quotient 
is called a Fraction ; as a -$- 6 ; (oic* + 2 bx) -s- o?, 

2. The notation for a fraction in Algebra is the same as in 
ordinary Arithmetic. 

Thus, (aaj« + 2 6a;) -5- a? is written «^+^^^ . 

ar 

The Solidus, /, is frequently used instead of the horizontal 

line to denote a fraction ; as {oof + hx)/a? for "^ — 

ar 

3. As in Arithmetic, the dividend is called the Numerator of 
the fraction, the divisor the Denominator, and the two are called 
the Terms of the fraction. 

4. An integer or an integral expression can be written in a 
fractional form with a denominator 1. 



E.g., 1 = 1, a + 6 = 2ift. 



It is important to notice that an algebraic fraction may be 
arithmetically integral for certain values of its terms. 
E,g,j when a = 4 and 6 = 2, the fraction a/h becomes 4/2 = 2. 

5. By the definition of a fraction, a/b is a number which, 
multiplied by 6, becomes a ; that is, 

(a/A) X A = a, or f X A = a (1) 
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6u Tlie Sign of a Ftactkm. — The sign of a fraction is written 
before the line separating its numerator from its denominator ; 

Since a fraction is a quotient, the sign of a fraction is deter- 
mined by the rule of signs in division. 

+ «_ , a "1^— • ® +J* * — g a 



+ b ^6' -6 ^6' -6 b' +b b 

7. From the rule of signs we derive : 

(i.) If the signs of the numeraior and the denominator of a 
fnxction be reversedy the mgti of the fraction is unchanged. 

E, —7 7 X —05 



3 -3' x-1 1-aj 

This step is equivalent to multiplying or dividing both terms 
of the fraction by — 1. 

(ii.) If the sign of either the nnmerator or the denominator 
of a fraction be reversedy the sign of the fraction is reversed; 
and conversely. 

„ 7 —7 —a? X ap — a_aj — a 

^9y Q= ^; 



3 3 ' x-1 a?-l' 6-0? x-6 

(iii.) If the signs of an even number of factors in the numeror 
tor aiul denominator, either or both, of a fraction be reversed, the 
sign of the fraction is tmchanged; but, if the signs of an odd 
number of factors be reversed, the sign of the fraction is reversed. 

„ x — a gg— g 

•^•' (a-b)(b-c){c^d)^ (a-6)(6-c)(o-c) 

g — o 

""(6-a)(6-c)(o-c) 

a — x ^ 

''{a-b){b--c)(a'-c) 
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Reductioii of FractioDB to Lowest Terms. 

8. A fraction is said to be in its lowest terms when its 
numerator and denominator have no common integral factor. 

^' 3' aj« + l 

9. Hie value of a fraction is not changed if both numerator 
and denominator he divided by the same number, not 0. 

Ea a -\- ab _ (a -^ ab) -^ a __ 1 -\- b 

a-\-a/c (a + «c) -f- a 1 -f- c 

Let the value of - be denoted by v ; or v = y* 
b b 

Multiplying by 6, v6 = ^ x & = a. 

Dividing by n, v6 •+■ n = a -^ n, or v (6 •+■ n) = a -t-n. 
Dividing by & ^mi, v = a •+■ n -5- (6 -j- n), 



a-i-n 



But v = 2 



6 H-n 

a 

b 



Therefore 



a 

b 



6a^b^ 
10. Ex. 1. Eeduce ^ „ , to its lowest terms. 

The factor 2a^b^ is the H. C. F. of the numerator and 
denominator. We therefore have 

6a«6^^ 6a«&^^2a^y ^3a 
Sa^b' Sa'b'-^2a'b' Ab'' 

A fraction is reduced to its lowest terms by dividing its nu- 
merator and denominator by the H. C. F. of its terms. 

This step is called cancelling common factors^ and can usiially 
be done mentally, if tie terms of the fraction are first resolved 
into their prime factors. 
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Ex. 2. ^ — ^ _ Kf^-^x)(a — x) __ a — x 

(a + X)- (a -h x; (a + x) o -h x 

Ex 3 ^-^-^f ^ (x-2y)(x^y) 

4if*-x^ (L>i^-x)(2y + ar) 

Changing the sign of the first factor in the numerator and 
the sign of the fraction, we have 

(2y-x)(2^ + x) 2y + x 

Ex. 4. Reduce ^-^^-^^^ — ^ to its lowest terms, 
x' — X- — X— 2 

We find X — 2 to be the H. V. F. of niunerator and denomi- 
nator by Ch. VI., Art. 33. 

Then (^-3x^ + 3x-2)-5-(x-2) ^ a?^x-^l 
(x»-x2~x-2)-^(x-2) x' + ic + l 

EX2BCISBS I. 
Reduce each of the following fractions to its lowest terms : 

ha%^& 48 aV " a-^6-' '^ 15(x + y)2 

m — n ,^ a^ + a6 ,, 15x — 9 ^^ ^ — ^ 
2m -2n a^ - a6 6~10x ^' xif-^ 

a — fe ax-\-bx 3 x^ — 12 a- 

^^- a«'r^* "• na^ - nb^' 3x-f-6a " 

3&-2a ^ x2 4-2x-3 ^, ar^_x-12 

iQ , on — — • 21 — — 

^' 8a«-27&-^ ^- a^4.5x + 6 ' x^ + Gx + O 

aj4 4.ic2_2 4a^-5a5-66^ ax-a6 

^^' x^ + Sx^ + e* 8 a2+2 06-352* * ax+3x-36-a6" 
5x2 4-4x-l x^ — ax^ + ft^x - g^ 

^*- 5V + 19X-4* ^* x« - ox^ - 6^^ + a6»" 



06 


^:^- 


2oVc' 


^ 160 a»a^ 
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27. •= o ■ r>r> TT" 28. — :; ;: ^» 



29. 
31. 
33. 
35. 
37. 
39. 
41. 



: , OQ : ■ 

Bic'-^-SSx-U ar^« + 3a?" + 2 

(a-^&)2_4c2 g^ + g + fe-y 

25 g^- 9 (6-1)' g^ a^ -}- a^ - y2 - yg 

66-10g-6 ' ' a^~y2__2y2-/ 

1 — g^ 3g a^ - a;^y - V + y^ 

(1 + go;)^ — (g 4- a;)^ ' aj* — ar^?/ — oc^y^ 4- a;^ 

3ar^_8gr^ + 8a;-5 6x^ + l la ^^- 6a; - 5 

2Q?^bic'-6x + l' ' 303 ^10x2 + 3a; -lO' 

a;3-ar^ + 2 2 a;« - 13 a ;^ + 19 a; - 20 

aj3_3a;2_,_4a._2' ' 2ar^ + Qa;^- 143. ^ 24 * 

a:3_5a^^l3a._14 ^^ 8ar^ + 2ar^- 5a;+ 1 

aJi-x'-^x + U ' ' 8a;8 4-10 ar^- 11 a; + 2' 



Reductioii of Two or More FractioiiB to a Lowest Common 
Denominator. 

11. Two or more fractions are said to have a common de- 
nominator when their denominators are the same. 

E.g., 5^and^: ^ and ?^^^ 

The Lowest Common Denominator (L. C. D.) of two or more 
fractions is the L. C. M. of their denominators. 

E.g., the L. C. D. of -^ and — , is &V. 
brc b<r 

12. The value of a fraction is not changed if both numerator 
and denominator be multiplied by the same number, not 0. 

Ea a — x __ (a — x)x(a-\-x) __ g^ — ar^ 

' ' g 4- a; (g 4- a;) x (g 4- a;) (g 4- a;)^ 



( 
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Let the value of the fraction ^ be denoted by v, or 



Multiplying by 6, v& = 2 x 6 = a. 



Multiplying by n, vbn = an, 

■4- hn ^ 

bn 



Dividing by &n, v = an-i-bn= ^• 



But v = ?. 

b 



Therefore 



o_an 



13. Ex. 1. Eeduce -2- and —. to equivalent fractions having 
Ire Ixr 
a lowest common denominator. 
Their required L. C. B. is 6V. 

Multiplying both terms of -^ by 6*c*-!-6% =c, we have -— ; 

Ire <r 

and both terms of --r by Ij^if-^hi?. =6, we have -^. 

Ex.2. Eeduce x. =~, and — ^ to equivalent fractions 
1 a? — y 

having a lowest common denominator. 

The required L. C. D. is a? — y. 

Multiplying both terms of ^ by « — y, we have — — S^; 

and both terms of — ^ by 1, we have, — ^^ — 

x — y x — y 

Ex. 3. Reduce 

1 ^ 1 

x'-3x-\-2' (aj-l)(a;-2y 

and 2 „ 2 



a;2_l' (a;-l)(aj4-iy 
to equivalent fractions having a lowest common denominator 
The required L. C. D. is (x -!)(«- 2) (a; + 1). 
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Multiplying both terms of the first fraction by 



we have 



x + 1 



(x-l){x--2)(x + l)[ 
and both terms of the second fraction by 

(x-l)(x-2)(x + l)^{x--l)(x + l), =aj-2, 
2aj-4 



we have 



(x^l)(x^2)(x + l) 



14. These examples illustrate the following method : 
TaJce the L, C. M. of tfie denominators as the required denomi- 
nator. 

Divide this denominator by the denominator of each fraction; 
and multiply both numerator and denominator of the fra^ion by 
the quotient. 

BXBBCI8B8 IL 

Reduce the following fractions to equivalent fractions having 
a lowest common denominator : 

, ^ a? ^ 4:m 5n ^ 5a^b 2ab^ 

1. 1, — • 2. — • 3. , • 

'4 3^6 14 ' 21 

A 1 ^ g* R ^ l4-4m ^ 15 2x 

4. 1 — a, -• 5. m, —• 6. r- — -, —-:• 

' a + 1 ' m-4 14a^ 32^ 

^ 3 . 7 ^ 2-Sx 5-f-2a? 5a-46 3&-2a 
* 5a^6' ' 15a6a;' 4ic ' 12aj« ' ' Qd'b ' %a¥ 

'aj-1 aj + 23aj + 6 

12 ^ 3 ^3 2 3 2a; 

' ar'~49' 4a; + 28 ' x 2aj-l' 4ar^-l 

13*5 ^ ^ ^ 



a;-3'a:2_9'3aj-^.9 ' x -\- 2' oi? -\- x - 2' o^ - -l 

16. ^ , ^ , 5 17. ^ ^ ^ 



aa; 



4-a6' a*-6^ 6a;-a5 ' a; - f a;4- 1' 1 - a^ 
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_« m y l-^-m .f. ax — h a — hx 1 

Id* • « • A". - « 

y(x^y) miy — x) my ax-\-db bx-\-lr arh^ 

20. .» -^, i?+i. 21. '^ 



r^o* a* -a a»-l ' 2aj-2' ar'-2a!+l' l-x« 

1 3 nwi m — n 



22. 
23. 
24. 
25. 



n — m w* — m®' m* + ran 4- w* 
112 



ar* + 2ic-8' ar*-5ic + 6' 2ar' + «-10 
3 14 



1 1 1 



(a'-'C){a-h)' (p-a){h-c)' (c-a){c-h) 

Equations. 

15. Ex. 1. Solve the equation 2 a: + ^ = 9. 

4 

Multiplying by 4, 4 x 2a: + 4 x| = 4 x 9; (1) 

or, since 4 x 7 = a, 8 a? + a; = 36. 

4 

Uniting terms, 9 a: = 36. 

Dividing by 9, a? = 4. 

The step represented by (1) is called clearing the equation of 
fractions, and should be performed mentally. 

To clear of fractions, we multiplied by 4, the denominator 
of the fractional term. If the equation contains more than 
one fraction, we multiply by their L. C. D. 

Ex. 2. Solve the equation | - ^^""-^ = 3 - a?. 

The L. C. D. is 15. 

Multiplying by 15, 3 a; - 5 (2 a; - 1) = 15 (3 - «). (1) 
Removing parentheses, 3 a; — 10 .t -f 5 = 45 — 15 a;. 

Transferring terms, 3aj — 10ajH-15a; = 45 — 5. 
Uniting terms, 8 a; = 40. 

Dividing by 8, x = 5. 
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16. Observe that the sign of a fraction affects each term of 
the numerator, or the dividing line between the numerator and 
the denominator has the same effect as parentheses. 

= (— a4-6— c)-s-d 

"" d 

Thus, in Ex. 2, Art. 15, the sign — before the fraction — - — 

o 

changes the signs of both terms in its numerator, and not 
simply the sign of the first term, when the denominator is 
removed. This caution should be kept in mind, and step (1) 
omitted in clearing of fractions. 

17. Ex. Solve the equation ^4^ -^^ = ^±^. 

6 8 12 

The L. C. D. is 24. 

Multiplying by 24, 4aj + 4 — 3ic + 3 =2a; + 4. 

Transferring terms, 4aj — 3aj — 2a;=— 3. 

Uniting terms, _ a* = _ 3. 

Dividing by — 1, x = S. 

BXBBCISES in. 
Solve each of the following equations : 



10. 
12. 
14. 



. + 1-18. 


2. 


X — 


T-^- 


'■ if+«- 


M-'^ 


5. 


2x 
3 


-!=»■ 


* T-i-'- 


x-2 3-x 


8. 


a? — 
5 


4 B-x 
4 


^ 3aj-2_3aj-|-2 
4 5 


3 2 


2 ^3~ 






"•^ 


i+| = 2. 
5 


3a!-2 X 1 
5 4 = ^- 






4 


-5 5a; « 
3 =~^- 


3a! x + 4: . 
4 6 ~^- 






„.-. 


a; -10 o 
6 ~^- 
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* * 3 2 * ' 12 15 20 * 

^ x-6 aj — 3__1 a? 4-1 



12 3 16 
19 5 — a? _ a? — 3 a; — 1 7 



20. 



4 6 • 16 12 

a;-4 a?-3 ^1 a?-2 . 
6 8 3 12 ' 



21 a? — 5 a?--4 a? + 2 _ a; — 12 

* 18 20 24 "" 3 ' 

22 ^""^ a? — l _ a;— 5 a? — 3 

• 6 18 " 16 20 ' 

Problema. 

18. Pr. In a number of two digits, the units' digit is two- 
thirds of the tens' digit. If the digits be interchanged, the 
resulting number will be 18 less than the given number. 
What is the number? 

Let X stand for the tens' digit ; 

then f X stands for the units' digit. 

The given number is 10 a: + 1 a?, 

and the resulting number is 10 x ^x + x, = ^x + x. 

The problem states, 
in verbal language : the given number minus the resulting num- 
ber is 18 ; 
in algebraic language : 10 a? + 1 a? — (^ a; + a?) = 18. 

Removing parentheses, 10 aj + fa? — ^aj — a? = 18. 

Clearing of fractions, 30fl5 + 2aj — 20aj — 3a? = 54. 

Uniting terms, 9 a? = 54. 

Dividing by 9, a? = 6, 

the tens' digit. 

Then the units' digit is | a?, = 4. 

Therefore the required number is 64. 
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EXERCISES IV. 

1. A son is J as old as his father, and in 18 years he will 
be ^ as old. How old is each ? 

2. A son is ^ as old as his father, and 6 years ago he was 
J as old. How old is each ? 

3. A boy lost \ of his money, and afterward found 12 cents. 
He then had twice as much as at first. How much money had 
he at first ? 

4. Two men invest equal amounts. The first one loses 
$600, and the second one gains $600. The first then has 
only f as much as the second. How much did each invest ? 

5. Divide 65 into 3 parts, so that the second shall be 8 
greater than the first, and the third f of the sum of the first 
and second. 

6. From a cask full of water, \ of the contents is drawn 
off. If 10 gallons are then poured into it, it will contain ^ of 
its original contents. What is the capacity of the cask ? 

7. The sum of the two digits of a number is 12. If the 
digits be interchanged, the resulting number will exceed the 
original one by three-fourths of the original number. What is 
the number ? 

8. A merchant paid 30 cents a yard for a piece of cloth. 
He sold one-half for 35 cents a yard, one-third for 29 cents a 
yard, and the remainder for 32 cents a yard, gaining $ 18.15 
by the transaction. How many yards did he buy ? 

9. A woman sells ^ of an apple more than one-half of her 
apples. She next sells ^ of an apple more than one-half of 
the apples not yet sold, and then has 6 apples left. How 
many apples had she at first? 

10. A merchant lost \ of his capital, and then \ of what 
remained. If he then had $ 12,000 capital, how much had he 
at first ? 

U. Thirteen coins, dollars and quarter-dollars, amount to 
$ 9.25. How many coins of each kind are there ? 
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12. A box contains a number of pencils, of which | are red, 
\ are blue, and 3 are black. How many pencils are red, and 
how many are blue ? 

13. The deposits in a bank during three days amounted to 
$77,700. If the deposits each day after the first were | of 
those of the preceding day, how many dollars were deposited 
each day ? 

14. A father leaves his property to his three sons as follows : 
to the first, $ 3000 less than ^ of his property ; to the second, 
$ 2400 less than ^ of his property ; and to the third, $ 1800 
less than \ of his property. What is the amount of his 
property ? 

15. A father divided his property equally among his sons. 
To the oldest son he gave $ 300 and -^ of what remained ; to 
the second son he gave $600 and ^ of what was then left; 
to \>he third son he gave $ 900 and ^^ of the remainder ; and 
so on. What was the amount of his property, and how many 
sons had he ? 

16. The height of the first platform of the Eiffel Tower is 
8 meters more than ^ of the whole height ; the second plat- 
form is twice as high as the first, and 160 meters less than the 
third ; the third is 1 meter greater than \^ of the entire height. 
What is the height of the tower, and of each platform ? 

17. Jupiter has 1 more moon than Uranus, and Uranus half 
as many moons as Saturn ; Mars has 3 less than Jupiter, and 
Neptune half as many as Mars. If these planets together 
have 20 moons, how many has each ? 

18. A leaves a certain town P, travelling at the rate of 
21 miles in 5 hours ; B leaves the same town 3 hours later and 
travels in the same direction at the rate of 21 miles in 4 hours. 
After how many hours will B overtake A, and at what distance 
from P? 

19. A train runs from ^4 to 5 at the rate of 30 miles an 
hour ; and returning runs from B to A Sit the rate of 28 miles 
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an hour. The time required to go from A to B and return is 
15 hours, including 30 minutes' stop at B. How far is A 
from B? 

20. A servant is to receive $ 170 and a dress for one year's 
services. At the end of 7 months she leaves her place and 
receives $ 95 and the dress. What is the value qf the dress ? 

21. A cistern has three pipes which can empty it in 6, 8, 
and 10 hours respectively. After all three pipes have been 
open for 2 hours they have discharged 94 gallons. What is 
the capacity of the cistern ? 

22. A wall can be built by 20 workmen in 11 days, or by 
30 other workmen in 7 days. If 22 of the first class work 
together with 21 of the second class, after how many days will 
the work be completed ? 

23. At 6 o'clock the hands of a clock are in a straight line. 
At what time between 7 and 8 o'clock will they be again in a 
straight line ? At what time between 9 and 10 o'clock ? 

Addition and Subtraction of FractionB. 

19. Add - to ^. We have 

c c 

c c ^ c 

This proves the following method of adding two or more 
fractions which have a common denominator : 

The numerator of the sum is the sum of the numerators, and 
the denominator is the common denominator. 
A similar method is applied in subtracting fractions. 

E.g, ^^ l+a? ^ 2g?-(l-f a?) ^ fl?-l ^.|^ 

a? — la? — 1 x — l x — 1 

20. If the fractions to be added or subtracted do not have a 
common denominator, they should first be reduced to equiva- 
lent fractions having a lowest common denominator. 
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E.l. Simplify ^ + A. 

Ex.2. Simplify 2*^_3£^^6iM:2^. 
5 4 

Reducing to L. C. D., we have 

8a;-20y 15a;~30y + 10g 
20 20 

^ 8 a; - 20y - (15a; - 30y + lOz) 
20 

^ 8a;-20y-15a;-h30y-10g ^ --7a;4-10y~10g 
20 ^ 20 ' 

The expressions in this example are not algebraic fractions. 

The beginner should be careful in subtracting a fraction to 
change the sign of each term of the numerator, and not that of 
the first term only. 

In like manner we may change the sign of each term of the 
numerator (or denominator), if we change the sign of the 
fraction. Thus, in the result of Ex. 2, we have 

-7a; + 10y~10g ^ 7a?-10y4-10g 
20 20 

Ex.3. Simplify -i^--|^ + ^. 

TheL.C.D. isa!*-l. 

Therefore, -1 ?_ _3^^^+l _2£-2 _3^ 

x + 1— 2a; + 2 + 3a; 

_2£+_3 
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BXBBCISES V. 
Simplify the following expressions : 

a b a 5a o _^ '^ a ^ a.^ 

^' b^a ^- 8"*"16* ^' 4n 6n ** ab^ ac' 

111 ^6.36 66 „1.1 1 

7- ri3+: 



xy asz yz * 2a 4a 6a * a!>* a*6 a%* 

3a + 5 3«~1 3g + 5y 2z + Sy 

8. _^_ + — ^ 9. g J 

3a; — 2 x + 7 . . ,, a — 3 a — B 4 — a 
10. — g 2- + ^- ^- -^ 6 8- 

aj-1 0.-2. aj + 7 ,^3-2a 3a-2 6a + 2 
"• "2 3" + -6- ^^•—3— + — 5 lO— 

5_3a. 5a;-4 25-19a; „ sb-2 2a?-5.4-3a; 
14. 3 ^7v ^-p • 15. 



10 15 3a; 4a;2 ^ 9a; 

2a;-4y 5a; + 2y — 3g , a; + 16y-5g 

^®- 5 10 "^ 15 

x — y^z Sy — Sz — x 5z^l0y + 6x 

17. —J ^ jj 

aj2_3a; + l 3a;»-2a;-4 6a;-3a;* 
18. 



19. 



18 12 16 

3a — 46 2a — 6 — c 15a — 4c a — 4ft 
7 3 "^ i2 ~2l 



20. -i L.. 21. _iL- + -J— . 22. £=l-5z:5. 

a._3 a.+4 aj— 1 2a;— 1 a;— 2 a;-l 

23. ^— ^ ^—2 . 24. ^+^ ^"-^ 25. ^ ^ - 

aj+1 a;+2 ' m^n m-\-n ' a**+l a**— 1 

26. -^ 1-. 27. ^^ +— Jg 

a2-l a + 1 a2-4y»^ac + 2cy 

28 1 . 1 2a; 2^ 3a-l l-3a 3a-16 

• l4-a;"*"l-a; 1-ar^' ' a^-9 a+3 a-S ' 
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>^ Sa . a 2 ax ^ a?— 1 1—x x—5 

JU. — ; — I — -• 31. 



a+ic a-aj a^-a^ 6a:+24 or'-lG 3a;-12 

32. l^, + -3 ^2. 33.2^.-6 1 



34. 



l-4m« l-2m m a; 3a;4-6 aj* + 2aj 

5a 2a-\-Sb 4a-& 

9a»-256« 6ad + 106d 6ad-10bd 



35. . .^ .-. 5 .+ ^ 



36. 



iB2_3a.4.2 af*-5aj + 6 aj«-4a; + 3 

4a; 3a; 5x 



a^-3ax + 2a^ 2a^-Sax-^a^ 2a;*-5aa; + 2a* 



a-1 a»-l a; + l a;8^1 

,^ a — 2w a — n 1 



40. 



a' + w* a^ — aw* + w* an 4- »* 

1 3nm m — n 

n — m w* — m* m* + mw + n* 



41.-^+ ' 



x — 2 a; — 1 a; + 2 a; + l 

iLo 4 1 4^1 

42. . 

x + 7 x-S x-7 x-\-S 

21. Frequently the denominators are multinomials in the 
same letter of arrangement, but not arranged to the same order 
of powers. 

Ex.1. Simplify ^+: ^^ ^^ 



1 • i-.aj2 a;-f 1 



It is befcter first to change the second fraction so that the 
denominators shall be arranged in the same order. We then 
have, by Art. 7 (ii.), 

X 2a; __ 2x 

x — 1 x^ — 1 x + 1 

TheL.C.D. isa;*-l. 
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Therefore, 

X 2x 2x ^ a?(a?4-l)-2a?-2a;(a?-l) 

a?-l a?-l aj + 1 a^-1 

0^-1 

_ a; — a^ _ x(x — T) __ 



As in this example, the result of the addition should be 
reduced to its lowest terms. 

Ex.2. Simpli^ ^a-bXa-c) + (ft-a)(6-c) + (c-aXc-b) 

Changing the fractions into equivalent fractions, whose 
denominators, taken in pairs, have one common factor, we 
have 

I 1 + I 

(a - 6) (a - c) (a - 6) (6 - c) ^ (a - c) (b - c) 

6 — c a-'C 



(a - 6) (a - c) (b - c) (a - h) (6 - c) (a - c) 



(a — c) (6 — c) (a — 6) (a — 6) (a — c) (6 — c) 

EXBBCI8BS VI. 
Simplify the following expressions : 

1. _5 ^. 2. « ^ 



aj2_4 2-a: 3-a a*-3a 

g 6 g . a? + 4 a; — 2 

a^-oft 5^-05* ' 5a;-10 6-3a;* 

-3,7 4— 20a; ^ m , 2mn 2m 



2 a;— 1 2a;4-l 1— 4 a;* m — n v? — m^ m-\-n 

a + 1 Vl-« «'-V a^-3x + 2 l-as* 



aj* + ar* + l aj-l — ar^ a; + l-fa;2 
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1.11 



10. 



2aj«-4aj + 2^2a^ + 4a; + 2 l-x" 



a+b b+c c+a 

(6__c)(c-a)"^(c-a)(a-6) •(a-5)(6-c) 

12. «^ + ^ + . «^ 



{b-c)(c-'a) (c-'d)(a^b) (a-b)(b-c) 

13. . L . + ... ^. . 4 ^ 



14. 



a(a — b)(a — c) 6(6 — a) (6 — c) c(c — a)(c — 6) 

a I 6 . c 

(a - 5) (a - c) "^ (6 - a) (6 - c) (c - a) (c - 6) ' 



^^- (a - 6) (a - c) ■'" (6 - a) (6 - c) "^ (c - a) (c - 6) * 
g be J ac . ab 

• a(a*-6*)(a»-c»)"^6(6«-a«)(6^-c»)"*"c(c2-a^(c«-6^' 

• (a-6)(a-c)"^(6+c)(6-.a)"^(c-a)(c + 6)' 

Reduction of Miaced EzpresBions to Improper Fractions. 

22. A Proper Fraction is one whose numerator is of lower 
degree than its denominator in a common letter of arrange- 
ment. 

JPn 1 a;-2 

^•^•^ ^Tl' a^ + 2aj-l 

An Improper Fraction is one whose numerator is of the same 
or of a higher degree than its denominator in a common letter 
of arrangement. 

^'^■' aj + 1' a^ + 2aj-l 

If both integral and fractional terms occur in an expression, 
H isssometimes called a Mixed Expression. 

23. Ex. 1. Eeduce a 4-- to an improper fraction. First 

c 

reducing a to the form of a fraction with denominator c, we 
have 

,6 ac , b ac + b 
« + - = — + - = ■ — 
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This example illustrates the following method : 
Multiply the integral part by the denominator of the fractional 
part. To this product add algebraically the nume^-ator of the 
fractional part, and write the sum as the required numerator, 

Ex. 2. Simplify 1 - » + aj* - --^. 

Wehave l-g^ + g:^— ^=(^ --^ + ^(^ +^) -«^ 

1 + aj 1 + «' 

BXBBCISES Vn. 
Simplify the following expressions : 

1. 2a--^' 2. 7 + i. 3. m+~. 

3 am 

4. h J 5. 1 H -• 6. 6a A — • 

X ^x-1 3 

7. 2 m • 8. a • 9. 4 4-- 



4 a + 6 2a + 35 

10. a.-^=:i. 11. l + i«p^^ 
3-aj 4a6 

12. ^ + 4-5.^±|2. 13. 50.-6-^2-^. 

x + 6 x-7 

14. a + b ^' 15. a-64--^'^ 



a—b a—b 

16. l-/'a---^Y 17. a« + aa; + aj« + -^. 

\ 1 + ay a ~ a; 

Reduction of Improper FractioiiB to Blized EzpresaioiiB. 
24. Ex. 1. Reduce "^ "^ to a mixed expression. 

Wehave 2a? + aj + ^l^jfl 

2a^ + 2a; 

— x-^5 

- a;-l 

6 



2a?-l 
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But by Ch. III., Art. 47, we have 

(2aj2 + aj + 5) -2- (a? + 1) = 2aj - 1 + 6 -+■ (a? + 1), 

^^ + ^+^ = 20.-14- ^ 



x+1 x+1 

This example illustrates the following method : 

Divide the numerator by the denominator^ untU the remainder 
is of lower degree than the divisor. 

Write the remainder as the numerator of a fraction whose 
denominator is the divisor. 

Add this fraction to the integral part of the quotient, 

Q& Ani^ 4iB-J-3 

Ex. 2. Reduce — 5 — Ti, ?~" ^ ^ mixed expression. 

ar-f- 2aj — 1 

ar^ + 2aj-l 



We have aj*+ a^ — 4a; + 3 
a58 + 2ar*- x 

_aj2-2aj4-l 
-aj + 2 

Therefore, ^ + ^r^^+^ = a^-l+ "^+^ 
' aj* + 2aj-l a^-f2aj-l 

aj-2 



= aj-l. 



EXBBCISE8 VIII. 



aj* + 2aj-l 



Reduce each of the following fractions to equivalent frac- 
tional expressions, containing only proper fractions: 



1. 


a:8 + a^-l 

7? 


2. 


o^-aj-l 10 a* -3a + 4 
7? 5a^ 


4. 


3a 


5. 


o^-^-x — xy g a^ — V — a 
x — y a — h 


7. 


9ar^-9aj + 3 
a;~l 


a 


2aj2 + a?-5 ^ 21a^-f 20a;-l 
a;4-l 3a;-f2 


10. 


m^-n^-1 




^ ar»-3aj2 + 2aj-3 



m — n »— 1 
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__ 7n?—mn^—rnSi+ 71^-^1 -^ 5ic* — 3a? — 14 

m — n or — 2 

,^ 4a^ + 21aj + 9 ,. ar^-f- a?'-2 

J-*. -a ■ • 15' a z • 

aj« + 7 a^ - 1 

Multiplication of FractionB. 

25. Multiply ^ by ^. Let tlie value of ^ be denoted by v, 
d 

and that of ^ by w ; or 
a 

a J c 

v = --y and w = -* 
a 

Multiplying the first equation by b, and the second by d, 
we have ^^^^^ ^^^ ^^^^ 

Multiplying together corresponding members of these equar 
tions, we have 

vb xwd = ac, 



or 


vw X bd=: ac. 


Dividing by bd. 


» , ac 

vw? = oc -!- 6cf = ' 

bd 


But 


™=|x|. 


Therefore , 


a c_ac 
b d bd 



This proves the following method of multiplying fractions : 

The numerator of the product is the product of the numerators; 
and the denominator of the product is the product of the denomi- 
nators. 

26. Ex. 1. Find the product ^^^' x ^^^. 
^ 220^^ 25a^b 

The factor 5 is common to the numerator of the first fraction 
and the denominator of the second. Since to cancel a com- 
mon factor before multiplication is equivalent to cancelling it 
after the multiplication, we should first cancel 5. For a similar 
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reason we should cancel the factors, 2, a*, b, x, and y* before the 
multiplication. We then have 

Sab ^7_21ab 



llajy* 5 55 a^ 

In general, if the numerator of one fraction and the denomi- 
nator of another have common factors, such factors should be 
cancelled before the multiplications are performed. 

Ex. 2. Find the product -^^, x ^2-±-^. 

a' — 6* 4 a 

Cancelling the common factors, 4 a and a + bywe have 

2a a4-fe _ 2a(a-hfe) . 
a— 6 1 a— 6 

27. Ex. Find the product 4^=-^- x (a? + 2^). 

Wehave £^x^ = J^. 

ic« + y» 1 a^ + f 

Observe that a fraction is multiplied by an integer, by midti- 
plyoig its numerator by the integer. 



I 
I 
28. If one of the factors is a mixed expression, it should j 
first be reduced to an improper fraction. 



Ex. Find the product A -IV—l—Y 



=lx. 



X «4-l 05(05 4-1) 

BXBBCISB8 IX. 
Multiply : 

1. -x3. 2.^x5. 3. -f-xlOy. 

05 5 a? loy 

A ^^s.^9.fl « 6«^.7^ ft 2a*6^10aj 

4. -— - X 1^ 2r . 5. -— X -—• 6. —— - X • 

3y* 7z 9y 5aB* ay 
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7bx IBai/' ISa'y 14a^ 16^ 3fl^ 

■ 3 a» 14 ar^' 26aiy 25a'6* " 21a% 4a^/ 

10. i±'xl56 26c. 01.^x^^x1^. 
56» 8c 3a 26»c* aa!» 9!By» 

12. 6£^x(3a-26). 13. -|^x2±i. 
16a — 106 '^ a*— 6* 2a 

' a' + ab 262 ' •6aJ-12y (oj + y)'' 

a^6 4-a6% a^-6^ ,- 5a;4-6y a^-9 

' a^b + ah^ 5ab(a + by ' a^+6x+9 25aj«-362/« 



la 



X 

x + 1 



-3 ar^ + 2a? + l to a^- 1 y fl^ + 8a?4- 16 

+ 1 ic»-27 * * a + 4 a^ + a + 1 

a(q4-6) 6(a-6) 

a2-2a6 + 62 a* + 2a64-6« 

6 ax — 15 bx 8 «a; -h 3 da; 
40ay + 15dy 4a2-2562' 

a?*-y* X ^""^ X JL±y-, 
(x -i-yy ic2 + 2^2 (x - 2/)2' 

Q^ — j^ a^ — ab-^-b^ a + b 
a* + 6^ » — y a;4-2^ 

{ g' — (g 4- 6) a; -f q6 oi? — a? 
«2 — (g + c) a? + gc x^ — bl^ 



20. 
21. 
22. 
23. 
24. 
25. 
26. 



fl^'-^y' ^ a; + y 

aj8 — ^ a* 4- 2 a^ + 4 2/^ 



27 ^"^ X ^-^ 

aj2_8a; + 16 a2-8aj + 12 

x-\-y-'Z a^ — 2xy-\-y' — z^ 



2a 

29. 



40^^-9^^ 33g6-156^ 12g' 

22g2-l6a6 6aa;-9a?/ 10bx-{-15by 
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a* + x-6 g» + x-12 ir«-3a;-10 
3?-x-20 a' + x-e x'-i ' 

(m-{-ny 12 m--n x-\-y 

l + y x + se* V 1-xJ 
Vx-y x + jf a? — }rJ 2y 

g^ m* — (6 — g)* (w — o)* — y y am — a6 + a* 



40. 



V x-\-y — zJ (x -\-y -\-zy 



Reciprocal Fractioiis. 

29. The Reciprocal of a fraction is a fraction whose numera- 
tor is the denominator, and whose denominator is the numera- 
tor, of the given fraction. 

E.g., the reciprocal of ^ is — 
a 

30. The product of a fraction and its reciprocal is 1. 

For ^x^ = ^ = l. 

o a ha 
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Division of Fractions. 

31. Divide - by -• Let the value of - be denoted by % 
b d b 

and that of - by w ; or, 
d 

v=-, and «? = -• 
b a 

Multiplying the first fraction by b, and the second by d, we 
have 

v6 = a, and iod = c. 

Dividing the members of the first equation by the corre- 
sponding members of the second, we have 

, , vb a 

i;6 -J- wa = a -5- c, or — = — 

c 

Multiplying by -, 



or 



But 

Therefore 2^^ = ^ = ^x^. 

b d be b c 

This proves the following method of dividing one fraction 
by another : 

Multiply the dividend by the reciprocal of the divisor, 

32. Exl 4(a^-a5) . %a ^ 4a(a^6) (a-6)(a-f&) 

^ 2(a-bY 
3 (a + ft) ' 

Ex.2. 5^^(a.-.2^) = J^^^ 

a^^f x — y aj2-f-2/2 

Observe that a fraction is divided by an integer by dividing 
its numerator, or multiplying its denominator, by the integer. 



;d = 


a-hCy or 


tod 


v6 
wd 


xf- 


c 


d 
V 




V _ 
w 


ad 

: • 

be 






ii- 
w 


■I* 


c 
d 
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BXBBOISBS X. 
Simplify the following expressions : 

1. -H-3. 2. --i-4. 3. 6a-h^. 4. 2xy-i-—' 

X a 6 y 

^ Sax 9ax ^ 6a« 3a „ 4a*6 6(ib* 



5by'4.by 5f Wy ' 21a^ ' SBxy' 

^^^a^ 27a^b* . 9aV 12a^yg . 18aV 

' a;y"^ar^/ ' 16a^^'^4aY' * 35aW"*" 7a*6«' 

a^ + 2aj— 15"*"a4-5* * aj* + 2ic4-l * « + l* 

2a^-2ab^ , a«-6« 6(a«-6y . 3(a4-^^) 

* a + 26 *2a + 46' * 7(ic»- 1) ^ (l-a?) ' 

a^+a5 . a«&4a6^+2a^&^ l-|-n-n«^n^ n^-1 

• 0^4-62 • a*-b* ' ' l-a^ a*-l' 



19. 
20. 
21. 
22. 



1^2a; . l-2a;-ha^-2ar» 
l-ar» ' l4-2aj + 2aj«H-aj»* 

a^ + y^ — 2a^ — g* a? — y + z 
a* - 9 -h 46^ -f. 4a&"*'a 4- 26 - 3* 

1-a? . l~a?» 

a^ + a^ — aj* * a^ — a^--2a^ — a 

(a + 2&)q?-(2a4-6)&' . (a4-&)' 
a*6* ' aV + a^fe*' 



a^ + 2a?-3 , a^ + 4a?4-3 ar^H-l 
• aj2-2aj-3 • aj»-4aj + 3 a^-1 

^^ a^4-fl^^4-y^ ^^ a?^ + y(2a?4-y) . a^ + y^ 

a? -\-y^ a^ — ff *a^ — y(2aj — y) 



25. 



(a; 4- m)' — (y -f nf , (a; — y)* — (n — m)* 
(a; + yy — (m 4- w)' (a? — mf — (« — y)^ 
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Complex Fractioiis. 

33. A Complex Fraction is a fraction whose numerator and 
denominator, either or both, are fractions. 

2 a + x -1,1 

5 a — y X 

Observe that the line which separates the terms of the com- 
plex fraction is drawn heavier than the lines which separate 
the terms of the fractions in its numerator and denominator. 

l-x« 



34. Ex. 1. Simplify -^ — 

Multiplying both numerator and denominator by a?, we obtain 

a;(l-a^ 

X ^ 1 — a^ ^l-{-x 
05 (1 — a?) "" ic (1 — x) "" X 

To reduce a complex fraction to a simple fraction : 

Multiply both its terms by the L. C. D, of the fractions in the 
numerator and denominator. 



Ex.2. 



a. + -J-_ a.4-4- x-^^ 
3 4 



3a; + 3 x + 1 



Observe that in this reduction the work proceeds from below 
upward. 
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EXBB0I8B8 XI. 

Simplify the following expressions : 
„ , a? „ ooi X x + 1 

1. r— 2. . 3. T- 

a a — x X'\-l X 

4. 3 — • 5. a-] T* 6. a? — 



a + l • 1+.+,^=^^ 



1 + aj a 1— « 

1 a« 6* 



+ 1 «- 



g — 1 1 +a? g ^^ a^^ 

1 g * 1 — a? — a^ ' 1—^ 

1 — g aj + 1 g 

1 ^ + l._laj g + a? 2a? 



^ , 1 ,, 2aj — 1 2 ,^ a? a? — g 

10. aj-lH u. —- 12. T-— 5 

4t-'X 1 — 2 a? a?— g 

g + a? x — y 1 1 

13. "^"""^' "• 1 + ^-^^ 15. 1 ^ 



g* 1— a? 1— a; 

n n g + a: g — a? g 4- 1 . g — 1 



,^ 7A4-aj n — a? ,^ g — aj g 4- a? __ g — 1 g + l 

16. • 17. 3 • 18: — — ; T* 

n n 4gaj g + l g — 1 



w — ajw4-a? g^ — aj* g — Ig-hl 

a? x___ 0^ 1 

x — 2x-\-2 ^aj + la?*4-ar* 

19. 75 • 20. 3 3— 

2^ 0^+0^ + 1+1 



^a^_/B8 + 4aj~8 a; aj^ 

g n — a; . ga? 






n _ .- 

21. 22. 
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BXBBCISB8 XII. 
MISCELLANEOUS EXAMPLES. 

Simplify the following expressions: 



^- ^ A-aV" 



«-')--(^' 



3. 2dz^fl-l\-^-+lfl-i\ 
ah \a hj he \c hj 

(cn^-h . a — h\ ^ I 'a-^h . a — h \ 
' \c-\-d c — dj \c — d c-\-d) 



a + 1 6 + 1 ■ 1+^ 1+^ 1 + 1 

ha h a a b 



7. m — • 



1— m4-m*— 



m' 



8 



(•+-^>-')- 



l+m 

\a + a; J\a — x ) \a.->rx )\a — x J 

1 

11,, a»-a!» aV 

10. • 11. 






aj — 1x4-1 c? ax Q^ 

02. f!L^_!L±lAxfl-^-f> 
\n,-\-\ n — \) \1 4 4riy 

a^ a^ (^ 4-1 



j^ g 4- 71 g' 4- n^ 4- 2 an ^^ ^ ]t , 

g g^ * ' ^.| L- h{ahc-\-a^c) 

a 4- n g2 - n2 ^^+1 

c 

,1 i.,l ^.1 1 x-\-a 1 a; — g 

6 c g ,^a;ar4-g^.a5ar4-g2 

15. rX tX 7* 1^- 1 ^1 -^- 

o4-- c4-T ct4-- — 



g '6c g g24-ar« a a24-aj2 
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[\f ^J \f y »y J ^ + y 

In each of the following expressions make the indicated 
substitution, and simplify the result : 

22. In , let m = — p— -• 

\m — oj L 

23. In 1-f- ^'"^^^""^' , let a-\-h-\-c = 2B. 

2 he 

24. In !?^fl-^V-('l--\ let a = m + «. 

71 \ ay m\ aj 

Verify each of the following identities : 

25 a(a-A-bJl±A = x, when x = a-b. 
b a 

& + C a + c a + b 

27. (l4-aj)(l4-2/)(l + 2j) = (l-ic)(l-2/)(l-2j), when 

^ a — 6^, ^ — c^ c — a 

»» = — —ry y = 7— — > « = 



' a 4- 6 6 + c' c + a 



CHAPTER VIII. 

FRACTIONAL EQUATIONS IN ONE UNKNOWN 
NUMBXOI. 

1. A Fractional Equation is an equation whose members, 
either or both, are fractional expressions in the unknown 
number or numbers. 

^' aj + 2 a?+l' aj-f-1 

2. Ex. 1. Solve the equation 



a-h2 aj + l 

Multiplying by (x + 1) (» + 2), 3 (a? -f- 1) = 2 (a; -f- 2). 
Transferring terms, 3a5 — 2aj = 4 — 3. 

Uniting terms, oj = 1. 

In clearing this equation of fractions, we multiplied by an 
expression, (a? + 1) (a? -f- 2), which contains the unknown num- 
ber. In such a case a root may be introduced. But if a root 
is introduced in clearing of fractions, it must be a root of one 
of the factors of the L. C. D. equated to 0. Since 1 is not a 
root of 

a; + 1 = 0, or of a? + 2 = 0, 

it is a root of the given equation. 

2aj4-19 17 3 



Ex. 2. Solve the equation 



^a?-6 ar^-1 a-l 



The L.C.D. is 5(a^ - 1), = 6(a; - 1) {x + 1). 

169 
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Multiplying by 6(iB* - 1), 2 a? + 19 - 86 = - 16 a; - 15. 
Transferring terms, 2 a + 16 a? = — 16 — 19 -f- 85. 

Uniting terms, 17 aj = 61. 

Dividing by 17, a? = 3. 

Since 3 is not a root of a? — 1 = 0, or of a? + 1 = 0, it is a 
root of the given equation. 

Ex. 3. Solve the equation ^^±1 - 1^ = ^^^. 
^ 4 3aj-2 2 

When the denominators of some of the fractions do not con- 
tain the unknown number, it is usually better first to unite 
these fractions. 

rp.«„o4!^,.;„« 3a;-l 6a; + l 3aj-l 2aj-l ^ 
Transferring -^— , —f 3^3^=0. 

Uniting first two fractions, - — ^"~ = 0. 

4 3a5 — 2 

Multiplying by 4(3aj - 2), 9a? - 6 - 8aj + 4 = 0. 

Transferring and uniting terms, x = 2. 

Since 2 is not a root of 3 a; — 2 = 0, it is a root of the given 
equation. 

Ex. 4. If both members of the equation 

be multiplied by a?* — 1, we obtain the integral equation 

--2a^-a;(aj + l) = ~aj(aj-l)-3(aj»-l), 
Dr (aj-f-l)(»-3) = 0. (2) 

Now observe that it was not necessary to multiply by aj* — 1, 
= (a; -h l)(aj — 1), to clear the given equation of fractions. For, 
if the terms in the second member be transferred to the first 
member, we have 

ar — 1 1 — a? 1 4-aj 

or, uniting terms, — -^ — - — = 0, 

ar — 1 
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X — 3 

or, cancelling a? -f- 1, ^ = 0. 

a; — 1 

Clearing the last equation of fractions, we have 

aj-3 = 0; (3) 

whence a? = 3. 

The root 3 of the derived equation (3) is found, by substi- 
tution, to be a root of the given equation. Had we solved 
equation (2), we should have obtained the additional root — 1, 
which is not a root of the given equation. 

This root was introduced by multiplying both members of the 
given equation by the unnecessary fa/dor a; -f- 1, and is a root of 
the equation obtained by equating this factor to 0. 

EXERCISES I. 
Solve each of the following equations : 



1. 


« + 3_o 
a:-3~^- 


2.2- 

x- 


-1 = 5. 3.^^-2 = 3 

5 a! + 3 4 


4. 


5 7 
a; - 12 24 - a; 




& 3 _ 7 

x-% a;-4 


6. 


7 3 
a? 4- 17 a; -h 7 




7 11 _ 9 


' x-1 2x-\ 


8. 


2a; + 3 aj-1 


_aj + 2^ 


2a; + l 3a!-2_6a;-l 



4 6aj-8 2 5 6a;4-3 15 

10 ^a^H-3 3a? + 5 ^ a; + l ^^ 5a;~l l-2a; _ 2a; + l 

7 6a; + 2 14 * '6 l-f2a; 3 

12. -^ + -^=1. 13. -A^ ^ = 5. 

a;-f-2 a;-2 aj-h3 aj--2 

14. ^ + ^ = 2. 15. ^+^ = 2. 

aj — 7 aj + l aj-5 a; — 8 



a; + 2 a!-2 iB*-4 a; + 3 a;-3 a!»-9 

18. -3 ?+l = ^_. 19. _5_+ 7 _ 12 



a! + l as — 1 1 — as" a;4-2 a; + 4 a! + 3 
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20. 
21. 
22. 
23. 
24. 
25. 
26. 

28. 

3- 

oj + l « — 3 aj-h3 

Problems. 

3. Pr. 1. A number of men received $120, to be divided 
eciually. If their number had been 4 less, each one would 
have received three times as much. How many men were 
there ? 

Let X stand for the number of men. Then each man re- 

ceived --- dollars. If their number had been 4 less, each one 

^ 120 

would have received — ^ dollars, 
a? — 4 

The problem stjjites, 

in verbal language: the number of dollars each would have 

received f if there had been four less, is equal to three times 

the number of dollars each received. 

1*^0 120 
in algebraic language : — ^ = 3 x • 

Whence, x = ^. 

Therefore there were six men. 







ALGEBRA. 




[Ch. 


.-^^ 


a!-l 
a!-6 


2a!»- 
a!»- 


-5ai-21 
8a! + 16 






x + 1. 


ai-4 


2a!»- 


-7a!-29 






X--6 ' 


a!-6 


a:'- 


9a: + 18 




4 , 


1 


1 


, 4 . 






x-7' 


a!-9 


a!-6 


'a!-8 




3 


1 


1 


1 1 






x-1 


a! + l" 


as + 2 


' »-6 




3a!- 


17 

+ 12 


2a!- 


-11 


a!-6 




ar'-7a! 


ai»-4 


x + 3 ai* 


-6a! + 4 


x~ 


-5 


2 


a!-16 


7- 


■ » 


a?-\0 


« + 21 


a!»- 


12 a; + 36 


SB»_8a! + 16 




a!-l 




27. ^ 


tas-H 
« + i 

^ 1 


._3(a5 + i). 
x + 2\ 
3 


2 


- = 1. 




29. - 


!-3'a 
6 


+ 3 11 
3 14 
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Pr. 2. A can do a piece of work in 9 days, B in 6 days ; and 
A, B, and C together in 3 days. In how many days can C do 
the work ? 

Let X stand for the number of days it takes C to do the work. 

Then, in one day, 

A does - of the work; B does -; and C does — 
9 6' X 

In 3 days, 

3 3 3 

A does - of the work; B does -; and C does — 
9 '6' X 

Therefore, in 3 days. A, B, and C together do 

|4.|4-§ of thework. 
9 6 a; 

The problem states, 

in verbal language : the work done by A, B, and C together in 3 

days is equal to all the work, or 1 ; 

3 3 3 

in algebraic language : x + ^ + - = 1- 
9 6 a? 

Whence, x = 18. 

Therefore C can do the work in 18 days. 

Pr. 3. A cistern has 3 taps. By the first it can be emptied 
in 80 minutes, by the second in 200 minutes, and by the third 
in 5 hours. After how many hours will the cistern be emptied, 
if all the taps are opened ? 

Let X stand for the number of minutes it takes the three taps 
together to empty the cistern. 

Then, in 1 minute, the three together will empty - of the 
cistern. 

But, in 1 minute, the first will empty -g^-^- of the cistern ; the 
second y^, and the third -^ ; and together they will empty 
■^ +imr + yk of *l^e cistern. 

Therefore ^ + 7^ + 7;^ = -• 

80 200 300 X 

Whence x = 48. 

It will take the three taps together 48 minutes, or | of an 

hour, to empty the cistern. 
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EXERCISES II. 

1. What number added to the numerator and denominator 
of ^ will give a fraction equal to f ? 

2. The sum of two numbers is 18, and the quotient of the 
less divided by the greater is equal to \. What are the 
numbers ? 

3. The denominator of a fraction exceeds its numerator by 
2, and if 1 be added to both numerator and denominator, the 
resulting fraction will be equal to |. What is the fraction ? 

4. The sum of a number and 7 times its reciprocal is 8. 
What is the number ? 

5. The value of a fraction, when reduced to its lowest 
terms, is f. If its numerator be increased by 7 and its 
denominator be decreased by 7, the resulting fraction will be 
equal to |. What is the fraction ? 

6. What number must be added to the numerator and 
subtracted from the denominator of the fraction -j^y, to give its 
reciprocal ? 

7. If \ be divided by a certain number increased by \y and 
J be subtracted from the quotient, the remainder will be \, 
What is the number ? 

8. A train runs 200 miles in a certain time. If it were to 
rim 5 miles an hour faster, it would run 40 miles farther in 
the same time. What is the rate of the train ? 

9. A number has three digits, which increase by 1 from 
left to right. The quotient of the number divided by the sum 
of the digits is 26. What is the number ? 

10. A number of men have $ 72 to divide. If $ 144 were 
divided among 3 more men, each one would receive $4 more. 
How many men are there ? 

11. It was intended to divide ^ by a certain number, but by 
mistake ^ was added to the number. The result was, never- 

heless, the same. What is the number ? 
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12. A steamer can run 20 miles an hour in stilJ water. If 
it can run 72 miles with the current in the same time that it 
can run 48 miles against the current, what is the speed of the 
current ? 

13. A man buys two kinds of wine, 14 bottles in all, paying 
$ 9 for one kind and $ 12 for the other. If the price of each 
kind is the same, how many bottles of each does he buy ? 

14. A farmer intended to feed 80 bushels of corn to a 
certain number of sheep. When 6 of the sheep died, he could 
have sold 24 bushels of com and have had enough left to 
give each remaining sheep the same amount as before. How 
many sheep had he ? 

15. It takes a pedestrian 5 hours to go from A to B, It 
takes a bicycle rider, who goes 6 miles farther every hour, 
2 hours to go the same distance. How far is A from B ? 

16. A can do a piece of work in 10 days, B in 6 days and 
A, B, and C together in 3 days. In how many days can C do 
the work ? 

17. A and B together can do a piece of work in 2 days, B 
and C together in 3 days, and A and C together in 2\ days. 
In how many days can A, B, and C together do the work ? 

18. The circumference of the hind wheel of a carriage 
exceeds the circumference of the front wheel by 4 feet, and 
the front wheel makes the same number of revolutions in run- 
ning 400 yards that the hind wheel makes in running 500 yards. 
What is the circumference of each wheel ? 

19. A cistern has 3 taps. By the first it can be filled in 
6 hours, by the second in 8 hours, and by the third it can be 
emptied in 12 hours. In what time will it be filled if all the 
taps are opened ? 

20. An inlet pipe can fill a cistern in 3 hours, and an outlet 
pipe can empty it in 9 hours. After how many hours will the 
cistern be filled if both pipes are open one-half of the time, 
and the outlet pipe is closed during the second half of the 
time ? 



I 
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21. In a -number of two digits, the digit in the tens' place 
exceeds the digit in the units' place by 2. If the digits be 
interchanged and the resulting number be divided by the 
original number, the quotient will be equal to ||. What is 
the number ? 

22. In a number of three digits, the digit in the hundreds' 
place is 2 ; if this digit be transferred to the units' place, and 
the resulting number be divided by the original number, the 
quotient will be equal to ^. What is the number ? 

23. In one hour a train runs 10 miles farther than a man 
rides on a bicycle in the same time. If it takes the train 
6 hours longer to run 255 miles than it takes the man to ride 
63 miles, what is the rate of the train ? 

24. A cistern has three pipes. To fill it, the first pipe takes 
one-half of the time required by the second, and the second 
takes two-thirds of the time required by the third. If the 
three pipes be open together, the cistern will be filled in 
6 hours. In what time will each pipe fill the cistern ? 

25. A and' B ride 100 miles from P to Q. They ride 
together at a uniform rate until they are within 30 miles of 
Q, when A increases his rate by \ of his previous rate. When 
B is within 20 miles of Q, he increases his rate by ^ of his 
previous rate, and arrives at Q 10 minutes earlier than A. At 
what rate did A and B first ride ? 

26. A circular road has three stations. A, J5, and (7, so 
placed that A is 15 miles from B, B is 13 miles from C in the 
same direction, and C is 14 miles from A in the same direction. 
Two messengers leaving A at the same time, and travelling 
in opposite directions, meet at B, The faster messenger then 
reaches A 7 hours before the slower one. What is the rate 
of each messenger ? 



CHAPTER IX. 

UTERAL EQUATIONS IN ONE UNKNO^WN NUMBER. 

1. The unknown numbers of an equation are frequently to 
be determined in terms of general numbers, i.e., in terms of 
numbers represented by letters. The latter are commonly 
represented by the leading letters of the alphabet, a, b, c, etc. 

Such numbers as a, b, c, etc., are to be regarded as known. 
E.g., in the equation a? -f a = 5, a and b are the Jcnovm num- 
bers, and X is the unknown number. 

From this equation we obtain a; = 6 — a. 

2. A Numerical Equation is one in which all the known num- 
bers are numerals ; as2a; + 3 = 7; 4a; — 32/ = 7. 

A Literal Equation is one in which some or all of the known 
numbers are literal ; as 2 oaj + 3 6 = 5 ; ax-^^by^c. 

3. Ex. 1. Solve the equation ?^-=l^ -f 5^ = - %=^'- 

b a 2ab 

Clearing of fractions, 

2 oaj - 2a2 + 25a; - 2 6» = - a« +2a6 - 6«. 
Transferring and uniting terms, 

2(a + b)x=za^ + 2(a> + V. 

Dividing by 2 (a + 6), x = 55-±^. 

Notice that the above equation, although algebraically frac- 
tional, is integral in the unknown number x. The equation 
which follows is fractional in the unknown number. 

107 
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Ex.2. Solve the equation a±x^a±l^ 

Multiplying by (b+x) (b + 1), (a-fa) (6+ !) = («>+«) (a+1). 
Simplifying, ab + bx + a + x = aJ>-\-ax+ b -{-x. 

Cancelling terms, bx + a = ax+b. 

Transferring and uniting terms, (b — a)x=:b — a. 
Dividing by 5 — a, a? = 1. 

EXERCISES I. 
Solve the following equations : 
1. a — a; = c. 2. mX'\-a=zb, 3. mx=:nx + 2. 

4. 3ax-'Bab + 6ax — 7ac = 2aX'\-2ab. 

5. 4a*~2a6a; + 62 + 3a«a? = 5a^-5*a; + 2a*a;. 

6. a (a; 4- a) — &(« — &)= 3aa; + (a — by. 

7. a(a + a) + aj(a? + 6) — 2(a?-f a)(a?+&)=0. 

^6 ^ a oj — 5* 
a a+-=c. 9. ^ = =• 

-- V . b a a 

U. 1 T = — 

OX a o; 

13 ^ + (^ _ 2 _ a? — g 
2 a; + a~ 2 



10. 


« — a 4 


12 


a + a;__a-|-l 




b^x b+1 


14. 


6a;-fa 3aj-6 



= 0. 15. 



a + a; a — a; 



4a;+6 2a; — a b-\-a b—a 

16 a; + q^ ^ q^ 4- «6 + b\ ^^ « + a ^ (2a; + ay . 
' a;-a6 a^-oft + ft*' ' a; - 6 (2 a? -ft/ 

j^ g^ + g^ a; _ 1 

4a2_^2 2aj-fg 4* 

fl(a; + l)-6(a;-l) ^g» 
• b(x + l)-a(x-l) l^ 

gs _ ?^8 ^ q(a; - b^ + &(«' - a?) . 
a»H-63 a(x-b^-b(a'-x) 
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2 be 2ac 2ab a b c 



22. 



23. 



24. 



25. 



26. 



a-\- 



l-2aa^ l + 2aa^ ^ 4a&a^ 
H_26ic2 i-2te2 46*aj*-l* 

a' + 4a a_^ __ 1 

a^-fa; — a^-fa aj + a a? — a + 1 
gz^a; a^-a; ^ 4a&a; + 2a'-26^ 

g^ + oa; -h a^ g^ — a^x -h aa:^ __ 1 

g^ + g^a; + ga^ + a^ g* + 2 aV -{- x* a + x 

€? — X 2a + x _ g^ 

a;-2g g2-a?""g2aj + 2ga;-2g3-aj2* 

X 



a-6 2g ^ _J5L±L_-i 

27. l=-r-' 28. JTZT^"" 



a-hb 



g+- 



General Problems. 



4. A General Problem is one in which the known numbers are 
literal, 

Pr. 1. The greater of two numbers is m times the less, and 
their sum is «. What are the numbers ? 

Let X stand for the less required number. Then mx stands 
for the greater. By the condition of the problem, we have 

X -f mx = 5 ; 

whence, a;= — -? — , the less number, and mx= -^ — , the greater. 
1-hm 1+m 

If m = 3 and s = 84, we have 

aj = -^ = 21, and maj = 3x 21 = 63. 
1 + 3 

When the numbers are equal, m = 1, and we obtain 

« = -, and mx = -, 

2 2 
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for all values of s ; that is, either of the two numbers is half 
their sum. 

Thus the solution of this general problem includes the solu- 
tions, of all like problems. A solution for any like problem 
is obtained by substituting particular values for m and s, as 
above. 

Pr. 2. A cistern has two taps. By the first it can be filled 
in a minutes, and by the second in b minutes. How many 
minutes will it take the two taps together to fill the cistern ? 

Let X stand for the number of minutes it takes the two taps 
to fill the cistern. Then, in 1 minute, the two together will fill 

- of the cistern. 

X 

But, in 1 minute, the first will fill - of the cistern, the sec- 

a 

ond -; and together they will fill - + - of the cistern. 
a 

Therefore 1^1 = 1. 

a X 

Whence «= ^ 



a-\-b 



This solution gives a general rule for solving problems of 
like character. In a particular example, a may be the number 
of minutes it takes a tap to fill a cistern, the number of hours 
it takes a man to build a wall, to dig a ditch, to plough a field, 
etc. 

Pr. 3. If one man can dig a ditch in 6 days, and a second 
man in 3 days, in how many days can they dig the ditch, 
working together ? 

Substituting a = 6, & = 3, in the result of Pr. 2, we have 

Therefore they can together dig the ditch in 2 days. 



4] LITERAL EQUATIONS. 171 

EXEBCISBS II. 

Find the general solution of each of the following problems, 
and from this solution obtain the particular solution for the 
numerical values assigned to the literal numbers in the problem. 

1. Find a number, such that the result of adding it to n shall 
be equal to n times the number. Let n = 2 ; 5. 

2. Divide a into two parts, such that — of the first, plus - of 

m 71 

the second, shall be equal to b. Let a = 100, 6 = 30, m = 3, 
n = 5. 

3. A sum of d dollars is divided between A and B. B 
receives b dollars as often as A receives a dollars. How much 
does each receive ? Let d = 7000, a = 3, 6 = 2. 

4. A father's age exceeds his son's age by m years, and the 
sum of their ages is n times the son's age. What are their 
ages ? Let m = 20, » = 4 ; m = 25, w = 7. 

5. A farmer can plough a field in a days, and his son in b 
days ; in how many days can they plough the field, working 
together ? Let a = 10, 6 = 15. 

6. What time is it, if the number of hours which have 
elapsed since noon is m times the number of hours to mid- 
night ? Let m = ^. 

7. One pipe can fill a cistern in a hours, a second in b hours, 
and a third in c hours. In how many hours can the three pipes 
fill the cistern, working together ? Let a = 2, & = 3, c = 6. 

8. One pipe can fill a cistern in m hours, a second in n hours, 
and a third can empty it in p hours. After how many hojirs 
will the cistern be filled, if all pipes are open ? Let m = 4, 
n = 6, p = 3. 

9. Two couriers start at the same time and move in the 
same direction, the first from a place d miles ahead of the 
second. The first courier travels at the rate of mi miles an 
hour, and the second at the rate of m, miles an hour. After 
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how many hours will the second courier overtake the first? 
Let d = 15, mi = 11, im^^ 20. 

From the result of the preceding example find the results of 
Exx. 10-12. 

10. At what rate must the second courier travel in order to 
overtake the first after h hours ? Let d = 18, irti = 15, ^ = 3. 

11. At what rate must the first courier travel in order that 
the second courier may overtake him after h hours? Let 
d = 12, mj = 22, h = 3. 

12. How many miles behind the first courier must the second 
start in order to overtake the first after h hours ? Let mj = 18, 
?/i2 = 21, h = 4. 

13. In a company are a men and h women; and to every 
m unmarried men there are n unmarried women. How many 
married couples are in the company ? Let a = 13, 6 = 17, 
m = 3, n = 5. 

INTERPRETATION OF THE SOLUTIONS OF PROBLEMS. 

5. In solving equations we do not concern ourselves with 
the meaning of the results. When, however, an equation has 
arisen in connection with a problem, the interpretation of the 
result becomes important. In this chapter we shall interpret 
the solutions of some linear equations in connection with the 
problems from which they arise. 

Positive Solutions. 

6. Pr. A company of 20 people, men and women, proposed 
to arrange a fair for the benefit of a poor family. Each man 
contributed $ 3, and each woman $ 1. If $ bb were contributed, 
how many men and how many women were in the company ? 

Let X stand for the number of men; then the number of 
women was 20 — x. The amount contributed by the men was 
3 X dollars, that by the women 20 — a; dollars. By the condition 
of the problem, we have 

3 a; + (20 — a;) = 55 ; whence x = 17^. 
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The result, 17^, satisfies the equation, but not the problem. 
For the number of men must be an integer. This implied con- 
dition could not be introduced into the equation. 

The conditions stated in the problem are impossible, since 
they are inconsistent with the implied condition. 

Negative SolutioiiB. 

7. Pr. A father is 40 years old, and his son 10 years old. 
After how many years will the father be seven times as old as 
his son ? 

Let X stand for the required number of years. Then after 
X years the father will be 40 + oj years old, and the son 10 -f- aj 
years old. By the condition of the problem, we have 

40 + a? = 7 (10 -f «), whence x='-5. (1) 

This result satisfies the equation, but not the condition of 
the problem. For since the question of the problem is " after 
how many years ? " the result, if added to the number of years 
in the ages of father and son, should increase them, and there- 
fore be positive. Consequently, at no time in the future will 
the father be seven times as old as his son. But since to 
add — 5 is equivalent to subtracting o, we conclude that the 
question of the problem should have been, " How many years 
ago ? '' 

The equation of the problem, with this modified question, is : 

40 — a; = 7 (10 — a?); whence aj = 5. (2) 

Notice that equation (2) could have been obtained from equa- 
tion (1) by changing x into — x. 

8. The interpretation of a negative result in a given problem 
is often facilitated by the following principle : 

If — X be substituted for x in an eqxuUion which has a negative 
root, the resulting equation will have a positive root of the same 
absolute value ; and vice versa. 

E.g., the equation aj-fl = — a; — 3 has the root — 2; 
while the equation — a?-fl = aj — 3 has the root 2. 
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9. Pr. Two pocket-books contain together $100. If one- 
half of the contents of one pocket-book and one-third of the 
contents of the other be removed, the amount of moiiey left in 
both will be $ 70. How many dollars does each poeket-book 
contain ? 

Let X stand for the number of dollars contained in the first 
pocket-book; then the number of dollars contained in the 
second is 100 — x. When one-half of the contents of the first 
and one-third of the contents of the second are removed, the 
number of dollars remaining in the first is -x, and in the second 

J(100 — x). By the conditions of the problem, we have 
ix + 1(100 - a?) = 70, whence aj = - 20. 

Substituting — a; for a; in the given equation, we obtain 
-^x + 1(100 -f a?) = 70, or |(100 -f a?) - ^a; = 70. 

This equation corresponds to the following conditions : 

If X stand for the number of dollars in one pocket-book, then 
100 -h X stands for the number of dollars in the other ; that is, 
one pocket-book contains f 100 more than the other. The 
second condition of the problem, obtained from the equation, 
is: two-thirds of the contents of one pocket-book exceeds 
one-half of the contents of the other by $ 70. Therefore the 
modified problem reads as follows : 

Two pocket-books contain a certain amount of money, and 
one contains $100 more than the other. If one-third of the 
contents be removed from the first pocket-book, and one-half 
of the contents from the second, the first will then contain 
f 70 more than the second. How much money is contained in 
each pocket-book ? 

-10. These problems show that the required modification of 
an assumption, question, or condition of a problem which has 
led to a negative result, consists in making the assumption, 
question, or condition the opposite of what it originally was. 

Thus, if a positive result signify a distance toward the right 
from a certain point, a negative result will signify a distance 
toward the left from the same point ; and vice versa; etc. 
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Zero SolutionB. 

11. A zero result gives in some cases the answer to the ques- 
tion ; in other cases it proves its impossibility. 

Pr. A merchant has two kinds of wine, one worth $ 7.25 a 
gallon, and the other $5.50 a gallon. How many gallons of 
each kind must be taken to make a mixture of 16 gallons 
worth $88? 

Let X stand for the number of gallons of the first kind ; then 
16 — a; will stand for the number of gallons of the second kind. 

Therefore, by the condition of the problem, we have 

7.25aj -f 5.5(16 - a?) = 88 ; whence a; = 0. 

That is, no mixture which contains the first kind of wine can 
be made to satisfy the condition. In fact, 16 gallons of the 
second kind are worth $88. 

EXERCISE III. 

Solve the following problems, and interpret the results. 
Modify those problems which have negative solutions so that 
they will be satisfied by positive solutions. 

1. A and B together have $ 100. If A spend one-third of 
his share, and B spend one-fourth of his share, they will then 
have $ 80 left. What are their respective shares ? 

2. A father is 40 years old, and his son is 13 years old ; after 
how many years will the father be four times as old as his son ? 

3. The sum of the first and third of three consecutive numbers 
is equal to three times the second. What are the numbers ? 

4. In a number of two digits, the tens' digit is two-thirds of 
units' digit. If the digits be interchanged, the resulting number 
will exceed the original number by 36. What is the number ? 

5. A teacher proposes 30 problems to a pupil. The latter is 
to receive 8 marks in his favor for each problem solved, and 12 
marks against him for each problem not solved. If the number 
of marks against him exceed those in his favor by 420, how 
many problems will he have solved ? 
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6. In a number of two digits the tens' digit is twice the 
units' digit. If the digits be interchanged, the resulting 
number will exceed the original number by 18. What is the 
number ? 

7. A has $ 100, and B has $ 30. A spends twice as much 
money as 6, and then has left three times as much as B. How 
much does each one spend ? 

Discuss the solutions of the following general problems. 
State under what conditions each solution is positive, negative, 
or zero. Also, in each problem, assign a set of particular values 
to the general numbers which will give an admissible solution. 

8. A father is a years old, and his son is b years old. After 
how many years will the father be n times as old as his son ? 

9. Having two kinds of wine worth a and b dollars a gallon, 
respectively, how many gallons of each kind must be taken to 
make a mixture of n gallons worth c dollars a gallon ? 

10. Two couriers, A and B, start at the same time from two 
stations, distant d miles from each other, and travel in the same 
direction. A travels n times as fast as B. Where will A 
overtake B? 



CHAPTER X. 

aZMULTAITEOnS LINEAR EQUATIONS. 

SYSTEMS OF EQUATIONS. 

1. If the linear equation in two unknown numbers 

x + y=^5 (1) 

be solved for y, we obtain 

2/ = 5 — a?. 

We may substitute in this equation any particular numerical 
value for a, and obtain a corresponding value for y. Thus, 

when a; = l, 2/ = 4:; when jr = 2, / = 3; when a? = 3, y = 2; etc. 

In like manner the equation could have been solved for x in 
terms of y, and corresponding sets of values obtained. 

Any set of corresponding values of x and y satisfies the given 
equation, and is therefore a solution. 

2. Solving the equation 

y-x^l (2) 

for y, we have y = l-\-x. Then, 

when cc = 1, 2/ — 2 ; when jr = 2, / = 3 ; when a; = 3, y = 4 ; etc. 

Now, observe that equations (1) and (2) have the common 
solution, a? = 2, y = 3. It seems evident that no other set of 
values of x and y will satisfy both of these equations, which 
therefore have only this solution in common. 

Equations (1) and (2) express different relations between the 
unknown numbers, and are called Independent Equations. 

Also since they are satisfied by a common set of values of 
the unknown numbers, they are called Consistent Equations. 

177 
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3. A System of Simnltaneons Equations is a group of equar 
tions which are to be satisfied by the same set, or sets, of 
values of the unknown numbers. 

A Solution of a system of simultaneous equations is a set 
of values of the unknown numbers which satisfies all of the 
equations. 

4. The examples of Arts. 1-2 are illustrations of the follow- 
ing general principles : 

A system of linear equations has a definite number of solutions. 
(i.) WJien the number of equations is the same as the number 
of unknown numbers. 

(ii.) When the equations are indeperkdent and consistent 

5. Two systems of equations are equivalent when every solution 
of either system is a solution of the other. 

E.g.y the systems (I.) and (II.) : 

are equivalent. For they are both satisfied by the solution, 
a; = 2, y = 1, and; as we shall see later, by no otJier solution. 

6. If the equations a? -h y = 7, 

x-y=zl, 
be added, we obtain 2 oj = 8, 

in which the unknown number y does not appear. We say 
that y has been eliminated from the given equations. 

7. Elimination is the process of deriving from two or more 
equations an equation which has one less unknown number. 

Elimination by Addition and Subtraction. 
a Ex. 1. Solve the system 3 a: -f 4 y = 24, (1) 

5a?-6y = 2. (2) 

To eliminate y, we multiply the equations by such numbers 
as will make the coefficients of y numerically equal. 
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Multiplying (1) by 3, 9 aj + 12 y = 72. (3) 

Multiplying (2) 1^ 2, 10 a; ~ 12 2/ = 4. (4) 

Adding (3) and (4), 19 a; = 76. (5) 

Whence aj = 4. 

Substituting 4 for x in (1), 12 + 4 y = 24. 

Whence y = 3. 

The equations (3)-(6) are equivalent to the given equations 

(l)-(2). 

Consequently the required solution is a; = 4, y = 3. 

This solution may be written 4, 3, it being understood that 
the first number is the value of a?, and the second the value 
of 2^. 

Ex. 2. Solve the system 12a; -f 1% = 8. (1) 

16aj + 9y = 7. (2) 

We will first eliminate a;. 

Multiplying (1) by 4, 48 a? + 60 y = 32. (3) 

Multiplying (2) by 3, 48 a? -f 27 y = 21. (4) 

Subtracting (4) from (3), 33 y = 11. 

Whence y = \, 

Substituting \ for y in (1), 12 a; + 5 = 8. 

Whence a; = J. 

Consequently the required solution is ^, \, 

9. The examples of the preceding article illustrate the fol- 
lowing method of elimination by addition and subtraction : 

Multiply both members of the equations by such numbers as 
vnU make the coefficients of one of the unknown numbers numeri- 
caMy equal. Subtract, or add, corresponding members of the 
resulting equations, and equate the results. 

Solve this equation in one unknown number. Substitute, the 
value of this unknown number in the simpler of the given equa- 
tions, and solve for the other unknown number. 

The multipliers are obtained by dividing the L. C. M. of the 
coefficients of the unknown number to be eliminated by the 
coefficients of this unknown number. It is better to eliminate 
that unknown number which requires the smallest multipliers. 
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EXERCISES I. 

Solve the following systems of equations by the method of 
addition and subtraction : 

3. 



aj — y = 7. la? — y = 6. Iaj-f4y = 19. 

(Sx-\-y = Sl, r4aj-72/ = 19, (10x-Sy = 25, 

l5aj-2y = 15. ^' [x + 9y = 37. ^' \5x-9y=-25. 

|na;-a2/ = 0, ^ j 5aj-f4y=49i, ^ r5aj-32/=12, 

\n^X'-'ay = an, \2x+7y=e3. ' \l9x-5y=z7S^, 

n2x- 

\l6x- 



10 i ' + 15y = 8, ^ iax-i-by==:c, 



12. 



3 a? + 16 y = 5, r 21 a -h 8 2/ = - 66, 

-5a-f-282/ = 19. ^^' l28a;-232/ = 13. 






'18aj-20y=l, 
15x + 16y = 9. 



12 a: - 14 2/ = - 4, 

I 8 a? - 21 2/ = - 8.6. 



16. 



15 aj - 14 2/ = 33, r 26 a; + 24 2^ = 98, 

.20a;4-2l2/ = -24. ^^' 1 15aj- 162/ = - 2. 

' 15 a; + 28 2/ = 68 tt, 
18a;-352/ = a. 



[40 a; -63 2^ = 57, 
' l36aj-182/ = 87. 



EUmlnation by Comparison. 
10. Ex. Solve the system 

7x + 2y = 20, (1) 

13 a;- 32/ = 17. (2) 

To eliminate y, we proceed as follows : 

Solving (1) for y, 2/ = ?^^^. (3) 

Solving (2) for y, = li^JliZ. (4) 

Equating these values of y, 

20 -7 a; 13 a; -17 /^n 
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Whence x = 2. 

Substituting 2 for x in (3), i, = ?^-^l = 3. 

The equations (3)-(5) are equivalent to the given equations 

(l)-(2). 

Consequently the required solution is 2, 3. 

11. This example illustrates the following method of elimi- 
nation by comparison : 

Solve the given equations for the unknown number to he elimi- 
nated, and equate the expressions thus obtained. Hie derived 
equation will contain hut one unknown number. 

Solve this derived equation, and substitute the value of the 
unknown nuinber thus obtained in the simplest of the preceding 
equations, and solve for the other unknown number. 

EXERCISES II. 

Solve the following systems of equations by the method of 
comparison : 

^ (x = Zy-2, f5y = 2a! + l, 

■ \x = 5y-V2. ■ l8y = 6a;-ll. 
g r5a! + 9y = 28, ^ f21x-23y = 2, 

l7a! + 3y = 20. " 1 7a;-19y = 12. 

5 fia' = iy-l, f 2^0; -3^3, = 10, 

■ \\y^\x-2. • l7ix-6it/ = 55. 

■ \\y + 7x = 51. \^x + ^y = i. 
g Ux-3y = l, ^^ (Sx + 3y = 5S, 

\3x-4:y = 6. ' \3x-Sy = -S3. 

(5x + 3y = 2i, (2x-y = 5, 

l6a:-7w = 4. " U 



11 



[5x-2y = U. 
(7x-5y = 3, f8a; + 9y = 26, 

\8x + 9y = -26. "' \32x-3y = 26. 
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l42x-69y = 96. * ly 4-c(aj + 1) = 0. 



la 



r5a;-|-4y = 9a-5, 
\7x-6y = a-lSb. 

{oo; — 6y = a* + 6*, 
(a-b)x + (a + b)y==2{a'-'b^. 



Tfllml nation by Sabstitntion. 

12. Ex. Solve the system 

6aj -2y = l, (1) 

4aj + 5y = 47. (2) 

If we wish to eliminate x, we proceed as follows : 

Solving (1) for x, x = ^-i^. (3) 

5 

Substituting ^-t^ for x in (2), 
5 

4(i^) + 5y = 47. (4) 

Whence y = 7. 

Substituting 7 for y in (3), a; = 3. 

It seems evident that equations (3)-(4) are equivalent to the 
given equations (l)-(2). 
Consequently the required solution is 3, 7. 

13. This example illustrates the following method of elimi- 
nation by substitution : 

Solve the simpler equation for the unknown number to be elimir 
noted in terms of the other. Substitute the value thus obtained 
in the other equation. The derived equation will contain but one 
unknoion number. 

Solve the derived equation, and sicbstitute the value of the 
unknown number thus obtained in the expression f(yr the other 
unknown number, and solve for the other unknown number. 
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EXEBCISB8 III. 

Solve the following systems of equations by the method 
of substitution: 

(5x-2y = 21, * (ax-]-by = Cy (Sx + 5y = 26, 

' \y = x. ' \x = y. ' \2x = y, 

^ (x = 2y-S, ^ raj = 3y-7, ^ ny-2x = 5, 

r3aj-f 2 2/ = 44, (x-\-y^m, 

l5aj = 4y. la? — 7iy = 0. 

l8aj-5y = 0. ' l-a:4-22/ = 3. 

^ r4x-5y = 12, ^ r5a^ = 8y-ll, 

^^ r7a.-3 = 5y, ^^ aa.-iy = 2, 

• l7y-3 = 8aj. ' l2aj-f3y = 60. 

15 l^2/ = &«j ^g r3aj-|-4y = 2, 

r4aj-15y = 22, riO«-2l2/ = 76, 

^^' l6a; + 72/ = -26. ^' ll5aj- 143/ = 36. 

Linear ISqaatioas in Three Unknown Numbers. 

14. The following examples will illustrate a method of 
solving systems of three linear equations in three unknown 
numbers : 

Ex. 1. Solve the system 2 a? — 3 y -f- 6 » = 11, (1) 

6a-f 42/-62; = -6, (2) 

_4a;-f72/-82; = -14. (3) 

To eliminate x, we proceed as follows : 

Multiplying (1) by 6, 10 a; - 16 y -f 26 » = m. (4) 

Multiplying (2) by 2, 10 a; -f 8 y - 12 2 = - 10. (6) 
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Subtracting (4) from (5), 23 y - 37 « = - 65. (6) 

Multiplying (1) by 2, 4 a? - 6 1/ -f 10 2 = 22. (7) 

Adding (3) and (7), y -f 2 2; = 8. (8) 

Solving (6) and (8), ' y = 2. 

z = S. 
Substituting 2 for y and 3 for z in (1), a; = 1. 

Consequently the required solution is 1, 2, 3. 

Ex. 2. Solve the system 

ay-c2; = 0, (1) 

z-x = -b, (2) 

aaj + 6y = a2 + 6(a4-c). (3) 

Notice that by eliminating z from (1) and (2) we obtain an 
equation in x and y, which with equation (3) gives a system of 
two equations in the same two unknown numbers. 

Solving (2) for 2, 2 = a? — b. (4) 

Substituting a? — 6 for 2; in (1), 

ay — cx + cb = 0. (5) 

Multiplying (3) by a, a^x -f a^y = a^ + a% + dbc. (6) 

Multiplying (5) by b, — bcx -f aby = — bh. (7) 

Subtracting (7) from (6), (a^ + bc)x = a^-\- a?b -}rabc-it b^c 

= a'(a + b)-i-bc(a + b) 
= (a' + bc)(a-\-b); (8) 
whence x = a^b. 

Substituting a-i-b for x in (4), z = a. 
Substituting a for 2 in (1), y = c. 

15. These examples illustrate the following method : 

Eliminate one of the unknoiim numbers from any two of the 
equations; next eliminate the same unknown number from the 
third equation and either of the other tioo. Two equations in 
the sam£ two unknoion numbers are thus derived. 
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Solve these equations for the tivo unknown numbers, and sub- 
stitute the values thus obtained in the simplest equation whidi 
contains the third unknown number. 



EXERCISES IV. 

Solve the following systems of equations : 



1. 



3. 



a 



10. 



12. 



14. 



16. 



» + 32/ + 32; = 19, 
43/ = 3a?, 
x = 2z. 
3a; -4y-f 5^ = 18, 
« = 4 2 — 17, 
2/ = 52 -21. 
» + 2/ = 28, 
a; -f 2 = 30, 6 

2^ + 2=32. 

3a;-2/ = 7, 
32^-2 = 5, 
3 2 — a; = 0. 
f3aj-f22/-42 = 16, 
5a; -32/ 4-22 = 28, 
32/ + 42 -a; = 24. 

'4a;-32/ + 22 = 9, 
2a; + 52/ -32 = 4, 
5a; + 62/ -22 = 18. 
a; -22/ + 32 = 6, 
2a; + 32/ -42 = 20, 
3a; -22/ + 52 = 26. 

3 a; + 25 2/- 62 = -35, 
6a; + 10 2/ -21 2= 37, 
8a; -152/ -142= 04. 



« + 2/ + 2; = 21, 
6 a; = 5 2, 
32/ + 22 =0. 
52/ + 42 — 7a; = — 44, 

2 = 52/ -33, 
a; = 52/ -22. 

a; + 2/ = 2c, fa; -2/ = 2, 

a; + 2=26, 7. |y — 2=3, 

y + z=2a. [a; + 2=9. 

3 a; + 5 y = 35, 
9. ■ 32/ + 52 = 27, 

32 + 5a; = 34. 

a; + 2/ — 2 = c, 

a; + 2 — 2/ = 6, 

2/ + 2 — a; = a. 
r2a;- 42/+ 92 = 28, 

7a;+ 32/- 52 = 3, 
[9a; + 102/-ll2 = 4. 

2 a;— 72/+ 5 2= 3, 
9a;+32/-202=-45, 
-13a;+4 2/-302=-95. 

r 8a;-2l2/- 92 = -61, 
I 12 a; -28 2/ + 152 = 1, 
I 15a; + 492/ -182 = 59. 



11. 



13. 



15. 



17. 



I 
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18. 



20. 



ax-{-by = ft*, 

ax -\- by — cz = a^ '\' V, 
ax = a^z -\- Vj 
by = abz + a*. 



19. 



21. 



x-\-y + z = a-\-b-{-Cj 
ax = 6y, 

02 = 02/. 

« + ay + «^2; + a' = 0, 
aj+6y + fe^2 + 6-^ = 0, 



16. It is frequently necessary to simplify the equations be- 
fore applying one of the preceding methods : 

Ex. 1. Solve the system 



O 4 



4a;-3 . 5y-7_ 



18-5aj. 



6 ■ 2 

Clearing (1) and (2) of fractions, 

28 + 4 a; - 10 a? 4- 5 y = 60 y - 100, 
4a._3 + 15y_21 = 108-30aj. 
Transferring and uniting terms, 

6x-{-55y = 128, 
34a + 15y = 132. 
Multiplying (5) by 3, 18 a? + 165 y = 384. 
Multiplying (6) by 11, 374 a -f- 165 y = 1452. 
Subtracting (7) from (8), 356 x = 1068 ; 

whence, a? = 3. 

Substituting (3) for x in (5), 18 + 55 y = 128; 
whence, - y = 2. 

Consequently, the required solution is 3, 2. 



17. Certain fractional equations are to be solved for the 
reciprocals of one or both of the unknown numbers. 



(1) 

(2) 

(3) 
(4) 

(5) 
(6) 
(7) 
(8) 
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Ex. 2. Solve the system -— ^ 4._A^ = 8, (1) 

^ 2x-3y y--2 ' ^^ 

^ +-^ = 10. (2) 



2x-3y y-2 
Let 2x'-3y = u, y — 2 = v. 

Then (1) and (2) become ?-|-^ = 8, (3^ 

^ + ? = 10. (4) 

We will solve this system for - and — 

Multiplying (3) by 3, ^ + ^ = 24. (6) 

QK -IK 

Multiplying (4) by 5, ^ + ^ "" ^^' (^^ 

26 

Subtracting (5) from (6), — = 26. 

Dividing by 26, - = 1, or w = 1. 

Substituting 1 for u in (3), 3 +- = 8, 
or - = 5. 

V 

Dividing by 5, - = 1, or v = 1. 

We now have to solve the system, 

2x-3y^l, (7) 

2/-2 = l. (8) 

From (8), y = 3. 

Substituting 3 for y in (7), 2 a - 9 = 1, 
or 2aj = 10. 

Dividing by 2, a? = 5. 

Therefore the required solution is 6, 3. 
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Ex. 3. Solve the system, x-\-y=:zxy, (1) 1 

2x^2z = xz, (2) i (I.) 

32^ + 32 = 1/2;. (3)J 

Observe that the given equations are neither linear nor frac- 
tional. Yet they can be transformed so that they will contain 
only the reciprocals of a;, y, and z. 

Dividing (1) by xy, (2) by a», (3) by yz, we have : 



i + l = l. (4) ?-h?=l. (5) ? + ? = !. 

y X z X z y 


(6) 


(II.) 


We will solve this system for -, i, -» 

X y z 






Multiplying (4) by 2, ? -f ? = 2. 

y X 




(7) 


Subtracting (5) from (7), - - - = 1. 




(8) 


Solving (6) and (8) for i and -, - = ^ - = ■ 
y z y 12 z 


1 

12" 




Substituting A for 1 in (4), ^ = ^. 







Consequently, a solution of the given system is ^, ^, — 12. 

It is important to notice that we cannot assume that the 
system (II.) is equivalent to the system (I.), since the equa- 
tions of (II.) are derived from the equations of (I.) by dividing 
by expressions which contain the unknown numbers. 

But if any solution of (I.) be lost by this transformation, it 
is a solution of the expressions (equated to 0) by which the 
equations of (I.) were divided ; that is, of 

xy = 0, xz = Oy yz = 0. (III.) 

The system (III.) has the solution 0, 0, 0, and this solution 
evidently satisfies the system (I.). 

We therefore conclude that the given system has the two 
solutions ^, ^, - 12, and 0, 0, 0. 
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BXBBCISBS V. 

Solve the following systems of equations : 

l" a!-1 ^3 
y-1 4' 
(c + 3 _ 10 



7. 



3a; + ^ = 22, 

3 2 ' 

x-7 , y — 5 _Q 
"2- + -^-- ^• 

a; , y __ 1 

n-fl « — 1 n — 1 



6. 



ly + 3 13 

2x-\-7y g^ + 7 _. 
4 6 "" ' 

6 3 

2 5 

5aj-9 y--2 



X 



■ + 



n — 1 n 4- 1 w* 



m — a m — b 



+ ■ 



n — a ?i — b 



= 1. 



5a; + 7y + 2 3a; + 4y4-7 ^. 
3 4 

7a;-h3yH-4 6a;H-5y-f7 ^ 



10. 



11. 



y- 



-^^-f 17 = 5,4- i^, 

22~6y 5a;-7 ^ a; + l 8yH-5 
3 11 6 18 

3a;-f7v4-l 2aj-3.v + 8 « 
r 3 =^' 

5a;-7y + lQ 3a; + 2?/4 -6^o 
3 5 "■ 



12. 






12x — 14 y = 5 Qcy, 
9 X — 10 y = 4: osy. 
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14. 



17. 



19. 



22. 



7iB--=16, 

y 
y 

aj — 4 y — 1 

9 2 
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r;] 4 



15. 



= 3, 



a- y 
56 
a; y 



= 1, 
= 2. 



16. 



[Ch. X 



- -f - = ?/i, 
a; 3/ 

- 4- - = ». 



18. 



aj — 4 y — 1 

X y z 

^ + 5-2 = 16, 

a; y 2 

La; y 2 



= 2. 



aj 



•5y_ 



x-\-2y 



8, 



l4(ajH-2y) 



___5jr-^^3. 



20. 1 1 + 1 = 5, 

1 + 1 = . 

la; y 



21. 



1 + ^ + 2.16, 
X y z 

1 + ? + ? = 15, 
y 2 a; 

l+? + ? = 14. 

2 a; ^ 



23. 



^? + l-8 = 16, 
X y z 

5 1,21 
X 2y z ^ 

-?- +5 + 1 = 13. 
I4aj y 2; 



EXBBCISBS VI. 
MISCELLANEOUS EXAMPLES. 



Solve the following systems of equations by the methods 
given in this chapter: 



'x-\-y = z-\-l% 
y = 2a;-13, 
.2 = 2^-11. 

r a; + .y - 1 
x-y-^1 
y-x-^-l 



x — y-^-l 



: ah. 



2. 



4. 



'yz=^2{y^z)y 
a:z = S(x + z)y 
^xy = 4:(x + y), 
7 11 



2a;-f 3?/""2aj-3y 
x 9 

IIO2/-7 ""10' 
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x-\-a — b x—b 



9. 



10. 



11. 



y — a — b y — a 

b _ a 
x — a y ■\-b 

qx±by a^-1 

""T~+'' — ^' 

o^x±by b±^^ 

2 ^^ b 

a^x — 6^ = 0, 

{a^^b')x-}r{df'-h^y: 
(a + 6)aj+(a-6)y=:( 
(a-6)aj4-(aH-6)y = ( 
xy 

x-\-y 

xz 



1 



2n 



ic + ^y n — ny 
lOn 3 



= 1, 



a? -f ny n^ny 



= 1. 



8. 






= a, 



X -\-z 
yz _ 



&, 



13. 



15. 



17. ^ 



12^ + 2 

a H- y + » = 6, 
x + y-]-u = 7, 
X'{-z-\-u = S, 
y-\-z-{-u = 9. 

\2(y^5) Ix ^\ 
bx 4yH-l 3 

3(y4-5) 3a; ^^ 
7x 4^+1 

ax , by , cz •, r , 
6 c a 

o c 

C2/ + aa; = a^ + c^. 



= a* + 6*. 


a' + 6*, 


a'-6». 






12. 


X y^ z ' 




1_1_1_ 
X y z 




x + y + z-u = ll, 


14. 


x-\-y--z + u = 17, 
x-y-\-z-\-u = 9, 




[-x-^y + z-\-u = 12. 


16. 





18. 



g^ + y ^ y + g 

a-f 6 a ' 

y — x _ a — b 
y-\-x a + b' 

x + y-\-z = a-\-b. 
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19. 



10 



.+ 



17 



8 3 ■*■ ' 



20. 



i{a-b + c)x-{-i(a + b'-c)y==a'-{b^cy. 



21. 



JL^^n2 



n«-l a^-l 



=a* — >r, 






22. 



la«+l n*4-l 



y~6 10 ^y4-6 
a;-4 16-0^ a._,_4' 

5 ^ 3 ^10 
a^—Sx 3y—a>y xy 



Problems. 



1& Pr. 1. The sum of the two digits of a number is 12. If 
the digits are interchanged, the resulting number will exceed 
the original one by three-fourths of the original number. 
What is the number? 

Let X stand for the units' digit, and y for the tens' digit. 

Then the original number is lOy -f x. 

When the digits are interchanged, the resulting number is 

10a: -fy. 
The first condition of the problem states, 

in verbal language : the sum of the digits is 12 ; 

in algebraic language : a; -f- y = 12. (1) 

The second condition states, 
in verbal language: the resulting number minus the original 

number is equal to J of the original nuTnber; 
in algebraic language : 10 a? -f- y — (10 y -f a?) = | (lOy -f- x). (2) 

Solving (1) and (2), a? = 8, 3/ = 4. 

Therefore the required number is 48. 

Pr. 2. A tank can be filled by two pipes. If the first is left 
open 6 minutes, and the second 7 minutes, the tank will be 
filled; or if the first is left open 3 minutes, and the second 
12 minutes, the tank will be filled. In what time can each 
pipe fill the tank ? 
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Let X stand for the number of minutes it takes the first pipe 
to fill the tank, and y for the number of minutes it takes the 
second pipe. Let the capacity of the tank be represented by 1. 

Then in 1 minute the first pipe fills - of the tank, and in 

6 * 7 

6 minutes - of the tank ; the second pipe fills - of the tank 
x y 

in 7 minutes. Therefore, by the conditions of the problem 

X y X y 

Whence x = 10^, y = 17. 

Pr. 3. The sum of the three digits of a number is 9. The 
digit in the hundreds' place is equal to one-eighth of the number 
composed of the two other digits, and the digit in the units' 
place is equal to one-eighth of the number composed of the two 
other digits. What is the number ? 

Let x stand for the units' digit, 

y for the tens' digit, 
and z for the hundreds' digit. 

Then, by the first condition, 

»-f-y + 2; = 9. (1) 

The number composed of the tens' and units' digits is 10y-\-x. 
Therefore, by the second condition, . 

z^\{10y^x). (2) 

The number composed of the hundreds' and tens' digits is 
lOz^y. 
Therefore, a? = ^ (10 2 -f y), (3) 

Solving equations (l)-(3), we obtain, 

a; = 4, y = 2, 2 = 3. 
Therefore, the required number is 324. 

Pr. 4. The report of a cannon travels 172.21 yards with the 
wind toward A in the same time that it travels 167.97 yards 
against the wind toward B. Three seconds after it is fired it 
is heard at A and B, which are 2041.08 yards apart. What is 
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the velocity of the report in still air, and what is the velocity 
of the wind ? 

Let X stand for the number of yards the report travels a 
second in still air, 
and y for the number of yards the wind travels a second. 

Then, in 1 second the report travels x-\-y yards with the 
wind toward A, and a? — y yards against the wind toward B. 

172 21 

Therefore, it takes — seconds to travel 172.21 yards 

167 97 

toward A, and — seconds to travel 167.97 yards 

x-y ^ 

toward B, 
Consequently, by the first condition, 

172.21 ^ 167.97 ,^v 

x-{-y x^y 

In 3 seconds the report travels 3(a; + ^) yards to A, and 
3(aj — y) yards to B. 
Therefore, by the second condition, 

3(x 4- y)+S(x - y)= 2041.08. (2) 

Solving equations (1) and (2), we obtain 

aj = 340.18, y = 4.24. 

Therefore, the velocity of the report in still air is 340.18 
yards a second, and the velocity of the wind is 4.24 yards a 
second. 

Pr. 5. Two boys, A and B, run a race from P to Q and return. 
A, the faster runner, on his return meets B 90 feet from Q, and 
reaches P 3 minutes ahead of B. If he had run again to Q, he 
would have met B at a distance from P equal to one-sixth of 
the distance from P to Q. How far is Q from P, and at what 
rates do A and B run ? 

Let X stand for the number of feet from P to Q, 
y for the number of feet A runs in 1 minute, 
z for the number of feet B runs in 1 minute. 
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When they first meet 90 feet from Q, A has evidently run 

a; + 90 feet in — minutes, and B has run a? — 90 feet in 

a;-90 . . 2/ 
minutes. 

Therefore, £±90^x-90. (^. 

y z ^ ^ 

ft „ 

A runs 2 x feet, from P to Q and return, in — minutes, and 

2aj ^ 

B the same distance in — minutes. 
z 

Therefore, by the second condition, 

y z ^ ^ 

If A had again met B, he would have run 2x + \Xy = =^, 

6 

feet in — ? minutes, and B would have run 2aj — |a?, ==^, 

11 aj 
feet in — — minutes. 
oz 

Therefore, by the last condition, 

13 a? 11a? _13 'll ,on 

—— = -—-, or — = — (3) 

oy oz y z ^ 

Solving equations (l)-(3), we obtain 

a? = 1080, 3/ = 130|^, 2 = 110^. 

Therefore the. distance from P to Q is 1080 feet; A runs 
130|^ feet a minute, and B runs 110^ feet a minute. 



BXBBOISES VII. 

1. Find two numbers whose sum is 19 and whose difference 

is 7. 

2. If one number be multiplied by 3 and another by 7, 
the sum of the products will be 58 ; if the first be multiplied 
by 7 and the second by 3, the sum will be 42. What are the 
numbers ? 
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3. In a meeting of 48 persons, a motion was carried by a 
majority of 18. How many persons voted for the motion and 
how many against it ? 

4. If one of two numbers be divided by 6 and the other by 
5, the sum of the quotients will be 52 ; if the first be divided 
by 8 and the second by 12, the sum of the quotients will be 31. 
What are the numbers ? 

5. Find two numbers, such that if 1 be subtracted from the 
first and added to the second, the results will be equal ; while 
if 5 be subtracted from the first and the second be subtracted 
from 5, these results will also be equal. 

6. If 45 be subtracted from a number, the remainder will 
be a certain multiple of 5 ; but if the number be subtracted 
from 135, the remainder will be the same multiple of 10. What 
is the number, and what multiple of 5 is the first remainder ? 

7. If 1 be added to the numerator of a fraction, the result- 
ing fraction will be equal to ^; but if 1 be added to the 
denominator, the resulting fraction will be equal to ^. What 
is the fraction ? 

8. A said to B : " Give me three-fourths of your marbles 
and I shall have 100 marbles." B said to A : " Give me one- 
half of your marbles and I shall have 100 marbles." How 
many marbles had A and B ? 

9. A bag contains white and black balls. One-half of the 
number of white balls is equal to one-third of the number of 
black balls, and twice the number of white balls is 6 less than 
the total number of balls. How many balls of each color are 
there? 

10. The sum of two numbers is 47. If the greater be 
divided by the less, the quotient and the remainder will each 
be 5. What are the numbers ? 

11. A father said to his son : " After 3 years I shall be three 
times as old as you will be, and 7 years ago I was seven times 
as old as you then were." What were the ages of father and 
son? 
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12. A merchant received from one customer $26 for 10 
yards of silk and 4 yards of cloth ; and from another customer 
$ 23 for 7 yards of silk and 6 yards of doth at the same prices. 
What was the price of the silk and of the cloth ? 

13. A merchant has two kinds of wine. If he mix 9 gallons 
of the poorer with 7 gallons of the better, the mixture will be 
worth $ 1.37^ a gallon ; but if he mix 3 gallons of the poorer 
with 5 gallons of the better, the mixture will be worth $1.45 a 
gallon. What is the price of each kind of wine ? 

14. A man has a gold watch, a silver watch, and a chain. 
The gold watch and the chain cost seven times as much as the 
silver watch ; the cost of the chain and half the cost of the 
silver watch is equal to three-tenths of the cost of the gold 
watch. If the chain cost $40, what was the cost of each 
watch ? 

15. A and B make a purchase for $ 48. A gives all of his 
money, and B three-fourths of his. If A had given three- 
fourths of his money and B all of his, they would have paid 
$ 1.50 less. How much money had A and B ? 

16. A mechanic and an apprentice together receive $40. 
The mechanic works 7 days and the apprentice 12 days ; and 
the mechanic earns in 3 days $7 more than the apprentice 
earns in 5 days. What wages does each receive ? 

17. I have 7 silver balls equal in weight and 12 gold balls 
equal in weight. If I place 3 silver balls in one pan of a 
balance and 5 gold balls in the other, I must add to the gold 
balls 7 ounces to maintain equilibrium. If I place in one pan 4 
silver balls and in the other 7 gold balls, the balance is in 
equilibrium. What is the weight of each gold and of each 
silver ball ? 

la A tank has two pumps. If the first be worked 2 hours 
and the second 3 hours, 1020 cubic feet of water will be dis- 
charged. But if the first be worked 1 hour and the second 2J 
hours, 690 cubic feet of water will be discharged. How many 
cubic feet of water can each pump discharge in one hour ? 
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19. It was intended to distribute $25 among a certain 
number of the poor, each adult to receive $2.50 and each 
child 75 cents. But it was found that there were 3 more 
adults and 5 more children than was at first supposed. Each 
adult was therefore given $1.75 and each child 50 cents. 
How many adults and how many children were there ? 

20. A man ordered a wine merchant to £111 two casks of 
different sizes with wine, one at $ 1.20 and the other at $ 1.50 
a quart, paying $ 88.50 for both casks of wine. By mistake 
the casks were interchanged, so that the purchaser received 
more of the cheaper wine and less of the dearer. The mer- 
chant therefore returned to him $1.50. How many quarts 
did each cask hold? 

21. A and B jointly contribute $ 10,000 to a business. A 
leaves his money in the business 1 year and 3 months, and B 
his money 2 years and 11 months. If their profits are equal, 
how much does each contribute ? 

22. One boy said to another : " Give me 5 of your nuts, cand 
I shall have three times as many as you will have left." " No," 
said the other, " give me 2 of your nuts, and I shall have five 
times as many as you will have left." How many nuts had 
each boy ? 

23. A father has two sons, one 4 years older than the other. 
After 2 years the father^s age will be twice the joint ages of his 
sons ; and 6 years ago his age was six times the joint ages of 
his sons. How old is the father and each of his sons ? 

24. If a number of two digits be divided by the sum of the 
digits, the quotient will be 7. If the digits be interchanged, 
the resulting number will be less than the original number by 
27. What is the number ? 

25. A man walks 26 miles, first at the rate of 3 miles an 
hour, and later at the rate of 4 miles an hour. If he had 
walked 4 miles an hour when he walked 3, and 3 miles an 
hour when he walked 4, he would have gone 4 miles farther. 
How far would he have gone, if he had walked 4 miles an 
hour the whole time ? 
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26. Two trains leave different cities, which are 650 miles 
apart, and run toward each other. If they start at the same 
time, they will meet after 10 hours; but if the first start 4^ 
hours earlier than the second, they will meet 8 hours after the 
second train starts. What is the speed of each train ? 

27. If the base of a rectangle be increased by 2 feet, and 
the altitude be diminished by 3 feet, the area will be dimin- 
ished by 48 square feet. But if the base be increased by 3 
feet, and the altitude be diminished by 2 feet, the area will be 
increased by 6 square feet. Find the base and the altitude of 
the rectangle. 

28. A number of three digits is in value between 400 and 
500, and the sum of its digits is 9. If the digits be reversed, 
the resulting number will be |^ of the original number. What 
is the number ? 

29. The report of a cannon travels with the wind 344.42 
yards a second, and against the wind 335.94 yards a second. 
What is the velocity of the report in still air, and what is the 
velocity of the wind ? 

30. The sum of three digits of a number is 14 ; the sum of 
the first and the third digit is equal to the second; and if the 
digits in the units' and in the tens' place be interchanged, the 
resulting number will be less than the original number by 18- 
What is the number ? 

31. The sum of the ages of A, R, and C is 69 years. Two 
years ago B's age was equal to one-half of the sum of the ages 
of A and C, and 10 years hence the sum of the ages of B and 
C will exceed A's age by 31 years. What are the present ages 
of A, B, and C ? 

32. The total capacity of three casks is 1440 quarts. Two 
of them are full and one is empty. To fill the empty cask it 
takes all the contents of the first and one-fifth of the contents 
of the second, or the contents of the second and one-third of the 
contents of the first. What is the capacity of each cask ? 
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33. Three brothers wished to buy a house worth $ 70,000, 
but none of them had enough money. If the oldest brother 
had given the second brother one-third of his money, or the 
youngest brother one-fourth of his money, each of the latter 
would then have had enough money to buy the house. But the 
oldest brother borrowed one-half of the money of the youngest 
and bought the house. How much money had each brother ? 

34. A father's age is twenty-one times the difference between 
the ages of his two sons. Six years ago his age was six times 
the sum of his sons' ages, and two years hence it will be 
twice the sum of their ages. Find the ages of the father and 
his two sons. 

35. Find the contents of three vessels from the following 
data : If the first be filled with water and the second be filled 
from it, the first will then contain two-thirds of its original 
contents ; if from the first, when full, the third be filled, the 
first will then contain five-ninths of its original contents; 
finally, if from the first, when full, the second and third be 
filled, the first will then contain 8 gallons. 

36. Two messengers, A and B, travel toward each other, 
starting from two cities which are 805 miles distant from each 
other. If A starts 5| hours earlier than B, they will meet 6^ 
hours after B starts. But if B starts 5| hours earlier than A, 
they will meet 5| hours after A starts. At what rates do A 
and B travel ? 

37. Each of two servants was to receive f 160, a dress, and a 
pair of shoes for one year's services. One servant left after 8 
months, and received the dress and $ 106 ; the other servant 
left after 9^ months, and received a pair of shoes and $ 142. 
What was the value of the dress, and of the pair of shoes ? 

38. On the eve of a battle, one army had 5 men to every 6 
men in the other. The first army lost 14,000 men, and the 
second lost 6000 men. The first army then had 2 men to every 
3 men in the other. How many men were there originally in 
each army ? 
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39. If the sum of two numbers, each of three digits, be in- 
creased by 1, the result will be 1000. If the greater be placed 
on the left of the less, and a decimal point be placed between 
them, the resulting number will be six times the number ob- 
tained by placing the smaller number on the left of the 
greater, with a decimal point between them. What are the 
numbers? 

40. Three cities A, B, and (7, are situated at the vertices of 
a triangle. The distance from AtoChj way of B is 82 miles, 
from .B to ^ by way of C is 97 miles, and from CtoBhy way 
of A is 89 miles. How far are A, B, and C from one another ? 

41. A regiment of 600 soldiers is quartered in a four-story 
building. On the first floor are twice as many men as are on 
the fourth ; on the second and third are as many men as are 
on the first and fourth ; and to every 7 men on the second there 
are 5 on the third. How many men are quartered on each 
floor ? 

42. Four men are to do a piece of work. A and B can do 
the work in 10 days, A and C in 12 days, A and D in 20 days, 
and B, C, and D in 7^ days. In how many days can each man 
do the work, and in how many days can they all together do 
the work ? 

43. The year in which printing was invented is expressed by 
a figure of four digits, whose sum is 14. The tens' digit is 
one-half of the units' digit, and the hundreds' digit is equal to 
the sum of the thousands' and the tens' digit. If the digits be 
reversed, the resulting number will be equal to the original 
number increased by 4905. In what year was printing invented ? 

44. A vessel sails 110 miles with the current and 70 miles 
against the current in 10 hours. On a second trip, it sails 
88 toiles with the current and 84 miles against the current in 
the same time. How many miles can the vessel sail in still 
water in one hour, and what is the speed of the current ? 
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45. A and B run a race of 400 yards. In the first heat A 
gives B a start of 20 seconds, and wins by 50 yards. In the 
second heat A gives B a start of 125 yards, and wins by 
5 seconds. What is the speed of each runner ? 

46. A and B formed a partnership. A invested $ 20,000 
of his own money and $ 5000 which he borrowed ; B invested 
$ 22,000 of his own money and $ 8000 which he borrowed at 
the same rate of interest as was paid by A. At the end of 
a year, A's share in the profits amounted to $ 1750 more than 
the interest on his $ 5000, and B's share to $ 2000 more than 
the interest on his $ 8000. What rate per cent interest did 
they pay, and what rate per cent did they realize on their 
investments ? 

47. Two bodies move along the circumference of a circle 
in the same direction from two different points, the shorter 
distance between which, measured along the circumference, 
is 160 feet. One body will overtake the other in 32 seconds, 
if they move in one direction ; or in 40 seconds, if they move 
in the opposite direction. While the second goes once around 
the circumference, the distance passed over by the first 
exceeds the circumference by 45 feet. What is the circum- 
ference of the circle, and at what rates do the bodies move ? 

48. A number of workmen, who receive the same wages, 
earn together a certain sum. Had there been 7 more work- 
men, and had each one received 25 cents more, their joint 
earnings would have increased by $18.65. Had there been 
4 fewer workmen, and had each one received 15 cents less, 
their joint earnings would have decreased by $9.20. How 
many workmen are there, and how much does each oije receive ? 

49. A farmer has enough feed for his oxen to last a certain 
number of days. If he were to sell 75 oxen, his feed would 
last 20 days longer. If, however, he were to buy 100 oxen, 
his feed would last 15 days less. How many oxen has he, and 
for how many days has he enough feed ? 
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^0. An alloy of tin and lead, weighing 40 pounds, loses 4 
pounds in weight when immersed in water. Find the amount 
of tin and lead in the alloy, if 10 pounds of tin lose If pounds 
when immersed in water, and 6 pounds of lead lose .376 of 
a pound. 

51. Two men were to receive $96 for a certain piece of 
work, which they could do together in 30 days. Aiter half of 
the work was done, one of them stopped for 8 days, and then 
the other stopped for 4 days. They finally completed the 
work in 35^ days. How many dollars should each one receive, 
and in what time could each one have done the work alone ? 

52. It took a certain number of workmen 6 hours to carry a 
pile of stones from one place to another. Had there been 2 
more workmen, and had each one carried 4 pounds more at 
each trip, it would have taken them 1 hour less to complete 
the work. Had there been 3 fewer workmen, and had each 
one carried 5 pounds less at each trip, it would have taken 
them 2 hours longer to complete the work. How many work- 
men were there, and how many pounds did each one carry at 
every trip ? 

53. Three carriages travel from A to B. The second carriage 
travels every 4 hours 1 mile less than the first, and is 4 hours 
longer in making the journey. The third carriage travels 
every 3 hours If miles more than the second, and is 7 hours 
less in making the journey. How far is B from A^ and how 
many hours does it take each carriage to make the journey ? 

54. A fox pursued by a dog is 60 of her own leaps ahead of 
the dog. The fox makes 9 leaps while the dog makes 6, but 
the dog goes as far in 3 leaps as the fox goes in 7. How many 
leaps does each make before the dog catches the fox ? 



CHAPTER XI. 

INEQUALITIES. 

1. One number is greater than a second number when the 
remainder obtained by subtracting the second number from the 
first is positive. 

Thus, since 6 — 4, = 2, is positive, 6 > 4. 

One number is less than a second number when the remainder 
obtained by subtracting the second number from the first is 
negative. 

Thus, since — 5 — 2, = — 7, is negative, — 5 < + 2. 

In general, 

a>h, when a — 6 is positive, 

and a<b, when a — b is negative, 

2. An Inequality is a statement that two numbers or expres- 
sions are unequal ; as a* -f &^ > a*- 

The members or sides of an inequality are the numbers or 
expressions which are connected by one of the signs of in- 
equality, > or <. 

3. Two inequalities are of the Same or Opposite Species, or 
are said to subsist in the same or opposite sense, according as 
they have the same or opposite sign of inequality. 

E,g,, 8 > 3 and — 5 > — 7 are inequalities of the same spe- 
cies ; > — 1 and < 1 are inequalities of opposite species. 

Principlea of Inequalities. 

4. A relation of inequality between two numbers can be 
stated in two ways ; as 7 > 3, or 3 < 7. 

That is, if the members of an inequality be interchanged, the 
sign of inequality must be reversed. 

204 
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5. If one number he greater than a second, and this second 
number be greater than a third, then the first number is greater 
than the third; that is, 

If a > 6 and b>c, then a>c. 

In like manner, if a < 6 and b<c, then a < c. 

E.g., 3>2, 2>1, and 3>1; -3<~2, -2<0, and -3<0. 

6. An inequality will continue to be of the same species, 

(i.) When the same number is added to, or subtracted from, 
each member. 

(ii.) When each m/ember is multiplied or divided by the same 
positive number. 

That is, if a>b, 

then a-\-n>b-\'n, a — n>b'-'n; 

and an>bn, a -?- /i > 6 -^ /i ; 

wherein n is positive. 

E.g., 8>4, and8 + 2>4-f2, 8-2>4-2; 
and 8x2>4x2, 8-^2>4-fr.2. 

7. An inequality will be reversed, 

(i.) When each member is subtracted from the same number, 
(ii.) When each member is multiplied or divided by the same 
negative number. 

That is, if a>b, 

then n — a<n — b, a (— n) < b (— n), < • 

E.g., 8 > 4, and 5 — 8 < 5 — 4, or — 3 < 1 ; 

8(-2)<4(-2),or-16< -8; and ^<^,ov -4<-2. 

8. There is often an advantage in using the same letter 
with some distinguishing marks to represent different numbers 
in the same discussion. 

Thus, with subscripts: «!, a^ Og, etc., read a sub^ne, a sub- 
two, a sub-three, etc., or simply a one, a two, a three, etc. 
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A subscript must not be confused with an exponent. Thus, 
a^ stands for the product aaa; while a, is a notation for a 
single number. 

Two or More InequalitieB. 

9. If the con*espondi7ig members of two or more inequalities of 
the same species he added, the resulting inequality mil be of the 
same species. 

That is, if Oi > 61, 02 > 62, •••, then Oi + Cg ••• > 61 + 62 •••. 

E,g,, — 5>— 7, 3>2, and — 5+3>— 7+2; or, —2>—5, 

10. If all the Tnembers of two or more inequalities of the same 
species be positive, and if the corresponding members be multiplied 
together, the resulting inequality wiU be of the same species. 

That is, if Oi > 61, Cj > 6j, Os > bs, then OiO^s > AiM» 
wherein Oj, 61, a^b^, a^ b^ are all positive. 
E.g., 12 > 4, 3 > 2, and 12 X 3 > 4 X 2, or 36 > 8. 

11. If the members of one inequality be subtracted from, or 
divided by, the corresponding members of another inequality of 
the same species, the resulting inequality vjUI not necessarily be of 
the sam£ species. 

That is, if Oi > 61 and 02 > 62, 

then Ci — 02 may or may not > 61 — 62, 

and ^ may or may not > -^^ 

02 O2 

E.g., 11>6, 4>3, and ll-4>6~3, J^>|; 
5>4, 3>1, but 5-3<4-l, |<f; 
8 > 6, 4 > 2, while 8-4 = 6-2; 
8 > 6, 4 > 3, whib | = f . 
These examples show the truth of the principle enunciated. 

12. Transformation of Inequalities. — The preceding princi- 
ples enable us to make the following transformations of in- 
equalities : 
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(i.) Any term may he transferred from one member of an in- 
eqaalUy to the other y if its sign be reversed. 

E,g.y if a'-b>Cy then a>h + c, 

(ii.) If the signs of both members of an ineqwilUy be reversed 
from + to —yOr from — to +j the sign of inequality must be 
reversed. 

E.g., — 3 < 5, and 3 >- 5. 

13. Ex. 1. Find one limit of the values of a;, if 

a; > 5 aj — 10. 

Transferring bx, — 4 aj > — 10. 

Dividing by — 4, x<2\. 

That is, the inequality is satisfied by all values of x less 
than 2^. 

Ex. 2. Find the limits of the values of x, if 

aj_5<4_2a?, (1) 

and 5-2aj>7-4aj. (2) 

Transferring in (1), 3 a? < 9, whence a; < 3 ; 

Transferring in (2), 2 » > 2, whence a? > 1. 

Therefore the values of x lie between 3 and 1. 

Ex. 3. What values of x and y satisfy the inequality 

5a: + 33/>ll, (1) 

and the equality 3 a? + 5 y = 13 ? (2) 

Multiplying (1) by 3, 15 a? + 9 j^ > 33. (3) 

Multiplying (2) by 5, 15 aj + 25 1/ = 65. (4) 
Subtracting (4) from (3), - 16 y > - 32, or y < 2. 

Multiplying (1) by 5, 25 a; + 15 3/ > 55. (5) 

Multiplying (2) by 3, 9 a? + 15 y = 3a (6) 
Subtracting (6) from (5), 16 a; > 16, or 05 > L 
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Pr. 1. A man receives from an investment an integi'al num- 
ber of dollars a day. He calculates that if he were to receive 
$ 6 more a day his investment would yield over $ 270 a week ; 
but that, if he were to receive $ 14 less a day, his investment 
would not yield as much as $ 270 in two weeks. How much 
does he receive a day from his investment ? 

Let X stand for the number of dollars which he receives a 
day. 

Then, by the first condition, 

7 (a? + 6) > 270 ; whence x > 32f 
And, by the second condition, 

14 (x - 14) < 270 ; whence x < 33^. 
Therefore he receives $ 33 a day from his investment. 

EXBBCISES I. 

Determine one limit of the value of x in each of the following 
inequalities : 

1. a;-8>4. 2. -3(aj + 10) >- 20 

3 3a;-8 ^^^ 37~2a; _^^ ^ lla-x ^a-x^ 
4 3 4a-f 6 b — a 

mm Cv ^ ^4 X ~~' J. ^» X , X ^ Ck 

5. a;-- <l -. 6. — — -H 7<^^^- 

1—a a—l a+6 a—o 

Determine the limits of the values of x in each of the fol- 
lowing systems of inequalities : 

r6a; + l>0, nx-'^x-hix>x-5, 

• l25-4a:>0. ' ] |(a. + 2) >- |(a:-2). 

Determine the limits of the values of x and y in each of the 
following systems : 

^ r2aj + 33/ = -4, ^^ (7x + y = 15, 

• [x-y>2. ' I3a;-22^>14. 

11. What integers have each the property that one-half of 
the integer, increased by 5, is greater than four-thirds of it, 
diminished by 3 ? 
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12. What integers have each the property that, if 9 be sub- 
tracted from three times the integer, the remainder will be less 
than twice the integer, increased by 12 ? 

13. A has three times as much money as B. If B gives A 
$ 10, then A will have more than seven times as much as B 
will have left. What are the possible amounts of money which 
A and B have ? 

Identical Ineqaalities. 

14. Many inequalities hold for all values of the literal num- 
bers involved ; as a^ -\-W> a?. 

Such inequalities are analogous to identical equations. 

15. Prove that if a is not equal to 6, then a* + 6* > 2 a6. 

We have (a-6)»>0, (1) 

since the square of any positive or negative number is positive, 
and therefore greater than 0. 

From(l), a«-2a6 + 6'>0; 

whence a' + 6* > 2 a6, by Art. 12 (i.). 

EXBBCISES II. 

Prove the following inequalities, in which the literal num 
bers are all positive and unequal : 

1. a*4- &* + c2>a6 + ac + &c. 

3. a&(a -f 6) -f hc{b -f c) -f oc (a -f- c) > 6 ahc, 

4. If P 4- m* + w* = 1, and l^ -f- m^ -f n^^ = 1, then 

III -f mmi -h wrii < 1. 

5. d^ + W>d?h-\-(ib\ 6. a^'\-h^>a?h-\-ah\ 

7. (a + 6)(6 + c)(c-f-a)>8a&c. 

8. 3(a« + &' + c*)>(a-|-6-f-c)«. 



CHAPTER XII. 

INDETERMINATE LINEAR EQUATIONS. 

1. It was shown in Ch. X., Art. 1, that the linear equation in 
two unknown numbers 

is satisfied by an indefinite number of sets of values of x and y. 

An Indeterminate Equation is an equation which^ like the 
above, has an indefinite number of solutions. 

Evidently the number of solutions will be more limited if 
only positive integral values of the unknown numbers are 
admitted. 

In this chapter we shall consider a simple method of solving 
in positive integers linear indeterminate equations. 

2. Ex. 1. Solve 4 05 -I- 7 y = 94, in positive integers. 
Solving for x, which has the smaller coefiicient, we obtain 

. = 9i^=23-s, + 2^ (1) 

or aj — 23 + 3^ = ~ ^ ' 

4 

Since x and 2/ are to be integers, — — ^ must be an integer. 

That is, y must have such a value that 2 — Sy shall be divisi- 
ble by 4. 

2 — Sv 
Let — -— ^ = m, an integer. 

4 

Then y = — - — , an inconvenient form from which to de- 

termine integral values of y. But since the expression — -— ^ 

4 

is to be an integer, any multiple of it will be an integer. We 

therefore multiply its numerator by the least number which 
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will make the coefficient of y one more than a multiple of the 
denominator, i,e,, by 3. 
We then have 

i=l^=l-2y + ?^, an integer. 
4 4 

Therefore, — --^ = m, an integer. 

4 

Whence 2^ = 2 — 4 m. (2) 

Then, from (1) and (2), a? = 20 + 7 m. (3) 

Any integral value of m will give to x and y integral values. 
But since y is to be positive, m < 1 ; 
and, since a? is to be positive, m > — 3. 
Therefore the only admissible values of m are 0, — 1, — 2. 
Whenm = 0, a? = 20, y= 2; 

m = — 1, x = lS, y= 6i 

m = -2, x= 6, 3^ = 10. 

3. An Indeterminate System is a system of equations which 
has an indefinite number of solutions. 

Thus, if the system » + y — « = 9, 
2a;-y + 7« = 33, 
be solved for x and y^ we obtain 

a? = 14-2«,y = 3»-6. 
In these values of x and y we may assign any value to z 
and obtain corresponding values of x and y, 

4. In solving a system of two linear equations in three 
unknown numbers, we first eliminate one of the unknown num- 
bers, and apply to the resulting equation the preceding method. 

Pr. A party of 20 people, consisting of men, women, and 
children, pay a hotel bill of $ 67. Each man pays $ 5, each 
woman $4, and each child $ 1.50. How many of the company 
are men, how many women, and how many children ? 

Let X stand for the number of men, y for the number of 
women, z for the number of children. 
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Then, by the conditions of the problem, 

x + y^z = 20, (1) 

5x + ^y + iz = 67. (2) 

Eliminating 2, 7 a? + 5 y = 74. 

Solving this equation, we obtain 

aj = 2 — 5m, y = 12-f7m, z = 6 — 2in. 
When m = 0, a? = 2, 3^ = 12, « = 6; 

m = — 1, x = ly y= 5, 2 = 8. 

BXEBCISES. 

Solve in positive integers : 
1. 5aj+82/=29. 2. 3a?-f52/=10. 3. 12aj+132/=175. 

4. 25aj+152/=215. 5. 5aj+132/=229. 6. 34 a? +89 2/ =407. 
^ r aj + 33^ + 52 = 44, ^ r 80? + 3^-22 =^8, 

l3aj + 5y + 72; = 68. ' \7x-2y— 2 = 8. 

Solve in least positive integers : 
9. 89a;-144y=l. 10. 14a;-49y=133. U. 67a?-432/=5. 

12. Divide 1000 into two parts so that one part shall be a 
multiple of 13, and the other a multiple of 53. 

13. What positive integers when divided by 4 give a re- 
mainder 3, and when divided by 5 give a remainder 4 ? 

14. A farmer received $16 for a number of turkeys and 
chickens. If he was paid $ 2 for each turkey and $ .75 for 
each chicken, how many of each did he sell ? 

15. A gardener has fewer than 1000 trees. If he plants 
them in rows of 37 each, he will have 8 left ; but if he plants 
them in a different number of rows of 43 each, he will have 11 
left. How many trees has he ? 

16. A said to B : " If I had eight times as much money as I 
now have, and you had seven times as much money as you 
now have, and I were to give you f 1, we should have equal 
amounts." How many dollars had each ? 



CHAPTER XIII. 

INVOLUTION 

1. Involution is the process of raising a number to any 
required power. 

Powers of Powers. 

2. Ex. 1. (a*y = aVaVa* = a*+*+*+*+* = a*>^* = a» 
Ex. 2. (a?y^ = a?a?a? ... to 10 factors 

^ /jj9+9+9+ -to lOsummandi _. ^xlO _^ gSO 

These examples ilhistrate the following method of finding 
any required power of a given power : 

Multiply the eosponent of the given power by the exponent of 
the required power; or, stated symbolically, 

For, (a*)" = aJ^aJ^a"^ ... to w factors 

^m+m+m+ — to n ■umnumdi ^ ^mn 

Powers of Products. 

3. Ex. 1. {aby = (ctb) {ah) (ab) (a6) 

= laaaa)(bbbb) = a*b\ 

Ex. 2 (xyy^ = (icy) (a^) (xy) ... to 10 factors 

= (x3sx ... to 10 factors) (yyy*" to 10 factors) 

= a^y^. 

These examples illustrate the following method of finding 
any required power of a product : 

Take the product of the factors, each raised to the required 
power; or, stated symbolically, 

(aby = a"b"; (abcy = a"b"G"; etc. 
213 
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For, (aby = (a5) (oft) (ab) •• • to n factors 

={aaa ••• to n factors) (phb ••• to n factors) 
= arb\ 

In like manner, {abcy = o^d"©" ; and so on. 

4 The converse of the principle of Art. 3 is evidently true. 

That is, 

a^ft" = (aft)* ; a"'6"'c"' = (adc)* ; etc. 

5. The principles of Arts. 2-3 prove the method, already 
given in Ch. V., Art. 5, of raising a monomial to any required 
power. 

Raise the numerical coefficient to tJie required power, and 
multiply the exponent of eadi literal factor by Hie easponent of the 
required power. 

, Ex. 1. (4 a%y = 42 a8><%2 = 16 a%*. 

Ex. 2. (-3 a*a^» = (- 3)« a*^ V^« = - 27 a^. 

Powen of FractionB. 

Ex. 2. f?Y=- X ? X ? ... to 9 factors 

\oy b b b 

aaa •?• to 9 factors a* 



666 ... to 9 factors 6^' 

These examples illustrate the following method of raising 
any fraction to a required power: 

Raise eaxJi term of the fraction to the required power; or, 
stated symbolically, 

\b) 6«' 

For, r?T = ? X ? X ^ . . . to n factors 

\J)J bob 

axm ••• to K factors a* 



666 ••• to n factors 6* 



3-7] INVOLUTION. 216 

EXEBCISBS I. 

Write the cubes and the fourth powers of: 
1. a?. 2. -a?*. 3. 2a?. 4. -3a6. 

5. baJtf. 6. 4a5y- 7- ^'mfxi^. 8. 6d»f(f. 

9. 2. 10. ^. 11. -^. 12. -i^. 

Write the squares, the cubes, and the nth powers of: 

13. a"+\ 14. aj"-l 15. 2aj*+"y. 16. — 3a"*+'^y. 

Find the values of each of the following powers : 

17. (-3ary)8. -la (5aVcy. 19. (^4:a^yV)\ 

20. (2xyV)\ 21. (-a«ajy*)«. 22. (-2mVi»)*. 



23. 



(^3^Y- 24. /^-l^Y. 25. r-5^Y- 



Powers of BlnomlaUi. 
7. By actual multiplication, we obtain 
(a + 6)» = (a2 + 2a4 + 6^(a-f 6) = a« + 3a«4 + 8a6« + 4», 
(a-6)» = (a*-2a4 + 4^(a-6) = a«-3a26 + 3a6«-A», 

= a* 4- 4fl'* + Bo^A* -f 4aA» + 6*, 
(a~4)* = a*-4a^6 + 6a242-4aA» + 4*. 

The result of performing the indicated operation in a power 
of a binomial is called the Expansion of that power of the 
binomial. 

In the preceding expansions the following laws are evident : 

(i.) The number of terms exceeds the binomicU eacponent by 1. 

(ii.) The exponent of a in the fir si term is equal to the binomial 
exponent, and decreases by 1 from term to term, 

(iii.) The exponent of b in the second tei^m is 1 and increases 
by 1 from term to term, and in the last term is equal to the 
binomial eooponent. 
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(i V.) The coefficient of the first term is 1, and that of the second 
term, except for sign, is equal to the binomial exponent. 

(v.) The coeffl>cient of any term after the second is obtained, 
except for s^'gn, by midtiplying the coefficient of th^ preceding term 
by the exponent of a in that term, and dividing the product by a 
number greater by 1 than the exponent of b in that term. 

E.g., the coefficient of the fourth term in the expansion of 
(a + 6)* is 6x2-5-3, =4. 

(vi.) The signs of the terms are all positive when the terms of 
the binomial are both positive ; the signs of the terms alternate, 
-h and —, when one of the terms of the binomial is negative. 

Observe, as a check : 

(vii.) The sum of the exponents of a and b in any term is equal 
to the binomial exponent, 

(viii.) The coefficients of two terms equally distant from the 
beginning and the end of the eoDpansion are equal. 

In a subsequent chapter the above laws will be proved to 
hold for any positive integral power of the binomial. 

a Ex.1. 

(2a-36)* = (2a)*-4(2a)»(36)-|-6(2a)*(36)2 
-4(2a)(36)«-f(36)* 
= 16a*-96a«6-f216a«6>-216a6»+816*. 

Ex. 2. {x+2yy=ixf+5o^(2y)-hl0a?(2yy 

•^10a?(2yy+5x(2yy+(2yy 
=^af-^10a^+A0a^*+S0a?f+dOxy^'hS2f. 





EXBBOISBS n. 




Baise each of 


the following expressions to the required 


power : 






1. (x + lf. 


2. (a-3)«. 


a (2 a! + 3)*. 


4. (5-2y)» 


5. (2a5 + 3)*. 


R (5x-6yy. 


7. (x'-sy. 


8. (5a?-Syy. 


9. (6ai»-5y^». 


10. {x-iy. 


11. (2x + 3y. 


12. (3x-2yy. 


13. (o + 6)'. 


14. (2m-3ny. 


IS. (x-yy. 
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Powers of Multdnomials. 
9. We have 

= a« + 2a6 -f 6* + 2ac + 26c + c«. 
Therefore (a -|- 4 4- c)* = a'+ 4'+ 1?* + 2a6 + 2ai? + 2 4c. 
In like manner, 

(a + b- !?)» = a'+ 4'H- ©» + 2a4 - 2ai? - 24©. 

(a - 4 - c)^ = a* + 4* H- c* - 2 a4 - 2 ae H- 2 4e. 

By repeated application of this principle we can obtain the 
square of a multinomial of any number of terms. We have 

(a + 6 + c-fd)* = [(a + 6-fc)* + d]* 
= a^ + b^-\-c^ + 2ab + 2ac + 2bc + 2{a + b-hc)d'hcP 
= a* + 6*-f c» -f c? 4- 2a6 4- 2ac -h 2ad 4- 26c + 26d + 2cd. 

That is, the square of a midtinomial is equal to the sum of the 
squares of the terms, plus the algebraic sum of twice the product 
of each term by eojch term which follows it, 

Ex.1. (3a:4-53^-72)«=(3aj)*4-(52/)*+(-72)«+2(3aj)(52/) 

4-2(3a:)(-7;?)+2(52/)(-72) 
=9aj«4- 25 2r*4-492;* 4- 30 a5y-42a»-702/2;. 

BXBBCISES III. 

Eaise each of the following expressions to the required 
power : 

1. (a + b + l)\ 2. {x-y^iy, 

3. (2a + 36 + l)«. 4. (3a-464-5c)l 

5. (a«4-a-fl)l 6. (aj«-a;4-l)'. 

7. (7?-{-xy-\-f)\ 8. (a*-3a6 4-6')'. 

9. (a4-&4-c)'. 10. {a-b-c)\ 

11. (a«-a4-l)'. 12. (2a -6 4- 5)8. 

13. {a + b-\-c-itd)\ 14. (a-6-c-|-d)l 

15. (a^ - a* 4- a - 1/. 16. (aj^ 4. 2 aj« ~ 3 a? + 4)*. 
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CHAPTER XIV. 

EVOLUTION. 

1. A Root of a number is one of the equal factors of the 
number. 

E,g,f 2 is a root of 4, of 8, of 16, etc. 

2. A Second, or Square Root of a number is one of two equal 
factors of the number. 

E,g., since 5 x 5 = 25 and (— 5) (— 5) = 25, therefore + 5 
and — 5 are square roots of 25. 

A Third, or Cube Root of a number is one of three equal 
factors of the number. 

E.g,, since 3 x 3 x 3 = 27, therefore 3 is a cube root of 27 ; 
since (— 3) (— 3) (— 3) = — 27, therefore — 3 is a cube root 
of - 27. 

In general, the qth root of a number is one of q equal factors 
of the number. 

E.g.f a gth root of «• is x. 

3. The Radical Sign, y, is used to denote a root, and is 
placed before the number whose root is to be found. 

The Radicand is the number whose root is required. 

The Index of a root is the number which indicates what root 
is to be found, and is written over the radical sign. The index 
2 is usually omitted. 

E.g., ^9, or -y/9, denotes a second, or square root of 9 ; the 
radicand is 9, and the index is 2. 

4. A vinculum is often used in connection with the radical 
sign to indicate what part of an expression following the sign 
is affected by it 
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^g-, V^ + 16 means the sum of ^9 and 16, while V9-f 16 
means a square root of the sum 9 -|- 16. Likewise -^a^ x 6* 
means the product of -y/a^ and 6*, while -y/a^ x b^ means a cube 
root of aV, 

Parentheses may be used instead of the vinculum in connec- 
tion with the radical sign ; as V(9 + 16) for V9 -f 16. 

5. It follows from the definition of a root that the square 
of a square root of a number is the number, the cube of a cube 
root of a number is the number, and so on. 

^.^., (V4)« = 4; (-^8)» = 8; etc 

In general, (V^V — «• 

6. An Even Root is one whose index is even; as -y/a^, ^a*, 

An Odd Root is one whose index is odd; as </8, ^8^ ^^a^+\ 

7. In this chapter we shall consider only roots of powers 
whose exponents are multiples of the indices of the required 
roots; as V16, =V4^ </«', •\/a*'- 

Number of Roots. 
a Since (± 4)2 = 16, therefore V16 = ± 4 ; 
since (± af=^a\ therefore -^a^ = ± a. 
These examples illustrate the principle : 
A positive number has at least two even roots, equal and oppo- 
site; i.e., one positive and one negative, 

9. Since (- 3)» = - 27, therefore ^- 27 = - 3 ; 
since 2« = 32, therefore ^32 = 2. 

These examples illustrate the principle : 

A positive or a negative number has at least one odd root of 
the same sign as the number itself, 

10. Since (+ 4)* = + 16 and (— 4)* = 4- 16, there is no mimr 
ber, with which we are as yet familiar ^ whose sqiiare is — 16. 
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Consequently V— 16 cannot be expressed as a positive or as 
a negative number; that is, in terms of the numbers as yet 
used in this book. 

Such roots are called Imaginary Numbers, and will be con- 
sidered in Ch. XVI. 

Evolution. 

11. Evolution is the process of finding a root of a given 
number. 

12. In the foUomng articles the radicands are limited to 
positive values, and the roots to positive roots, 

13. (i.) Since (ay = a«, therefore -^a« = a^ = a*. 

This example illustrates the principle : 

The root of a power is obtained by dividing the exponent of 
the power by the index of the root. 

E.g., ^a^^a] ^a^^ = a^ = a\ 

'HI 
In general, ya"^ = a^ = a". 

m 
For, since (a*»)« = a"*, therefore ^a"« = a'' = a^, 

(ii.) Since (aby = a^t^, therefore ^{a^b^ = ab = V«* X V^* 
This example illustrates the principle : 

The root of a product of two or more factors is equal to the 
product of the like roots of the factors, and conversely. 
E.g., -y/(16 X 25) = ^16x^25 = ^x5=^20; 

^(Sa^b") = -^8 X ^a» x ■^6« = 2 x a x b^ = 2ab'. 
In general, ^(a^b^) = ya^ x^b^. 

For, since (a6)« = a'6«, therefore -^(cfib^) =:ab = -^a'^ft'. 

(iii.) Since (2J=|, therefore ^| = f = ^ 

This example illustrates the principle : 

The root of a quotient of two numbers is equal to the quotient 
of the like roots of the numbers, and conversely. 
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■^■' \16 V16 4' \ 6« ^6« 6« 

In general, ^'/t- = -^i^. 

Ferine (|Y = ^tt»,fo«^ = 2 = ^. 



Roots of Monomials. 

14. The positive root of a positive number can be found by 
applying the principles of Art. 13. 

The negative even root of a positive number is found by pre- 
fixing the negative sign to its positive root. 

Since ^ - 8 =- 2, and --^8 = - 2, 

therefore ^- 8 = - -^8. 

That is, the negative odd root of a negative number is found 
by prefixing the negative sign to the positive root of the radi- 
cand taken positively. 

Ex. 1. V(16 «*^*) = V16 X Va* X V^* = 4 ah^ 

= 4aft*, the positive square root. 

Therefore ± V(16 a%*) = ± 4 a6*. 

In the following examples we shall give only the positive 
even roots. 

Ex. 2. ^(- 27a^/«») =-^- 27 X ^aj« X -^/ X ^2» 

= —3 x^yh^ = — 3 xy^s?. 

These examples illustrate the following method : 

Take the required root of the numerical coefficient, and divide 

the exponent of each literal fa/ctor by the index of the required 

root 
E 3 4 /16 a%" ^ ^(16 a%^ ^ ^16 ah^ ^ 2 a'b^ 
• • \625c^« </(625c>«) ^G25c^ ^^* * 



222 ALGEBRA. [Ch. XIV 

15. It is frequently of advantage to separate a number ex- 
pressed in figures into its prime factors before taking the root. 

Ex. 4. V(15 X 40 X 216) = V(o . 3 X 2« . 5 X 2« . 3«) 

= V(5' . 3^ . 2«) = 5 . 3« . 2« = 360. 

EXBBCISBS I. 
Simplify the following expressions : 
1. ^x''\ 2. ^-a^ 3. ^a?^. 4. ^a^^ 

5. ^(36 x'). 6. -^(27 2r*). 7. ^(-642«). 

8. ^(81a?»2) 9 ^(32a^<>). 10. ^(16a'af^. 

11. .^(-Sm^n*). 12. ^(16a«y*). 13. ^(-243a«6«). 

14. V(6f«'^'""')- 15. </(5J^a;*»2^-^. 16. VE^l «*(«'+ a^^]- 
17. -y/iSax^ X 27a?a?^). la ^(9a*^ x 3aV). 

19 /49al_«. 8/ a^'^^ J27 a'b' 

^^ V 6V ^- \""343" ^^- \64^^ 

22. J-^^. 23. ,/?26^. 24. «/:56ia!!. 

Find the values of each of the following expressions : 
25. V^'- 26. V^^- 27. ^2161 28. ^-27*. 

29. V(40xl5x6). 30. V(^6x 40x35). 

31. Vl^24. 32. V2025. 33. V12544. 

34. ^(6x20x225). 35. ^(84x18x49). 

36. ^{4:5xyx35xzxe3yz). 

37. ■^(36a26cx75a6Vx80a»68). 

SQUARE ROOTS OF MULTINOMIALS 

16. The square root of a trinomial which is the square of a 
binomial can be found by inspection (Ch. VI., Art. 9). 

17. Since (a -f 6)^ = a^ -f 2 oft + 6*, 
we have ■y/(a^ + 2a6-f&^=a + 6. 
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From this identity we infer : 

(L) The first term of the root is the square root of the first 
term of the trinomial; i.e., a=^o?, 

(ii.) If the square of the first term of the root be subtracted 
from the trinomialf the remainder will be 

2ab + Vy =(2a + 6)6. 

Twice the first term of the root, 2 a, is called the Trial 
Divisor. 

(iii.) The second term of the root is obtained by dividing the 

first term of the remainder by the trial divisor; i.e., b = -^ — • 

Z a 

The trial divisor plus the second term of the root is called 
the Complete Divisor. 

(iv.) If the product of the complete divisor by the second term 
of the root be subtracted from the first remainder, the second 
remainder will be 0. 

The work may be arranged as follows : 



a^ + 2ab + V 



2ab 
2ab + V 



a + 6 



2 a trial divisor 

2ab-h2a = bf second term of root 
2a + b complete diyisor 

= (2a + b)b 



la Ex. 1. Find the square root of 4 a?* - 12 a^ + 9 j/^ 

The work, arranged as above, writing only the trial and the 
complete divisor, is : 



4.a*-12(A/ + 9y' 


2a!»-3v 


4a!* 

-12a!»y 
-12a?y + 9y' 


ix'-Sy 



The square root of 4 aj* is 2 ic*, the first term of the root. The 
trial divisor is 2 (2 as^, = 4 ic*. The second term of the root is 

Ta > = — 3 2/' The complete divisor is 4 ic^ — 3 ^. 

4ar 



/ 
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Ex. 2. rind the square root of 




4a*-12a? + 29a?-30 


K + 26. 


The work follows : 




ia*-12a» + 2dx'-30x + 25 


2a^_3a; + 5 


4!e« 


ia? 


-12 a* 




-12a?+ 9a? 


ia?-3x 


20a? 




20a!»-30a; + 26 


ix'-Qx + B 



Only the trial divisor and the complete divisor of each stage 
are written, the other steps being performed mentally. 

The square root of 4 a^ is 2 a^, the first term of the root. The 

trial divisor is 2(2 oj^, = 4 aj^. The second term of the root is 

12 a^ 

, = — 3 a?. The complete divisor is 4 a^ — 3 a?, which is 



4a^ 

multiplied by the second term of the root, giving — 12 a^ -f 9 a^. 
The first term of the second remainder is 20 a^. 

90 ^ 
The third term of the root is -j— r-, = 5. 

4a/ 

To form the complete divisor at this stage, we multiply the 
part of the root previously found, 2 a^ — 3 a;, by 2, and to the 
product add the term just found. We thus obtain 4 a^— 6 x-\-5. 
This complete divisor we multiply by the last term of the root. 

In the preceding examples the terms were arranged to de- 
scending powers of a?. They could equally well have been 
arranged to ascending powers. 

19. The preceding method can be extended to find square 
roots which are multinomials of any number of terms. 
The work consists of repetitions of the following steps : 

After one or more terms of the root have been ft)und, obtain 
each succeeding term, by dividing the first term of the remainder 
at that stage by twice the first term of the root. 
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Firid the next remainder by subtracting from the laM remainder 
the eajpression (2 a -|- 6) 6, wherein a stands for the part of the 
root already foundf and bfor the term last found. 

BXEBCISBS II. 

Find the square root of each of the following expressions : 
1. ic* — 4a^-f 8a;-f 4. 2. 4m*— 4m«-f 5m*— 2m-f 1. 

3. iB*-2a^ + 3a^-2a; + l. 4. 4iC*+12fl^+5a^-6«+l. 
5. 9iC*+12a^-26a^-20a;+25. 6. 4aj*-28ic*+51aj*-7a;+f 
7. aY-4fl^i/'-f 6aj2y«_4aj2^^-l. 
a ia^^ia^y-\-2a?f-^12x^ + 9y', 
9. aj*-6aaj8-f 13a*a^-12a3a; + 4a^ 
10. 4a2 + 962 + l6c2-12a6 + 16ac-24&c. 
U. 49aj« + 42aj«-19iC*-12a;2 + 4. 

12. 25a;*-30aaf^ + 49aV-24a^a; + 16a^ 

13. a*4-4a« + 4a* + 2a-f 4 + i. 

a* 

14. 9a* + 30a% + 49a%* + 40a&» + 166^ 

15. 89a%*-70a5« + 16a*-56a% + 256^ 

16. 4a« - 12a*6 - 2Sa^l^ + 9a%2 + 42a6* + 496«. 

17. ^-i^-|-4aj»2/« + 6a;-12i/'-|-9^. 

18. aj*+?^ + ^ + 2aaj + 2+g. 

a or ar I 

19. l + 2a;-aj2 + 3a;*-2»« + a«. 

20. aj«-6aar^ + 15aV-20aV-f 15aV-6a*aj + a^. 

21. l-4a + 64a«-64a*-32a« + 48a* + 12al 

22. 4a« + 17a*-22a» + 13a*--24.a-4a« + 16. 

23. 9a^ + 6aj«2/ + 43£C*/ + 2a:8ir* + 45a:*^-28a?/ + 4j^. 

24. a?* + 4aj» + 6aj* + 5aj + 5+5 + -^ + i + i. 

ic 4ar ar ar 
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CUBE ROOTS OF MULllNOMIALS. 

20. The process of finding the cube root of a multinomial is 
the inverse of the process of cubing the multinomial. 

Since (a -f 6)^ = a' -f 3 a% + 3 od^ + &• 

= a« + (3a2 + 3a6 + y)6, 
we have -^(a« + 3a% + Saft^ + ftS) = a -f 6. 

From the identity (2), we infer : 

(i.) The first term of the root is the cube root of the first term 
of the multinomial ; i.e., a=-^a\ 

(ii.) If the cube of the first term of the root be subtraded from 
the multinomialf the remainder will be 

3a% + 3a6* + 6», =(3a* + 3a6 + 6^6. 

Three times the square of the first term of the root, 3 a^, is 
called the Trial Divisor. 

(iii.) The second term of the root is obtained by dividing the 

first term of the remainder by the trial divisor; i.e., b = -^— ^* 

o a 

The sum 3 a* -f 3 a5 -f 6* is called the Complete Divisor. 

(iv.) If the product of the complete divisor by the second term 
of the root be subtracted from the first remainder , the second 
remainder wiU be 0. 

The work may be arranged as follows : 



a^+Sa'b+Sab'+V 



3a'b 
3a%+3a6'+6« 



a+b 



3 a* trial divisor 

3 a'6 H- 3 a* = 6, second term of root 

3 a* 4-3 a6 -ft*, complete divisor 

= (3a'4-3a64-y)x6 



21. Ex.1. Findthecuberootof 27iB»-f64ajV+36a^f83r*. 
The work, arranged as above, is : 

27a^ + 64t(ji^y-{-S6xf + Sf{3x±2y_ 



64 a^ 

54a^ + 36a^-f 8y^ 



3(3a?)^ = 27aj* 
(27a?-\-lSxy + 4:f) 
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The cube root of 27 oj* is 3 a;, the first term of the root 
The trial divisor is 3 (3 xf = 27 a?. 

The second term of the root is J^ , = 2y. The complete 
,. . . 27 ar 

divisor IS 

^^xY^^{Sx)(2y) + (2y)\ =27«2 + 18a^ + 4y«, 
which is multiplied by the second term of the root, giving 
54ar^y + 36a:y* + 82/^. 

22. The preceding method can be extended to find cube 
roots which are multinomials of any number of terms, as the 
method of finding square roots was extended. The work con- 
sists of repetitions of the following steps : 

After one or more terms of the root have been found, obtain 
each succeeding term by dividing the first term of the remainder 
at that stage by three times the square of the first term of the root 

Find the next remainder by subtracting from the la^ remainder 
the expression (3 a^ -|- 3 oft -|- 6^ 6, wherein a stands for the part 
of the root already found, and b for the term last found, 

23. The giveij multinomial should be arranged to powers of 
a letter of arrangement. 

Ex. 
27 -27 x+90 x2_55 as^+OO JC*-27 x6+27 3fi 

•27 



-27 5C 

-27ac+ 9a;g- ofi 

81a;3-64x» 

81 gg-64 a^+90 g*~27 xH27 sfi 



3-a;+3x« 



3(3)a=27 

3(3)2+3(3)(-x) + (-x)g=27-9a;-fa;a 



3(3-x)2+3(3-x)(3 x2) H- (3 x^y= 
27-18 x-f 30 x^-9x8+9x* 



EXERCISES ni. 

Find the cube root of each of the following expressions : 

1. aj» + 9 ar» 4- 27 a? + 27. 

2. l-6a? + 12aj*-8aj*. 

3. 64 a^ + 240 a% + 300 a^ + 125 b\ 

4. a;«-6aj« + 15aj*-20aj8 + 15a^-6a;-f 1. 
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BOOTS OF ARITHMETICAL NUMBERS. 
Square Roots. 

24. Since the squares of the numbers 1, 2, 3, •••, 9, 10, are 
1, 4, 9, •••, 81, 100, respectively, the square root of an integer 
of one or two digits is a number of one digit. 

Since the squares of the numbers 10, 11, •••, 100, are 100, 
121, •••, 10000, the square root of an integer of three or four 
digits is a number of two digits ; and so on. 

Therefore, to find the number of digits in the square root of a 
given integer, we first mark off the digits from right to left in 
groups of two. The number of digits in the square root icill he 
equal to the number of groups, counting any one digit remaining 
on the left as a group. 

25. The method of finding square roots of numbers is then 
derived from the identity 

(a-\-by = a'-\-(2a-]-b)b, (1) 

wherein a denotes tens and b denotes units, if the square root 
number of two digits. 
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26. Ex. 1. Find the square root of 1296. 

We see that the root is a number of two digits, since the 
given number divides into two groups. The digit in the ten^ 
place is 3, the square root of 9, the square next less than 12. 
Therefore, in the identity (1), a denotes 3 tens, or 30. 

The work then proceeds as follows : 

12^96 1 30 + 6 = 36 
9 00 I 2a = 60, trial divisor 

-60 = 6 + 



3 96 
3 96 



2a = 60, 

(2a6 + 6^^ 2a = 396- 

= (2a + 6)x6 = (60 + 6)x6 



(1) 
(2) 
(3) 

The first remainder, 396, is equal to 2 a6 + 6^, and cannot 
be separated into the sum of two terms, one of which is 2 a5. 
We cannot, therefore, determine b by dividing 2 a6 by 2 a, as 
in finding square roots of algebraic expressions. Consequently 
step (2) sicggests the value of b, but does not definitely deter- 
mine it. As a rule, we take the integral part of the quotient, 
6 in the above example, and test that value by step (3). 

This method may be extended to find roots which contain 
any number of digits. At any stage of the work a stands for 
the part of the root already found, and b for the digit to be 
found. 

Ex. 2. Find the square root of 61529. 

The root is a number of three digits, since the given number 
divides into three groups. The digit in the hundreds^ place is 2, 
the square root of 4, the square next less than 5. Therefore in 
the identity (1), a denotes 2 hundreds, or 200, in the first stage 
of the work. The work then proceeds as follows : 



5' 15' 29 
4 00 00 



1 15 29 
84 00 



31 29 
31 29 



200 + 20 + 7 = 227 



2 a = 400, trial divisor 

(2ab-\-b^-^2a = 11529 -- 400 = 20 + 
= (2a + &)6 = (400 + 20) x 20 



(2ab'\-b')-^2a = 3129 -- 440 = 7 + 
= (2a + 6)6 = (440 + 7) x 7 



(1) 
(2) 
(3) 
(4) 
(5) 



6' 16' 29 
4 
1 15 

84 


227 

11-^4 = 2 + 
42 


31 29 
31 29 


312-1-44 = 7 + 
447 
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In the second stage of the work, a stands for the part of the 
root already found, 220, and h for the next figure of the root. 
In practice the work may be arranged more compactly, omitting 
unnecessary ciphers, and in each remainder writing only the 
next group of figures. Thus : 



(2) 
(4) 



Observe that the trial divisor at any stage is twice the part of 
the root already found, as in (2) and (4). 

27. The abbreviated work in the last example illustrates 
the following method: 

After one or more figures of the root have been foundy obtain 
the next figure of the root by dividing the remainder ai thai stage 
(omitting the last figure), by the trial divisor at that stage. 

See lines (2) and (4). 

Annex this quotient to the part of the root already found, and 
also to the trial divisor to form the complete divisor. 

Find the next remainder by subtracting from the last remainder 
the product of the complete divisor and the figure of the root 
last found. 

28. Since the number of decimal places in the square of a 
<lecimal fraction is twice the number of decimal places in the 
fraction, the number of decimal places in the square root of a 
decimal fraction is one-half the number of decimal places in 
the fraction. 

Consequently, in finding the square root of a decimal frac- 
tion, the decimal places are divided into groups of two from 
the decimal point to the right, and the integral places from 
the decimal point to the left as before. 
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Ex. 



L4' 46.28' 09 


38.03 


9 

6 46 
6 44 


68 


2.28 09 
2.28 09 


76.03 



In finding the second figure of the root, we have J^ = 9 ; but 
69 X 9 = 621, which is greater than 646, from which it is to be 
subtracted. Hence we take the next less figure 8. 

EXBBOISBS IV. 
Find the square root of each of the following numbers : 
1. 196. 2. 841. 3. 1296. 4. 65.61. 5. 7396. 

6. 3481. 7. 667489. a 170569. 9. 1664.64. 

10. 682169. 11. 1.737124. 12. 666.0164. 13. .00099226. 

Cube RootB. 

29. Since the cubes of the numbers 1, 2, 3, •••, 9, 10, are 1, 
8, 27, •••, 729, 1000, respectively, the cube root of any integer 
of one, two, or three digits is a number of one digit. Tlie cube 
roots of such numbers can be found only by inspection. 

Since the cubes of 10, 11, ...,100 are 1000, 1331, ..., 1000000, 
respectively, the cube root of any integer of four, five, or six 
digits is a number of two digits, and so on. 

Therefore, to find the number of digits in the cube root of a 
given integer, we first mark off the digits from right to left in 
groups of three. The number of digits in the cube root will 
be equal to the number of groups, counting one or two digits 
remaining on the left as a group. 

30. The method of finding cube roots of numbers is derived 
from the identity 

(a + hf = a» 4- (3 a* + 3 a6 + 6*) 6, (1) 
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wherein a denotes tens, and b denotes units, if the cube root 
is a number of two digits. 

Ex. Find the cube root of 59319. 

The digit in the tens^ place of the root is 3, the cube root 
of 27, the cube next less than 59. Therefore in identity (1), 
a denotes 3 tens, or 30. The work may be arranged as follows : 



69'319 
27 000 



32 319 



32319 



a-hb 
30 + 9 



3 a2 = 3 (30)2 = 2700 (1) 

(3 a% + 3 a6« + 6«) -f- 3 a« = 32319 + 2700 = 9 + (2) 

3a2 = 3(30)« =2700 

3a6 = 3(30)9= 810 
62 = 92 = 81 

= (3 g^ + 3 a6 + &^ X 6 = 3591 x 9 (3) 



As in finding square roots of numbers, step (2) suggests the 
value of b, but does not definitely determine it. If the value 
of b makes (3 a^ + 3 aft -f b^) x b greater than the number from 
which it is to be subtracted, we must try the next less number. 

In practice the work may be arranged more compactly, 
omitting unnecessary ciphers, and in each remainder writing 
only the next group of figures ; thus 



(1) 

(2) 
(3) 



3L The preceding method may be extended to find roots 
that contain any number of digits. 

At any stage of the work a stands for the part of the root 
already found, and b for the digit to be found. 

The method consists of repetitions of the following steps : 

The trial divisor at any stage is three times the square of the 
part of the root already found; as 27 in the preceding example. 



69' 319 


39 


27 




32 319 


2700 




810 




81 


32 319 


3591 
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After one or more figures of the root have been found, obtain 
the next figure of the root by dividing the remainder at that stage 
(omitting the last two figures) by the trial divisor. In the last 
example, 9 + = 323 -J- 27. 

Annex this quotient to the part of the root already found. 

To obtain the complete divisor, add to the trial divisor (with two 
ciphers annexed) three times the product of the part of the root 
already foumd (with one cipher annexed) by the figure of the root 
just found, and also the square of the figure of the root just 
found. 

Find the next remainder by subtracting from the laM reToainder 
the product of the complete divisor and the figure of the root kist 
found. 

32. Evidently, in finding the cube root of a decimal fraction 
the decimal places are divided into groups of three figures from 
the decimal point to the right, and the integral places from the 
decimal point to the left as before. 

EXEBCISBS V. 

Find the cube root of each of the following numbers : 
1. 2744. 2. 39304. 3. 110.692. 4. 328509. 

5. 1.191016. 6. 74088000. 1. 340068392. 8. 42%.^51111. 
9. 684067.412279. 10. 375601280.458951. U. .041063625. 

HIGHER ROOTS. 

33. Since ■^a* = a, and ■y^y'a* = y'a' = a, 
therefore, ^a* = V V^** 

Since -^a^^a, and ^v'^^ = "V^^ = ^^ 

therefore, %/a^ = -^^a\ 

In general, since 

^/a^^,=a, and ^-^a*^ = -^a' = a, 
therefore, f^a^ = ^^a^. 
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That is, the pqth root of a number is the pth root of the qth 
root of the number. 

In particular, the fourth root is the square root of the square 
root, the sixth root is the cube root of the square root. 

BXBBCISBS VI. 

Find the fourth root of each of the following expressions : 

2. a8 + 4a^6 + 10a«6* + 16a*&» + 19a*6* 

+ 16 a»6« + 10 a%« + 4 a5^ 4- &". 

3. 16a^-160a;^ + 408aj« + 440a:^-2111a?* 

- 1320 aj» + 3672 ^ + 4320 x + 1296. 

4. 625 a? + 6500 x' + 17150 aj« + 20020 a^ 

+ 721iC*-8008aj»4-2744aj«-352a?4-16. 

Find the sixth roots of each of the following expressions : 

5. 64 x^^ - 192a?i« + 240 aj^ - 160 aj« + 60 aj* - 12 a^ + 1. 

6. a>^^% a"6+21 aH^^m a%H90 a«6*+126 a^&«4-141 a«6« 

+126 aW+90 a*6«+50 a86»+21 a^ft^^+e a6"+6« 

Find the value of each of the following indicated roots : 

7. ^279841. a ^3010936384. 9. </164204746.7776 



CHAPTER XV. 

SURDS. 

1. In Ch. XIV. we considered only roots of powers whose 
exponents were multiples of the indices of the required roots. 
Such roots as ^2, ^a*, etc., were excluded. 

2. Such roots as -yj% -^a?, etc., cannot be expressed either 
as integers or as fractions. Thus, there is no integer or frac- 
tion whose square is 2. 

But it is there proved that the value of such a root can be 
found approximately to any degree of accuracy. 

E.g,y approximate values of ^2 are 1.4, 1.41, 1.414, etc. 

3. It is also proved that these roots obey the fundamental 
laws of Algebra ; as V^ X V^ = V^ X V^* ®*^- 

4. An Irrational Number is a number which cannot be ex- 
pressed as an integer or as a fraction ; as -y/2, -y/d?. 

An Irrational Expression is an expression which involves an 
irrational number; as -y/b, a-^'-yJb. 

5. A Rational Number is a number which can be expressed as 

2x 
an integer or as a fraction ; as 2, -— , ^(27 a®). 

A Rational Expression is an expression which involves only 
rational numbers ; as f a -f ^ 6, a6 + -y/a^. 

6. A Radical is an indicated root of a number or expression ; 
as -y/'l, ^% </(a + 6). 

A Radical Expression is an expression which contains radi- 
cals ; as 2V7, V^ -^^Vf V(^' + V^)- 

7. A Surd is an irrational root of a rational number; as 

235 
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Observe that -y/^l +^/7) is not a surd, since 1 -|-^7 is not a 
rational number. 

& The Order of a surd is indicated by the index. Thus, -y/a 
is a surd of the second order, or a quadratic surd; ^5 is a surd 
of the third order; and so on. 

PrincipleB of Surds. 

9. As in Ch. XIV., we limit the radicands to positive values, 
and the roots to positive roots. 

10. The principles established in Ch. XIV., Art. 13, and 
their proofs, hold also for surds. For, any positive number is 
a power of either a rational or an irrational number. 

Thus, 4 = 2*, 3 = ( V3)^ a = {-^ay. 

We have V(^) = V[( V^)*( V^)T = V^ ^ V^ 5 ^^^ so on. 
Therefore, 

(i.) ^a*"? = a7= a". [Ch. XIV., Art. 13, (i.).] 
(ii.) ^(a*) = ^a X -^b. [Ch. XIV., Art. 13, (ii.).] 

(iii.) ^5 = ^- [Ch. XIV., Art. 13, (iii.).] 

Reduction of Sturds. 

U. A surd is in its simplest form when the radicand is in- 
tegral, and does not contain a factor with an exponent equal to 
or a multiple of the index of the root ; as ■y/2, -^{d?h), -^a*. 

12. Ex.1. V8^=V(16x^)=Vl^xV5 = 4V^- 

Ex. 2. V(l^ ^^^^ = V(9 a*^^ X 2 a) = V(9 a^h^ x -y/(2 a) 

= 3 a% V(2 a). 

These examples illustrate the following method of reducing 
a surd to its simplest form : 

Separate the radicand into two factors, one a product of powers 
with the highest exponents which are multiples of the given index. 
Multiply the rational root of this factor by the irrational root of 
the second factor. 
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Ex.3. ^(48 a^2r^ = ^(8 irVx 6 a^ = 2 a^^(6ar^. 
Ex. 4. ^(a»+^62»+2)^^(^«52n X a62) = ab^^(ab^. 

EXERCISES I. 

Reduce each of the following surds to its simplest form : 

1. ^32, 2. ^75, 3. V108. 4. ^x\ 

5. -y/ia^b). 6. V(«'^)- ''- V(8a'a^")- 8. v(^Ottxy) 

9. ^192. 10. ^-lOf U. </-a^«. 12. ^(24 &V). 

13. ^(160*0^. 14. ^(32 a«aj8). 15. ^(-OGajy-'). 

16. -^3^8"+*. 17. •'+^a^+«. 18. "^'a-"+'. 

19. V(«^"^^'*"0- 20. ■^(- a;^*6*')^ 21. ^(a-«+»6). 

22. V(«'^ + «'^- 23. V(a^«* - ^'c«)- 

24. V(6-c)(68-c«). 25. V(a2 - 1) (1 + «)• 

26. V(9^-l^«^ + ^«> 27. V(4a«&-8a262 + 4a&3). 

13. When the Expression under the Radical Sign is a Frac- 
tion. — In this case we reduce the numerator and denominator 
separately by Art. 10 (iii.). 



Ex 1 ,/3«'= V(3a') ^aV3 
\46' V(46^) 26 



Ex.2. ^/Sa)^^ /8a^y^ V(8a^y) ^ 2a;V(2y) 

When the required root of the denominator is not rational, 
we proceed as in Ex. 2 : 

First multiply both terms of the fraction by the expression of 
lowest degree which will make the denominator a power with an 
exponent equal to the index of the root. Then proceed as before. 

Ex 3 '/^-'/ ^ _« /7x2x9 _^126_,,.og 

BXBBCISEiS II. 
Simplify each of the following expressions : 

15 , la" , »l32a»y* ^ * / 81 rt°6» 
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5. vi- 6. 2Vi. 7. vi- 8- ^Vf 

9. Vi- 10- Vf- ^- ^Vl- ^- ^Vf- 

13. Vf- !*• Vf 15. Vf 16. VitIt^- 

^^- Vslft- "• V 1256^ ^- V456V ^- \7 

21. '/^. 22. 4/-5L-. 23. »/^^. 24. ll^^ 

W \27 6 \4 6«y* \862 

25. »/12§a!^. 26. 4/li«^^ 27. il^. 28. ^Z-^^^. 

14. When the index of the root and the exponent of the radi- 
cand have a common factor. We have 

Therefore, ^a^ = ^a" = -^al 

This example illustrates the following method : 
Divide the index of the root and the exponent of the radicand 
by their H, C. F. 

"Q np 

In general, "^a^P = -(^a « = ^aP. 

For, ( V«0"' = [( V^O']** = [^T* = «**• 

Therefore, ^a"' = -^a^, 

Ex.1. -{/a^rzrVa. 

Ex.2. ^9 =^'32 = ^3. 

Ex. 3. ^(27 a^ft^ = ^6« x </(3 a)^ = 6^(3 a). 

EXERCISES III. 

Simplify each of the following expressions : 
1. </25. 2. ^49. 3. ^8. 4. -^25. 

5. ^16. 6. ^81. 7. ^(81 a^. 8. -^(27 a^), 

9. </(4a*a^. 10. ^(125 a«a^. U. -^(49 aV). 

12. ^(8a96^). 13. ^(64 aW^. 14. ^(a«>"6«"). 



15. V/^. 16. .^^^^ 



1 '»/_2~_, 17 ««/ ^ 
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Addition and Subtraction of Surds. 

15. Similar or Like Surds are rational multiples of one and 
the same simple monomial surd ; as ^/12, = 2^3, and 5^3. 

The rational factor is called the coefficient of the surd factor. 

16. Like surds, or such surds as can be reduced to like surds, 
can be united by algebraic addition into a single like surd. 

Ex. 1. Vl2+2V27-9V48=2V3+6V3-36V3=-28V3. 
Ex. 2. 8^40 + 3^135 - 2^625 = 16^5 -f 9^5 - 10^5 

= 15^5. 

Ex.3. V2-Vi+V-^2=V2-iV2-l-AV2 = fV2. 
Ex.4. VK^) + 2V(«'^')+V(«^') 

=aV(a^) +2 a5 V W +&VW = (a+by^(ab). 
These examples illustrate the method : Reduce ecbch surd to 
its simplest form, and take the algebraic sum of the coefficients, 

EXEBCISBS IV. 
Simplify : 

1. 5V2 + 3V2-7V2. 2. 3Va-5Va + 7Va. 

3. 8-^9-3^9 + 7^9. 4. 2^aj-5-^a;-9-^aj. 

5. V^+V^O. 6. V^^-^V40. 7. ^(16a)-3-y/a, 

8. S^(9b)-S^(16b). 9. ^16-3-^54. 10. 2-^81-6^24. 

11. 2^(8 a?) +5^(27 a:). 12. 6^(108 a) -3^(500 a). 

13. x^{xf)-{-yy/{y?y). 14. 5aV(3«»^- 6V(48a'). 

15. V2 + 3V8-V^^- 16. 3V3+V27-llV-^8- 

17. 3V6 + 2V24-V54. 18. 30 V20 + 4V45 - 11 V245. 

19. 3V75 + 4JV192-2IV12. 20. v23ft, -h V^H - Vf 

21. 4Vf-WA-2v27. 22. 2V4+V60-Vl5+Vi 

23. 8^48 + 3^162-2^384. 24. 5^54 + 9^250-^686. 

25. 2*^500 + 4^256-3^^32-1^108. 

26. ^40-5^^j + 4^(-.625)-f^l6f 
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27. 2V3-Vl2+</9. 28. ^24 + 3^9-5^192. 

29. V(4 «*) + V(^ «*) + V(25 a») - V(81 a8). 

30. V(12 a%) + V(75 a%) - ^(27 a%). 
ai. •^(64a«y)+^(125a«ft»)-^(a%«). 

32. a VK^O + ^ VK^*) - 2 (ib^-y/(c?V^ + ^ (a»628). 

33. ^(9a«6*)+V(27a«6) + 5^(729 a«y). 

34. V(9a + 27) + 3V(4a + 12). 

35. ^(4a« + 4a«6)+V(4a5« + 4y). 

36. 7a:V(25a + 75)-5v(9aJ*a + 27aj8). 

37. 2V(2ar»)-V(8»)-V(2«'-4aj* + 2a?). 

Redaction ol Surds of Different Orders to Equivalent Surds of 
the Same Order. 

17. The converse of the principle of Art. 14 evidently 
holds. That is, 

Ex. 1. Eeduce ^^2, ^(3 a), and ^(5 b) to equivalent surds of 
the same order. 

We have V2=\/2« =^64; 

^(56)=^(56)2=:»J/(25&^. 

We thus have the following method : 

Take the L. C. M. of the given indices as the common index 
of the equivalent surds. Raise each radicand to a power wh^se 
exponent is equal to the quotient obtained by dividing this L. C. M. 
by the given index, 

18. Any rational number can be expressed in the form 
of a surd. 

Ex.2. 2=V4=-v/S = -; a=V<*' = ^«*=^^'- 
Write under the radical sign a power of the number whose 
exponent is equal to the index. 
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19. Two surds, or a surd and a rational number, can be 
compared by first reducing them to equivalent surds of the 
same order. 

Ex. 3. Which is greater, ^2 or ^3 ? 

We have V^ =^/8, and ^3 = ^9. 

Since 9>8, therefore ^9>^8, or ^3>V2. 

EXERCISES V. 
Eeduce to equivalent surds of the same order : 
1. v2, </5. 2. V^^ \/6. 3. V7, ^10. 

*• Vi ^\' 5. 5, ^10. 6. 6, ^4. 

7. -«/2, ^3. 8. ^15, ^10. 9. ^a«, V^. 

10. V5, -^10, </15. 11. ^2, V3, -^5. 12. ^a8, V^, ^c". 

Which is the greater, 
13. 2V3 or 3V2? 14. V^ or \/l<>^ 1^. ^^25 or iV^^ 
16. ^'(3? or V«; when a < 1 ? 17. ^oj' or ^a?*, when aj> 1 ? 

Which is the greatest, 
la V3, ^5, or ^10? 19. Vi ^i or ^J? 

Multiplication ol Surds. 

20. Multiplication of Monomial Surds. — The converse of the 
principle of Art. 10 (ii.) evidently holds. That is, 

Ex. 1. 5^4 X 2^6 = 10^24 = 20^3. 

Ex. 2. V« X -v/«' = -yJ^^ X ^«' = -^^ = ^-yJ^ 

We thus have the following method : 

Meduce surds of different orders to equivalent surds of the same 
order. 

Multiply the product of the coefficients by the product of the surd 
fcictors. 

Simplify the resuU. 
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Ex. 3. V12 X ^36 = V(^x3)x-^(4x9)=2v3 x-</(2^x3^ 
= 2^3» X ^(2* X 3*) = 2-5/(2* X 30 
= 6^(2^x3) =6^48. 

When the radicands contain numerical factors it is advisable 
to express them as powers of the smallest possible bases. 

21. It is frequently desirable to introduce the coefficient of 
a surd under the radical sign. 

Ex.4. 4V6=Vl6xV5 = V80. 

Ex. 5. 3 a^(2 db) = ^(27 a») x ^(2 db) = ^(64 a*6). 

BXBBCISBS VI. 
Multiply : 

1. V^xyS- 2. V(5a)xv(6&). d- V2x2V8. 

4. 4V16XV46. 5. VfxVrk- «• 2</Mxi^f 
.7. 3^46x6^150. 8. 9^54x3^24. 

9. ^6x3-^36. 10. V«xV(2a)- U- S^mx^mn. 
12. 7V(6a!)x4V(18a!). 13. -^(a^x) x -l/a. 

14. -^{5x^x^(25x1/). 15. ^(4La*b)x-^{6(a^. 

16. yf(l+x)x^iax + d). 17. */(l-xyx-^(l-a?). 
18. V6x^4. 19. •^60x-^76. 20. V21 X</27. 

21. ^20xV2. 22. </72x^l08. 23. ^ixV3. 

-V^\'?■ ''■4''€ -^fx^s 

27. ^64 X 3V6 X 6</2. 2a v^O x -^00 X </600. 

29. ^12 X -^08 X ^486. 30. 12^4 X V2| X ^Z^. 

31. ^2x</216x^96. 

32. V(^0a;)x^(260a!)x^(80«0. 
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In each of the following expressions introduce the coeffi 
cient under the radical sign : 

33. 3V2. 34. 5V3. 35. 2^25. 36. 10^7. 

37. 5^3. 38. i^2. 39. -^^4. 40. f^'J^. 

41. 2a^a, 42. 5x^^{Sxy), 43. 4a%^(2a). 

44. a4;/a. 45. d?h''-^{aby 46. a*»+V«""^- 



47. (a + h)J ^ f^ . 48. (m-n)^/???i 



22. Involution of Monomial Surds. — We have 

In general, (-?/«)** = ^a x -^a x -^a • . • to n factors 
= -{/(a(ia ••• to n factors) 
or, {^ay=-^a''. 

That is, to raise a surd to any required power : 
Baise the radicand to the required poiver. 

Ex. 6. (^2)* = ^2' = 2^2. 

23. If the index of the root and exponent of the required 
power have a common factor, the work is simplified by Art. 14 : 

Ex.1. (^5)2=^6. Ex.2. l^(ab)J=l^(ab)y=^^(a'b^. 
Ex. 3. [5 a;^(32 f)]' = 25 ar* ^(2y) = 50 a^y ^2. 

EXERCISES VII. 

Simplify : 

1. (V5)2. 2. (^af, 3. (</^y. 4. (^/^y. 

5. (^/2^f. 6. (V3^)«. 7. (\/5a)2. 8. (3V^)^ 

9. (2^a^l 10. (■v/aV)^^ 11. (3^2)^ 12. (^VOaby. 

13. (\/a*6)2. 14. (^/8^)8. 15. (-v/7a)3. i^, (2aV3^6)'. 
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24. Multiplication of Multinomial Surd Numbers. — The work 
may be arranged as in multiplication of rational multinomials. 

Ex. Multiply 2V5 + 3V2 by V6-4V2. . 
We have 2^5 + 3^2 

V5-4V2 

10 + 3V10 
-.8V10-24 

10-5V10--24=-14 - 5V10. 

25. Conjugate Surds. — Two binomial quadratic surds which 
differ only in the sign of a surd term are called Conjugate Surds. 

E,g,y ^3 + V^ and -^3 + V^; 1 - V^ and 1 + V^. 
Either of two conjugate surds is the conjugate of the other. 
The product of two conjugate surds is a rationed number. 

For, ( Va + V^) ( Va - V^) = ( V«)' - ( V^)' = « - &• 

26. Type-Forms. — Many products are more easily obtained 
by using the type-forms given in Ch. V. 

Ex. ( V2 + -y/Sy = ( V2)' + 2 V2 X V3 + ( V^)' 

= 2 + 2V6 + 3 = 6 + 2V6. 

EXERCISES VIII. 
Simplify each of the following expressions : 

1. (V3 + 3 V6 - 5 V8) X V^- 

2. ( V9 - 2 V45 + 5 V54) X V3. 

3. (5+V3)(l-3V3). *. (VlO-2)(VlO + 5). 

6. (2v7-5vi3)(v9i-5). 6. (ve+iiV^XV^+^Vi^)- 

7. (oj -f 2 Va) (» - 3 Va) 8. (-^a -^ -y/b) (a^b - b^/a). 

9. (4V3-3V6 + 5V2)(5V3-6V2). 
10. (V3 + 8V6-7)(V6-2V3 + 7V2). 
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11. (3 V2 - 6 V6 + 2 VIO) (V2 + 3 V6 + 4V10). 

"• (v7+</2H-V3)«/7-</3). 

13. v'(3 - 2V2) X </(17 + 12 V2). 

14. </(2-V3)xV(2 + V3)- 

15. (5^9 + 3^25) (^3 -^6). 

16. «/27-</2)(2</3 + 3</8). 

Find the value of each of the following expressions, without 
performing the actual multiplications : 

17. (V6-V10)'. la (V6-4^40)». 19. (V3-V6)'. 

20. (V6-2^2)». 21. (1+V2-V3)'- 22. (V2 + V3+1)*. 

23. (8 + 3V7)(8-3V7). 

24. (2V5-4V3)(2V5+4V3). 

25. V(6+Vll)xV(6-Vll)- 

26. -^(2v2-3)x^(2V2 + 3). 

27. [V(7 + 2V10)-V(7-2V10)]* 

2a [ Va + V(a' - 6*) + Va - V(a* - 6*)]*. 

29. (V2 + V5 + V) ( V2 + V6 - ^/T}. 

30. (V31 + 2V7-1)(V31-2V7 + 1). 

31- V(5 + V7) X V(2 - V2) X V(6 - V) X V(2 + V2). 
32. </2-V(2+V3) X <^2+V(2+V3) X </(2 + V3). 



33. -s/^(x + 16) + VC* - 16) X V V(« + 16) - V(« - 16)- 
Simplify each of the following expressions : 

34. V(a^-^^ x^^^ 35. V(6x^-6) x^lf^. 
ar^ — 8 2;^ . . aj^ / a» 



36. 



^x^2z'\x 



-y/(x^ -{-2a:^z-{-4:XZ^ x^2 z\ix^ ■i-2xz -\- 4:S^ 



3,. (. + | + Vf-,)(« + |-Vf-.> 
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Division ol Surds. 

27. Division of Monomial Surds. — The converse of the prin- 
ciple of Art. 10 (iii.) evidently holds. That is, 

Ex 2 3-g/a' _ 3^ct« _3 «/_a^_3 6/3»-a_ , , .oTa^ 
^^- ^- 4^(3 a) - 4</(3»a») " 4\3''a» " lyj^- " *^^^ ">* 

We thus have the following method : 

Reduce surds of different orders to equivalent surds of the same 
order. 

Multiply the quotieiit of the coefficients by the quotient of the 
surd factors. 

Simplify the residt, 

BZBBCI8BS IX. 
Simplify each of the following expressions : 
1. -y/eO-t-y/B. 2. vl5-hVf. 

3. V¥-Vf *• ^32-^4. 

6. ^{ABa^-i-y/idx). 6. ^(16 a«) -5- ^(64 a*). 

7. -^X-i'-^X, a -y/a? -i—^a?. 9. -y/X-i-^X. 

10. ^30-^^45. 11. 3V5h-</16. 12. ^72-^12. 

13. 6V2^^9. 14. 2^6 ^^2. 15. 3^96h-^18. 

16. V(14a6)-5-^(28a262). 17. ^{15x'y)-^^(25xy'). 

18. (V6-5V14)^V2. 19. (3vlO-4Vl5)-i-v^- 

20. (V6-3</4)-^^2. 21. (^3-3^6)^^3. 

22. (3V20 + 2V15-4V5)-^V10. 

23. (6^4 -8^36- 16^48) -^ ^8. 

24. V(&2-a2)-^V(« + &). 25. ^(a26-.a52)-h.^(6*-a^. 

26. a:V(a^+20-5-yV(a5'+a2^). 27. {a? -y')^^ip?y + xf). 
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28. To Rationalize a surd expression is to free it from irra- 
tional numbers. 

Thus, -y^4 is rationalized by multiplying it by ^2, since 
^4x^2=^8 = 2. 

29. The quotient of one surd divided by another, expressed 
as a fraction, may be simplified by rationalizing its denominator. 

Ex.1. a^ = 4a4 = 4^^ ^g 

We thus have the following method : 

Multiply the numerator and denominator by a factor which will 
rationalize the denominator. 
Ex 2 ^yct ^ 2^ax^(2a) ^ 2-^a^x^(4a^ 
• * ^(4a2) ^(4a2)x^(2a) ^(8a«) 

^ 2^(4a«) ^ ^(4a0 
2a a 

30. The Divisor a Binomial Quadratic Surd. — We express the 
quotient as a fraction and rationalize the denominator. 

Ex.1. 

3V2 + 2V3 ^ (3V2 + 2V3)(5V2^4V3) 
6V2 + 4V3 (5V2 + 4V3)(5V2-4V3) 

^ 30-2V6-24 ^ 6-2V6 ^o ^ 
(5 V2)2 - (4 V3)2 50 - 48 ^ 

We thus have the following method : 

Multiply the num/eraior and denominator by the conjugate of 
the denominator. 
Ex. 2. 

V(l+fl;) + V(l-fl;) ^ V(l-fa?)-hV(l-fl?) V(l+a;)-hV(l~a^) 

v(i+aj)-va-a^) v(i+a^)-va-«') va+«^)+v(i-^) 

^ l4-a?-f2V(l-arO+l-fl; ^ l+V(l-a?^ 
(l4-a:)-(l-a;) a? 

31. When the denominator contains three quadratic surds, 
a similar method may be employed. 
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Ex. 3. 

V2 V2(2V3-V2-V5) 

2 V3 - V2+ V5 [(2 V3 - V2) + V»] C(2 V3 - V2) - V^] 
_ 2V6-2-V 10 2V6-2-V10 

~12-4V6T2-5~ 9-4V6 
_ (2V6-2- V10)(9+4V6) 
- (9-4V6)(9+4V6) 
= tV(9 VlO+8 V15-10 V6-30). 

BZBBOISBS Z. 

Change each of the following fractions into an equivalent 
fraction with a ra;tional denominator : 

, 1 - 12 ,8 ^10 

3. _ . . • 4. 



V2 5V3 3^4 7^26 

5. JL. 6. "^ ■ 7. ^ - a 



V* •^(a'te) -^(oft^c^ -^(af-y) 

9. 1^. 10. .-12^. 11. S 



-V3 6+V21 4+ VII 

12 _J 13. ^+V^ . 14 V^+V^ . 

6-2V6 2-V2 6V3-3V7 

15 5V2-4V3 ^g 3 V5 - 2V2 ^^ a^h + 6 yg 

■ 6V2 + 4V3' ■ 2V5-3V2' ' ^a+^b ' 

la I 19. l + 2V(2a-l) . 

V(V5 + 2)-V(V5-2) 1-V(2a-1) 

20 i 21. g + V3 

V10-V2-V3 V6+V'2-V5 

yg+Vft 23 V(3a-&)+V(a-36) 

■ a + 6+V(a6) ' V(3a-&)-V(«-36) 

Surd Factors. 
32. The expression 

a? -^ 2 ax -\- €? 

is evidently the square of x + a. The third term of this ex- 
pression may be obtained as follows : 



2 /'2 a\' 
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That is, the third term is the square of half the coefficient of x. 

Consequently, if to any binomial of the form a?^ -f 2 aa;, we 
add the square of half the coefficient of «, the resulting tri- 
nomial will be the square of a binomial. 

This step is called completing the square. 

Thus, if to »» + 6 «, we add (f)^, = 9, 

we have a? + 6x-{-% = (x + Sf. 

33. By applying the principle of the preceding article, we 
can transform an expression of the second degree into the 
difference of two squares, and hence factor it. 

Ex. 1. Factor aj* + 6 oj + 7. 

We first complete a^ -\-6x to the square of a binomial by 
adding (f)*, =9. In order that the value of the expression 
may remain unchanged*, we also subtract 9 from it. We then 

have 

a? + 6aj + 9-9 + 7, =(a: + 3)*-2 

= (x-^3y^(^2y 

= (« + 3+V2)(aJ + 3-V2). 

Ex. 2.. Factor a^ + x-l. 

We have a^ + X'-l = x' + x-{- (if - (if - 1 

= («^ + ir-| 

Ex. 3. Factor 3a?-^4:xy -2f. 

Since the coefficient of ix? is not 1, we first take out the fac- 
tor 3. We then have 

3x^ + 4.xy-2f = 3{x^ + ixy^if), 
Completing a:^ -f ^ a^ to the square of a binomial by adding 
(I yy, = ^ ^, to the expression within the parentheses, and also 
subtracting ^y^ from it, we have 
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We thus derive the following method: 

If the coefficient of a^ i8l, add to, and subtract from, the given 
eocpression the square of half the coefficient of x. 

Write this result in the form a? — b^ and factor. 

If the coefficient of a? is not 1, factor out this coefficient, and 
treat the remaining factor as before. 

EXERCISES XI. 

Factor each of the following expressions : 

1. ic2 4-4a; + l. 2. a^-2aj- 11. 

3. 166 + 6aj-aj2. 4. 9it'-hl2x-l. 

5. 4:a?-4:xy-17f. 6. ar^-f-fa-^^. 

7. 2a2 + 6ic-3. 8. 3 + 2x^lla^. 

9. a* — 2 ma? — 1. 10. mV — 4 ma? + 4 — mhi. 

Evolution ol Surds. 

34. The principle established in Ch. XIV., Art. 33, holds 
also for surds. For any positive number can be expressed 
as a power of a rational or irrational number, as in Art. 10. 

We therefore have ^a = ^ -^a ; 

or, for present purposes, -^ -^a =^a. 
Ex.1. ^^5 =.1^5. 

It is important to notice that {/ {/a =^-^a. 
Ex.2. ^^(Sa^=^^{Sa?)=^{2x). 
Ex.3. ■^[2x-y/(ax)'] = ^(2x)x-^(ax) = ^(^x^^(ax) 
= ^(4aaj8). 

We thus have the following method : 

If possible, take the required root of the radicand; as in Ex. 2. 

Otherwise, take the required root of the coefficient, and multiply 
the index of the surd by the index of the required root; as in 
Ex.3. 

Simplify the result 
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BXBBOISES XII. 
Simplify each of the following expressions : 
1. VV^- 2. VVl^- 3. VV36- *• -y/(S6{/16). 
5. VV«'- 6. VVa'- ^- WC-*")- 

8. VV(«*«")- 9- V(2 «>/«")• 10- V(«Va)- 

\V2 \V« ^'Va 

PropertieB of Quadratic Surds. 

35. The symbol of equality cancelled, =^, is read is not equal 
to ; as 2 =^ 4. 

36. A quadratic surd cannot be equal to the sum of a rational 
number and another quadratic surd ; or 

wherein -y/a and ^c are surds, and b is rational. 

For, if •y'a = 6 -f ^c, 

then squaring, a = 6^ -f 2 6^c + c. 

Transposing, 2 6^c ^a — W — c, 

Dividing by 2 &, V<^ = ^^^jf^' 

This equation asserts that -y/c, an irrational number, is equal 
to ^"~ "~^ , a rational number. This is a contradiction of 
terms, and therefore the hypothesis ^a = 6 + ^c is untenable. 

37. // a+V* = ^+V/. (1) 
wherein -y/b and yy are swrds, and a and x are rational, then 
a = jr and b =/. 

For, if a :^ «, let a = a; -f m. 
Then (1) becomes x-^-m 4- V^ = « + V2^j 
or m-\-^b = ^y. 
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But, by Art. 36, this is impossible, unless m = 0. 
When m = 0, a =a:, and therefore ^b = ^y. 

3a If v(« 4- V*)= V^ + V/> ^^'^^ v(« - v*)= v^ - V/- 

From V(a -f V^) = V^ + y/V^ 

we obtain a-fV^ = a:-f2/ + 2 V(^)- 

Whence, by Art. 37, a = X'^y, (1) 

and V^ = 2 V(«y)- (2) 

Subtracting (2) from (1), 

a-^b=X'^y^2^(xy) = (^x--y/yy. 
Therefore ■y/{a — ^h) — -y/x — ^y. 

Square Roots of Simple Binomial Surds. 
39. Ex. 1. Find a square root of 3 -f 2^2. 
Let V(3 + 2 V2) = V«^ + Vy- (1) 

Then, by Art. 38, VC^ - 2 V2) = y/x- ^y. (2) 

Multiplying (1) by (2), V(9 - 8) = x - y, 
or x — y = l, (3) 

Squaring (1), 3 + 2 V2 = x + y-\- 2^{xy) ; 
whence, by Art. 37, x 4- y = 3. (4) 

Solving (3) and (4), we have oj = 2, y = 1. 
Therefore V(3 + 2 V2) = V2 4- VI = V2 + 1- 
This example could have been solved by inspection. We 
change 3 + 2^2 into the form 

m -f 2-yJ(mn) + w = ( ym 4- V^)^- 
We then have 

V(3 + 2 V2) = V(2 + 2^2 4- 1) = V( V2 + 1)' = V2 + 1. 
Ex. 2. Solve, by inspection, V(21 - 3V24). 
We have V(21 - 3 V24) = V(21 - 2 V54) 

= V(18-2V54 + 3) 
=V(V18-V3)* 
=V18~V3 = V2-V3. 
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In solving by inspection, first write the surd term of the given 
binomial surd in the form 2^{mn), as 3y^24 = 2y^54. 

Then find by inspection two numbers whose sum is equal to the 
rational term of the given binomial surd, and whose product is 
equal to mn, 

EXERCISES XIII. 

Find a square root of each of the following expressions : 



1. 7+V48. 

4. H+V2. 

7. 8-V23. 
10. 11-6V2. 
13. f + -fV21. 



2. 5-V24. 

6. 3-V5- 

8. ^^4:^2. 

11. 11 + 4V7. 

14- A-tVV2. 



3. 2 4-V3. 
6. 6+Vll- 
9. 7 4-2V10. 
12. 30-10V5. 

15. H-AV5. 



16. 4a + 2V(4a'-62^. 



17. 9i-2V(w — 1). 



18. 10 w* -f 1 - 6 n V(w^ + 1). 19. a-aj-2V(a-a;-l). 

Approximate Values of Surd Numbers. 

40. An approximate value of a surd number can be found to 
any degree of accuracy by the methods given in Ch. XIV. 

Ex. 1. Find an approximate value of ■y/2 correct to three 
decimal places. The work proceeds as follows : 



2.00' 00' 00' 00 


1.4142 


1 

100 
96 

4 00 

2 81 

1 19 00 

1 12 96 


2 
24 
281 
2824 


6 04 00 


2828 



The work is simplified by neglecting the decimal point, 
writing it only in the result. It is necessary to find the root 
to four decimal places in order to determine whether to take 
the figure found in the third place or the next greater figure, 
according to the well-known principle of Arithmetic. 
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We now have V^ = 14142 • • .. 

This value lies between 1.4142, = |^^, and 1.4143, = {^^, 
It therefore differs from either of these fractions by less than 
they differ from each other. 

^^^ 10000 ~ loooo ~ TTToinr' 

Consequently the error of taking either 1.4142 or 1.4143 as 
an approximate value of ■y/2 is less than y^j^^nf ^Y t^^king 
the root to more decimal places a still more accurate value can 
be found. It is therefore possible to find an approximate 
value such that the error will be less than any assigned num- 
ber, however small. 

Ex. 2. Find the value of ^(1 — x) to three terms. 

The work proceeds as follows : 
l-a? 
1 






l-^jx-jx^ 



3x1^=3 

3x1^+3x1 x(-ia:) + (-iaj)'=3-a;+ia^ 



An approximate value of a fractional surd is obtained most 
simply by rationalizing its denominator, then finding the 
required root of the numerator of the resulting fraction, and 
dividing this value by the denominator. 

Ex. 3. Find an approximate value of — -, correct to three 
decimal places. ^ 

We have -^ = ^ = ? (1.4142) = 2.121. 

EXERCISES XIV. 

Find an approximate value of each of the following expres- 
sions, correct to four figures : 

1. V8- 2. iV2.5. 3. V2. *. IVl-25- 

5. V346.06. 6. ^\^m%Z2\, 7. V^-0^1- 

^ 2 ^^ J_. ^^^ _1_. ^^ 5 



V5 * V^ ' 2^4 V^^ 
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12 1±^. 13 l±-?^7-. 14 V^^ . 

1-^3 ' 5-4V11 V2.5+V6 

Find an approximate value of each of the following expres- 
sions, to include four terms : 

15. -y/il-x). 16. ^(a^ + b^. 17. ^(a^^xy + f). 
18. ^(1 + a^. 19. ^(a»-&»). 20. ^(s?+a^y+xf+f). 

IRRATIONAL EQUATIONS. 

41. An Irrational Equation is an equation whose members, 
either or both, are irrational in the unkoown number or num- 
bers; as V(^-^l) = 3- 

42. To solve an irrational equation, we must first derive 
from it a rational, integral equation. This step, which is 
usually effected by raising both members of the equation to 
the same positive integral power one or more times, is called 
rationalizing the equation. 

Ex. 1. Solve the equation ^(S6 + a^ - a? = 2. 
Transferring a?, V(^^ '{-a^) = 2 + x. 

Equating squares of both members, 

36 + a^ = 4 + 4aj + aj2. 
Transferring and uniting terms, 

-4aj = -32. 
Dividing by — 4, a? = 8. 

Check : ^(S6 + 64) = 2 + 8, or v^-OO = 10. 

Ex. 2. Solve the equation VC'*^ 4- «) + V^ = ^• 
Transferring -y/x, y/{^^ -f a?) = 9 — -^x. 
Equating squares, 45 + a? = 81 — 18 V* + ^« 

Transferring and uniting terms, 

18Va? = 36. 
Dividing by 18 and equating squares, 

a = 4. 
Check: V(^ + 4) -FV^ = 9> or 7 + 2 = 9. 
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The preceding examples illustrate the following method of 
solving irrational equations: 

Transform the given equation so tJiat one radical stands by 
itself in one member of the equation. 

Equate equal powers of the two members when so transformed. 

Repeat this process untU a rational equation is obtained. 

BXEBOISES XV. 

Solve each of the following equations : 

1. ya? = 5. 2. 2^0; = 3. 3. a^x==b. 

4. ■^(x-l) = 5. 5. V(7-«)=2V3. 6. ^(5a?-7)=2. 

7. S-'^x = 4:. 8. 9=V(3a)+3. 9. a=^x + c, 

10. V^ + ^ = 5. U. V^-^ = l 12. V(^) =:g. 

V«-3 1-V» 3 -^{ax)-l b 

13. v(7«+2)=-4^±^. 14. V(aJ + 5)=-^"'^- 



V(TaJ + 2) ^' ' V(a^-3) 

15. 9-V(3« + l) = 5. 16. V(7-3a?)=:V(^-4aj). 

17. 2V(a?-7)=V(3ir-17). 18. ^(4 a? + 9) = ^(7 a? - 6). 
19. y'aj-f-V(^ + ») = 5- 20. V* = 11 - 2 V(7 + a?). 

21. V(36 + «) = 2+V^- 22. V^-V(a^ + 9)=-l- 

23. a = V(« + ^)-V»- 24. ■^(a^ + 12ic*) = aJ + 4. 

25. V(6 + ^)+V(3 + aj) = 3. 

26. 3^/(x - 3) + V(^ a? -f 1) = 14. 

27. v(2+V«)+V(2-V»)=V«- 

3 



2a v(l4-^)+V(ii~«^) = - 



V(ll-a^) 

5 + 3V(a?-7) _ 2V(a^-7)-3 
l-6V(aJ-7)""7-4v(i»-7)' 

30. V(16«-15)-V(^a;-ll)=V«. 

31. -y/ix -{-2 a) - V(» + 26) = 2-y/x. 

32. V(aJ + 4)+V(^-4)=V(^«-4)- 

33. V(» + 2)+V(»-6) = V(«^-3). 

34. y(aj-5)-V(« + 3)=V(a^-2)-V(« + 10). 



CHAPTER XVI. 

iMAaiNARY AND COMPLEX NUMBERS. 

1. Attention was called in Ch. XIV., Art. 10, to the fact 
that ^—16 cannot be expressed in terms of numbers with 
which we are, as yet, familiar. In general, since even powers 
of both positive and negative numbers are positive, even roots 
of negative numbers cannot be expressed in terms of either 
rational or irrational numbers. 

It is therefore necessary either to exclude from our consider- 
ation such roots as "y/— 1, and in general ^J/— a, or again to 
enlarge our ideas of number. 

2. We will now define, that is, fix the meaning of, the num- 
bers V~ ^ ^^^ ^—cLf^J assuming that they obey the law 

(^ay = a. 

This relation follows from the definition of a root, as was 
shown in Ch. XIV, Art. 5. 

We therefore have (V- 1)* = - 1, and (^- a)^= -a. 

Whatever meaning and use these new numbers have must 
be derived from these relations. 

Imaginary Nnmbers. 

3. The square root of a negative number is called an Imagi- 
nary Number; as -y/— 3, -y/— 8. 

The study of these numbers is simplified by first considering 
the properties oi-y/—l, which is taken as the Imaginary Unit.* 

* The designation, imaginary, is unfortunate, since, as will be shown 
in Part II., Text-Book of Algebra, such numbers are no more imaginary 
(in the ordinary meaning of the word) than common fractions or negative 
numbers. Dr. George Bruce Halsted, Professor of Mathematics in the 
University of Texas, has suggested Neomon for the imaginary unit, and 
Neomonic for imaginary. 

267 
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This new unit is commonly designated by the letter t, and its 
opposite by — i. 
We then have by definition 

(V-i)* = (±/T=-i- 

Eor the sake of distinction all numbers, rational and irra- 
tional, which have been used hitherto in this book are called 
Real Numbers. 

4. The Fundamental Operations with the Imaginary Unit; — 
The imaginary unit ^— 1, or i, is used like a real term or 
factor in the fundamental operations. 

Just as 3 = 14-1 + 1, and -3=-l-l-l; 

so 3V-1=V-1+V-1+V~1* ^^ 3t=i-fi+i; 
-3V-1=-V-1-V-1-V-1^ or ~3i=-i-t-i. 
Again, 
V-lx2 = 2V-l,ori2 = 2i; V~^ = a, or ^=a. 

-y/—- 1 i 

5. We now have, in addition to the double series of real 
numbers, the double series of imaginary numbers : 

... — 3 i, — 2 iy — i, 0, if 2 i, 3 1, ••• . 

6. Powers of /. — The following values of the positive in- 
tegral powers of V" Ij ^^ h follow directly from the definition 
of i and Art. 4 : 

■y/— 1 = V"" 1* O^ * = h 

(a/— 1V= — 1 '? = — ! 

(v-i)«=(v-i)'(v-i) — v-1, »-=»•' • »• =-h 

(V- 1)^= (V- !)'( V- 1)'= + 1, 1- = »•« . t' = + 1, 

(V- 1)*= (V- iy( V- 1) = + V- 1. t» = f^ • i = + «, 
(V- !)•= (V- m V- 1)*= - 1» t- = t^ . t» = - 1. 

The preceding results give the following properties of 
powers of i: 

(i.) AU even powers of i are real 
(ii.) AU odd powers of i are imaginary. 
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The sign of any particular power of i is readily determined 
by expressing it as a power of ^^ if an even power, or of t"* 
multiplied by i if an odd power. 

Ex.1. t22=(ty=(-iyi = -l. 

Ex.2. i'»=(i«)«=(~iy« = 4-l. 

Ex.3. i*^ = i«xi: = (iO'°-i = (-l)». t = + t. 

Ex.4. t« = i«xt = (iy^-i = (-iy^ •* = -*. 

7. Multiples of the Imaginary Unit. — Since 

( V- ay = - a, and (Va X V- 1)' = (V«)XV- ^Y = - «. 
we have (V"~ ^)* = (V^ x v — 1)^- 

Whence V"~ "^ = V'' ^ V— 1- 

Ex.l. v-9 = V9xV-l = 3V-l = 3i. 
Ex.2. v-2=V2xV"-i=V2- ^' = *V2- 

In all reductions involving imaginary terms or factors it is 
advisable thus to express them as multiples oi -y/—! ov i, 

8. Addition of Imaginary Numbers. — Imaginary numbers 
are united by addition and subtraction just as real numbers 
are united. 

Ex. 1. V- ^ + V- 16 = 3 V- 1 + 4 V- 1 = V- 1 = 7i 
Ex.2. 10V-5-4V-5 = 6V-5 = 6V5xV-l 

Ex.3. ii» + *" = * + (-0 = 0. 

9. Multiplication of Imaginary Numbers. — The principle of 
Art. 7 is of importance in the multiplication of imaginary 
numbers. 

Ex. 1. V- ^ X Vl^ = V9 X V- 1 X V16 = 12V- 1 =12 i. 

Ex.2. v-2xV-8=V2xv--l xV^xV-l 
= Vl6x(V-l)'=-4. 
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A point in Ex. 2 deserves special notice. Had we used the 
principle 

as in surds, we should have obtained 

V[(- 2) X (- 8)] = V16 = 4, and not - 4. 

But that principle was proved for positive roots of positive 
numbersy and therefore cannot be applied in this and similar 
examples. 
Ex. 3. 

V-5xV-l0xV-15=V^xVl0xV15x(V-l)' 

= - 6V30 X V- 1 = - 5iV30. 

10. Division of Imaginary Nambers. — The following ex- 
amples illustrate all possible cases. 

=-»• v^-(^=^=-v-i.»'f=-'- 

Ex.3. 

V-3 V3XV-1 V3x(V-l)' \3^^ 
= -V2xV-i = -»V^- 
Ex 4 ^A^^ V9xV-l ^:v^^3, 

EXERCISES I. 

Eeduce each of the following expressions to the form a^r-^, 
or ai : 

1. V-9- 2. 6V-25. 3. V-a"- *• aV~«^- 

6. V-12. 6. V-10. 7. V-«^- 8. V(-5a^. 

9. V(-8a368). 10. V(3-27). 11. ^-64. 12. -^-a". 



15. t« 


16. »■♦+»« 


09.1. 


^•4i^ 
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Simplify each of the following expressions : 
13. a^. 14. t». 

17. 4- 18- 4- 

Add: 

21. V-^+V-26. 22. V-16-V-121. 

23. ^-a*-V-^- 24. 7V-81 + 5V-144. 

25. 5V~8-3V-32. 26. 8V-75+V-147. 

27. 2V- 25 - 3V- 49 + 4 V- 100. 

28. 2V-a' + 5V(-9a2)-3V(-16a^. 

29. 2V(-a*^)-4V(-a'^')+2V-&*. 

Perform the following indicated operations : 

30. V-^- 31. (V-«)*- 32. (V-«)*- 33- V-^*- 
34. V3XV-6. 35. V-2XV-8. 36. V" 1^ X V^- 
37. y-2xV-^0. 38. V-«XV(-9«^- 

39. v-a^X\/-«^- -«>. V-6XV12. 

41. V-8xV-20. 42. v-ic2xV-2^- 

43. y_2xV-6xV-24. 44. y-5xV8xV-20. 

45. V(l - «) X V(^ - !)• *6. ^Qy^-a^x-y/ia-b). 

47. (V-5+V-3)2. , 48. (2V-3 + 3V-2)l 

49. ^-.3-5-V-3. 50. V"-3-^V3. 51. V3-^V-3. 

52. ^-8-^V-2• 53. ^-75-s-v5. 54. yl2^V-3. 

Complex Numbers. 

U. A Complex Number is the algebraic sum of a real and an 
imaginary number ; as, 3 ± 2 i. 

The general form of a complex number is evidently a + bi, 
wherein a and b are real numbers. 

When 6 = 0, we have any real number. 

When a = 0, we have any imaginary number. 
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12. Two complex numbers are said to he eqiLol when the real 
term of one is equal to the real term of the other, and the im^i- 
nary term of one is equal to the inmginary term of the other; 
as,2 + 3i = 2 + 3i. 

That is, if a + 6/ = c + d/, 

then a = c, and bi = <//, or 6 = </. 

Observe that the preceding statement is a definition of the 
meaning of the sign of equality between two complex numbers. 

13. From the preceding article it follows that, if 

a -f- &i = = + 1, then a = 0, 6 = 0. 

14. Addition and Subtraction of Complex Numbers. — We 
define algebraic addition of two or more complex numbers 
as follows: 

Add the real terms by themselves and the imaginary terms by 
themselves, 

Ex. 1. (2+3V-l) + (6V-l-5) = (2-5) + (3-f6)V-l 

= -3+9V-l = -3+9t. 

15. Multiplication of Complex Numbers. — We define multi- 
plication of complex numbers by assuming that the distributive 
law holds. 

Ex. 1. 2 + 3 V- 1 

4- 2V-1 

8 + 12V-1 
- 4V-1-6(V^1)« 

8+ 8V-1 + 6 =14 + 8V-l = 14 + 8t. 

16. Conjugate Complex Numbers. — Two complex numbers 
which differ only in the sign of their imaginary terms are 
called Conjugate Complex Numbers; as, 

2 + 3V-1 and 2-3V-1, -4 + 6i, -4-6t. 
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17. The sum of two cmijugcAe complex numbers is real. 
Ex. 1. (-2 + 3V-l) + (-2~3V-l) = -4. 
The product of two conjugate complex numbers is real aiid 
positive. 
Ex. 2. (4 - 5 V- 1) (4 + 5 V- 1) = 4^ - (5 V- 1)' 

= 16 + 25 = 41. 

IS. Division of Complex Numbers. — We express the quotient 
as a fraction, and simplify the result. 

Ex.1 l+V-2 ^ a+V-2)(V-3) ^ V-3-V6 ' 
■ 2V-3 2(V-3)« -6 

= iV6 - i V- 3 = iV6 - iVS- 

Ex.2. -^ 2-V-g = 2-V-5 

2+V-5 (2+V-6)(2-V-5) 2»-(V-6)» 

= 2^rV^ = |_ifV6- 

19. Any Even Root of a Negative Number. — We have 

(i+v-i)*=[a+v/-i/T 

= (l + 2V-l-l)' = (2V-l)' = -4. 

Therefore, ^-4 = lH-V-l. 

That is, the fourth root of — 4 is a complex number. 

It will be proved in Text-book of Algebra, Part II, that any 
even root of a negative number is a complex number. 

Complex Factors. 

20. A quadratic expression which is the product of two 
complex factors can be resolved into factors by jbhe method 
used to resolve a quadratic expression into irrational factors. 

Ex. Factor q^-2x-\-S, 

Completing ic* — 2 a? to the square of a binomial in x, we have 
aj2_2a? + 3 = a^-2aj + l-l + 3 
= (a:-l)^-(V-2)« 
= (aj - 1 + V - 2) (a? - 1 - V - 2) . 
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BXBBCISB8 U. 
Simplify each of the following expressions : 
1. (2 + 4t)+(2*-3). 2. (7-6i)-(3-4t). 

3. (l+v-9)+(4-V-4). 4. (6-V-16)-(6-V-36). 
5. (1+V-1)(1-V-1)- «• (2 + fV3)(2-tV3)- 
7. (2+3V-l)(3-4V-l). a (7 + V-6)(7-V-6)- 
9. (3 + 5*)(V12-3t). W. (V8-V-12)(V2-V-3). 
"• ■(i-i»V3)(3 + 3tV3). 12. (6-2iV6)(6 + 2iV6). 
13. [a; + W(a - a?)2[x - »V(« - <^1- 

Perform the following indicated divisions : 

14. 5 16. I 16. ^ + ^V-^ . 

l + V-2 2-V-3 2-3V-1 

17. l±i. 18. §±li. 19. i±lA^. 20. ?^±^'. 

1-1 S-2i 5-iV3 a-6i 

Factor each of the following expressions : 
21. a^- 6a? 4- 25. 22. aj2 + 4a; + 68. 

23. a^-14a? + 61. 24. 5aj2_6a? + 2. 

25. 4aj2 + 4a^ + 3y». 26. 16a^ -Sxy -{-5f. 

Make the indicated substitution in each of the following 
expressions, and simplify the results : 

.27. Inaj2-6aj + 14, letaj = 3+V— ^• 

28. In3ar^-5a? + 7, let a? = 2 -3 V- 2. 

29. In a?^ + 2 ajy + y*, let a? = 4 + 5 1, y = 4 — 5 1. 



CHAPTER XVII. 

DOCTRINE OF EZPONiSNTa. 

1. We have already abbreviated such products as 

aa, acuXf aaaa, ••*, aaa ••• n factors, 

by a?, a', a\ •••, a*, respectively, and called them the 9econdy 
third, fourth, •••, nth, powers of a. This definition of the sym- 
bol a* requires the exponent n to be a positive integer. 

Thus 2* means the product of 5 factors, each equal to 2. 
But 2® has, as yet, no meaning, since 2 cannot be taken times 
as a factor. For a similar reason 2"* and 2* are, as yet, mean- 
ingless. 

But, having introduced into Algebra the symbol a*, it is 
natural to inquire what it may mean when n is 0, negative, or 
a fraction. 

We shall find that, by enlarging our conception of powers, 
quite clear and definite meanings can be given to such expres- 
sions as 2®, 3"*, and 4*. 

Poaitiye Integral Powers. 

2. The principles 

^m ^ ^n ». ^w+n^ a"* -5- tt* = a*"", 

wherein m and n are positive integers, were illustrated by par- 
ticular examples in Ch. III., Arts. 24 and 37. 
In general, 
a* X a" = {aaa ••• to m factors) {aaa to n factors) 

= aaa ••• to m -f n factors = a"*^". 
a'* -s- a* = (aaa ••• to m factors) -5- (aaa ••• to n factors) 

= [aaa ••• to (m — n) factors] x {aa<i ••• to n factors) 

-*- {aaa ••• to n factors) 

= OAia ••• to (m — n) factors, = a"*"*. 
266 
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3. The other principles upon which operations with positive 

integral powers depend have been proved in Ch. XIII. 

(i.) a^a"==a^''\ 

a"" a"' 

(ii.) — = a^'", when m>n: — = 1, when m = ni 

^ a" a" 



a" 1 

— = , 


when m<n. 




(ui.) (a")" = e"". 


(iv.) (abr 


= a"6*.' 


(V.) 


Zmroth Powers. 





4. The meaning of a symbol may be defined by assuming 
that it stands for the result of a definite operation, as was done 
in letting 

a^'^a-a'tt' '"n factors ; 

or by enlarging the meaning of some operation or law which 
was previously restricted in its application. 

In the latter way, negative numbers were introduced by 
extending the meaning of subtraction. 

5. We now enlarge the meaning of powers by assuming that 
the principle 

a"* - * 

a* 

holds also when m = n. 

We then have — = a"*""* = a^ 

a"* 

But since — = 1, 

it follows that a® = 1. 

That is, the zeroth power of any base, except 0, is equal to L 
E.g,, !•=!, 6^=1, 99<> = 1, (a + 6/ = l, etc. 
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6. Thus, by the assumption that the stated law holds when 
m = n, a definite value of the zeroth power of a number is 
obtained. Nevertheless, it will doubtless seem strange to the 
student that all numbers to the zeroth power have one and the 
same value, namely 1. But it should be distinctly noted that 

oS^ is by definition a symbol for — ; i.e., for the quotient of two 

a"* 

like powers of the same base. Thus, 

Negative Integral Powers. 

7. We now still further enlarge the meaning of powers by 
assuming that the principle 

or 

holds not only when m>n and m = ny but also when m < n. 
We then have, for example, 

a* 
But, cancelling as in fractions, 

a* a^ 

Therefore, a-* = i. 

a* 

In general, since m < w, we may assume n = m-\-lc. 



Then ^ = -^^ = a"-("*+*> = a 



k 



a" a 



,m+k 



But 



Therefore, a-^ = i 



k 



a" 

That is, a negative power of a number is equal to the reciprocal 
of a positive power of the same number, the exponents being numeric 
colly equal. 



58 


ALGEBRA. 


-- © 


[Jbj V 


& We also have 


a-* 1 
a* 
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This relation and the relation which defined a negative 
integral power may be stated thus: 

Any power of a number may be transferred from the denomi- 
nator to the num£rator, or from the numerator to the denomiiiator, 
ofafractionf if the sign of its exponent be reversed. 



E.g., ^=:a^.a^=.a'', ("'^) ' = - 



a-^ " ' a a {—ay a* 

This reciprocal relation between positive and negative powers 
is useful in reductions which involve negative powers. 

EXERCISES I. 

Eind the value of each of the following expressions : 
1. 2-8. 2. 3-1 3. {i)-\ 4. (3f)-». 

5. (*)-». 6. ^. 7. ±^. 8. (2r^ 

Change each of the following expressions into an equivalent 
expression in which all the exponents are positive : 



9. a?y-*. 


10. 2c-*d. 


u. 3-W71-*. 


12. 5x-^y-\ 


13. 2«-'. 


14. ^f. 


15 ^<^-\ 


16. 3 «-'"-' 
8 ft-" 



In each of the following expressions transfer the factors 
from the denominator to the numerator: 

17. ±. la. 1^. 13. ^^'. 20. ^. 

21 3 4(a; + y)' 2a(a!' + l) 

(a + 6) ■ (aJ-y)* ■ 3a-'(aj»-l)* 
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24-30. Find the values of the expressions in Exx. 17-23, 
when a = 3,b = 4:yX = — 2,y = 5. 

Fractional (Positive or Negative) Powers. 

9. We will define, i.e., fix the meaning of, the power a*, in 
which g is a positive integer, by assuming that it must obey 
the first law of exponents, namely, 

1 
In other words, whatever meaning a« may have must be 
derived by an application of this law. 

By this law, a^ • a^ = a^^^ =za}=za. 

But, since a^ 'a^=(a^yf by definition of positive integral 
power of any base, we have 

That is, a^ is a number whose sqiiare is a, or a^ = ^a. 
In general, 

a«- a« -a' — g factors = a« « • =a « = a. 

Ill 1 

But, since a» • a* • a» -'g factors =(a«)«, by definition of 

positive integral power, we have (a')« = a. 

That is, a» is a number whose qth power is a, 

1 
or 09 = -^a. 

We are thus led, by the definition of the fractional power, 
1 
a% to the operation that is inverse to that of raising a number 

to a positive integral power, i.e., to the operation of finding a 

root. 

Thus, 9* and ^9, (- 243)* and -^- 243, a» and ^a, are 
only different ways of representing the same numbers. 

Notice that the index of the root is the denominator of the 
exponent of the fractional power, and the radicand is the base. 



270 ALGEBRA. [Ch. XVU 

10. From the definitioD of a fractional power we have 

(9i)2 = (V9)2 = 9, [(- 25)^ J = ("v/- 25)5 = - 25. 
1 
In general, (a«)« = (^a)« = a. 

1 
Also, (a9yz=-^a' = ay 

if only positive roots be considered. 

1 1 

Therefore, (ay = (a^, 

for the positive root. 

11. Meaning of a', wherein *- is a positive or a negative 

fraction. We may always assume g to be positive and p to 
have the sign of the fraction. 
p 
Whatever meaning a' may have must be derived by an 

application of the law 

a'^'a''^ a"*+^ 

By this law, ^i^B^-Bi^ 5*^*"^* = 51 

But, since 5* • 5* • 5^ = (5^)'*, we have (5^* = 5*. 

That is, 5' is a number whose cube is 5^ ; or 5» = -^5*. 
In general, 

P P P P, P . P . ate-™- „ P 

a« -a^ -a^ '^-q factors = a' « « " = a' ' % = oF. 

p p p p p 

But, since a^ 'a^ -a'^ -^q factors = (a*)*, we have (a')« = oF. 

p 
That is, a* is a number whose g^/^ power is a^ ; 

or a'f=-^aP, 

Notice that a fractional power is a root of an integral power. 
The denominator of the fractional exponent is the index of 
the root, and the numerator is the exponent of the power. 

j;.^.,23*=</23*; (-19)* =-^(-19)2; 2-*=^2-2 = ^i. 
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12. Since fractional powers simply afford another way of 
indicating roots, all the principles relating to roots which were 
proved in Chapters XIV. and XV. hold for such powers. 

BXEBCISBS n. 

Write each of the following expressions as an equivalent 
expression with radical signs: 

1. ai. 2. b'K 3. a:*. 4. SyK 

5. 4aj"*y*. 6. 2a6"*c. 7. 2-^a?V- 8- 2 a* ft"'. 

9. f«Y. 10. (py. 11. ^- 12. 2*1". 

Eind the value of each of the following expressions : 

13. 4*. 14. 169*. 15. 16-i. 16. 144-i. 
17. 27*. 18. 27"*. 19. 16*. 20. 81"*. 
21. 49*. 22. 512*. 23. 216"*. 24. 32"*. 

Write each of the following expressions as an equivalent 
expression with fractional exponents : 

25. Va. 26. Va*. 27. VC^'^^O- 28. y(2a^-^). 

29. -^al 30. ^(2x'^f), 31. ^(5x'^y^. 32. -^(Sa-^V^. 

13. Having thus determined definite meanings for zeroth, 
negative, and fractional powers, it remains to prove that they 
obey all the principles of positive integral powers. 

Products of Powers. 

(I.) a'" a" = a'"^"f 

for all rational values of m and n. 

Ex. 1. a^x'"^ = a^<-^> = a^^ = xr^ = ^. 

ar 

Ex. 2. aJ6-J X a-*b* = ai-»6-i+* = a-^ftV = &J^. 

a* 
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Assume m to be positive and n negative, and the absolute 
value of m less than the absolute value of n. 
Let w = — Wi, so that Ui is positive. Then 

arar = ara-'^ = — = -i— = —^ — ^ = «-+<-**> = a*+*. 

In a similar way the principle can be proved for other cases 
in which the exponents are or negative. 

That the principle holds when the exponents, either or both, 
are fractions, follows from the definition of a fractional power. 

EXERCISES III. 

Simplify each of the following expressions : 
1. a^ofi. 2. x-^a?. 3. a-W. 4. m~'wi-^ 

5. a^aK 6. a^a^. 7. b'h^. 8. c^c^. 

9. 5 a-» X 3 a*. 10. - f 6"* x 1| b'^ U. a^b-^ x ah^. 
12. l^orf^j^. ^3 7c-« . 35a--> ^^ a-6- . c"^ 



9n» 3a» Gc^ ^c a-2"6-2» 

15. (ai + 0(«*-0- 1^- (a* + a"*) (a* - a"*). 

17. (a*-aW+6*)(ai+6*). 18. («%-*+ aj2/~*4.1)(aj2^-*-l) 

19. (a-^ + a"^ - a~0 K + a^ + a^)- 

20. (a^-aj-«-2aj-« + 5)(10a:-^ + a:-^-5ar»). 

21. (a;* — xy^-^ x^y — i/*) (« + »V* + 3^)- 

22. (a* + a"* — a*-a"*)(a* + a"* + l). 

23. (a;* + 2ar« + 3a;* + 2aj* + l)(«*-2a;* + l). 



QaotlentB of Powers. 

a" 

for all rational values of m and n. 



(II.) ^^a-", 



Ex. 1. i^=:ar'-(-» = ir'+'' = !B». 
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Ex 2. ^=a+l6W = a-i6V=^. 

a*6"* a* 

We have 2- = oTa-'' = a"*+<"*^ = a*^. 

a" 

EXBBCISBS IV. 
Simplify each of the following expressions : 



^•^•• 


^4 


3 51'. 
6-» 


^J 


5.-;. 


6 «"* 
-i" 


a^ 


35— 


9. '«^. 


(B-* 



U. (H6-»)^-(36»). X2. l-»-(ia6-»). 

13. (3ia-6-*) + (|o"6-»). 14. (a* - 6*) + (a* + 6*). 

15. (a!-»4.y-i)H-(«-i + y-i). 

16. (3o-i«+a«-4a-«)-f-(2a-* + a' + 3a-«). 

17. (2a!-»-3«-'-2a!-» + 2-a!)-s-(a!-' + l). 

la (»-» - 3a!-* + 3 - 3a!* + 2a!) -!- (a;"* - 2ar-» + »"* - 2). 

19. (2a'-3o«-23o-> + 15a-» + 9o-»)^-(a^ + 2-3a-<). 

aa (6»* + 9a!-*-2a!-»-13)^(3a!* + 2a;-*-5). 

21. («i - aiy* + a!*y - 2/*) + (a;* - yl). 

22. (o* - o«6* - a*6* + 6*) ^- (a* - a6* + a*6 - 6*). 

23. (6a!* - 7a! - 19a!* + 2 a!* + 8a!*) -!- (2ai*- 3ai* -4a!*). 





Powers of Fowem. 




(III.) 


(o")" = a«», 






for all rational values of m and n. 






Ex.1. 


(a!«)-« = a!»(-»' = a!-« = 


1 




Ex. 2. 


(1024*)-* = 1024-A = 


1 

(^1024)« 


1 
~8' 
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(i.) m and n both negative integers. 

Let m = — mi and n^ — Ui, so that mi and Wj are positive. 

We have 

(ary = (a— ^)-^ = ( i j "* = (a*^)"* = a***^ = a<-"i)(-*i) = a"*. 

In a similar manner the principle can be proved for other 
cases in which the exponents are or negative integers. 

(ii.) m a fraction, and n a positive or a negative integer, or 0. 

Let m = :^, wherein g is a positive integer and p is s, i)osi- 

tive or a negative integer. 
We then have 

« I I ^ in 

In a similar manner the principle can be proved when m is 
an integer and n is a fraction. 

(iii.) m and n both fractions. Let m = :?, and n = !!• 
If (ay be raised to the qsth, = sgth power, we have 

P r 

Consequently (a')* is the qa root of d^; or, by definition 
of a fractional power, 

p r pr p r 

KXBBGI8ESS V. 
Simplify each of the following expressions : 
1. (a^-2. 2. (a3)i a [(-a?)i]«. 4. (O*- 

5. (aj-^)^. 6. (a-»)* 7. (ft^)-*. 8. (o;-^-*. 

9. (oj"^)"*. 10. (a")-2. 11. (a-"')-«. 12. (a «) *. 

13. (-^a-*)*. 1*. (Va)"^- 15. (-^aj*)-*. 16. (■{/a-^)-» 
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Powers of Products. 



(IV.) (ab)'" = a^A", for all rational values of m. 
Ex.1. (2aj)-» = 2-»aj-» = -i-. 

O 3/ 

Ex.2. (3aj-*y*)-^ = 3-Vy-«: 



(i.) m a negative integer. Let m=: — mi, so that mi is 
positive. 

Then (a6)-= (a6)-*i = -^ = -^ = a-'ift-'"! = a^b*. 
^ ^ ^ "^ (a6)-H a"^6-4 

(ii.) m a fraction. Let m = — , where j? is a positive or nega- 
tive integer, and g is a positive integer. 
p 
If (dby be raised to the gth power, we have 

p 
[(a6)']« ^(abyi since q is an integer, 

= 0^6", by (i.). 
But (a'6^« = {a^y (b^ = a'b'. 

Therefore [(a5)«]« =(a^by ; whence (aby = a»6». 

Powers of Quotients. 
(V.) (^ j =T^j for all rational values of m. 

Ex.i. (^Y=±l=^. Ex.2. ^-i::lV*=-iL=8^. 

We have T^V = (a5-0* = a"'6— = ^• 

BXBBCISES VI. 
Simplify each of the following expressions : 
*1. (aV^)-^. 2. (iayK 3. (8a-«)*. 

4. (a-^ft-*)-". 5. (2a*iB)* 6. (A"*)-^. 



276 ALGEBRA. [Ch. XVn 

-&)'■ -(^r "■(^)' 
-(^r- "-(i^' -im- 

BXEBCISBS Vn. 
MISCELLANEOUS EXAMPLES. 

Simplify each of the following expressions : 
1 g — 6 gi — b^ ^ « — «? a + x 

^ a^a;* + a^aj* a — a? ^ a;i + l 1 

a* + aj* ai + a?i a; + aj* + l ^"^-^ 



a* + a* + 1 a* - a* + 1 <t* - a* + 1 

Find the square root of each of the following expressions : 

6. a;* + «"* + 2. 7. a-^x + 2 a'^x'^ + ax-^. 

a 4aj-*-12a;-3 4.i3a.-2_6^-i^l^ 

9. 9a^ + 10aJ-^~4aj-^ + aj-«-12. 

10. a^-f a^-f ai + f^a + 1. 

11. |a^-5ajV + W^y-t«^V + ii^a^. 
Find the cube root of each of the following expressions : 
12. aj-«-6aj-«+12aj-*-8aj-l 13. 8a;-36aj*-27aj*+54aj*. 
14. a;* - 3 aj* + 3 aj* + 2 aj + 3 aj* - 3 aj^ - 6 a;''* + 3 aj** + a?*. 



CHAPTER XVm. 

QUADBATIC BQUATIOlia 

1. A Qaadnrtk Equatum is an equation of the second degree 
in the unknown number or numbers. 

E.g., a*=25, a?-5a? + 6 = 0, a* + 2«y = 7. 

A Comidete Quadratic Equation, in one unknown number, is 
one which contains a term (or terms) in o^, a term (or terms) 
in Xy and a term (or terms) free from x^ as of— 2 ax+h^cx^d. 

A Pore Quadratic Equation is an incomplete quadratic equa- 
tion which has no term in oj, as «* — 9 = 0. 

Pure Qnadxatic Eqnationa. 

2. Ex. 1. Solve the equation 6aj« — 7 = 3aj" + 6. 
Transferring 3a^ to the first member, and 7 to the second 

member, 6x«-3a^ = 5 + 7, 

or 30^ = 12. 

Dividing by 3, as" = 4. 

The value of a? is a number whose square is 4. But 

2« = 4, and(-2)« = 4. 
Therefore x = ±2. 

3. This example illustrates the following principle of equiva- 
lent equations : 

The positive square root of the first member of an equation 
may he equated in turn to the positive and to the negative square 
root of the second member, 

277 
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Ex. 2. Solve the equation (a? — 2) (a? + 2) = — 6. 

Simplifying, oj* — 4 = — 6. 

Transferring — 4, ic* = — 2. 

Equating square roots, a; = ± -y/— 2. 

These results are imaginary. Yet they satisfy the given 
equation, since 

(±V-2-2)(±V-2+2) = (±V-2)«-4 = -2-4 = -6. 

In such a case the equation is said to have imaginary roots. 
The meaning of an imaginary result, when it arises in connec- 
tion with a problem, will be explained in Art. 16. 

4. The methods used in Ch. VIII. for solving fractional 
equations which lead to linear equations apply also to frac- 
tional equations which lead to quadratic equations. 

Ex.3. Solve the equation ^±^ + ^^=0. 

b-^-x x — o 

Clearing of fractions, 

(a + a;) (a; — &) + (a? — a) (h-^-x) — 0, 
or, a^-faa; — 6aj — a6 + ar^ — oaj + ftaj — a6 = 0. 

Transferring and uniting terms, 
2 a^ = 2 oft. 
Dividing by 2 and equating square roots, 

aj = ± -yjiab). 
This equation therefore has irrational roots. 

EXERCISES I. 

Solve each of the following equations : 
1. aj2 = 729. 2. a^-25 = 144. 3. 5(c2-27 = 2a5* 

4 § = ^. 5 ^ = JL. 6 ^-^ = 2 

' a; 27* ' 81 2x ' 4 ' 

7. ^^ + ^^ = 4. 8.-l- = l. 9. -i^=:6. 

8 aj2 + l 5 aj^-1 

10. 7aj2-8 = 9ar^-10. 11. 5 + 16 aj^ = 11 a?* + 15. 
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12. 5aj2 + 9 + 7aj« = 8a*-f25. 

13. 5(3ic* + l) + 81 = 7(5aj2__i6) + 18. 

,^ _5 L^l. 15 2-_^__7V + 9___37 

' 2«* 3a^ 12' '5 6 "" 15* 

18. (7 + 2aj)(7-2aj) = 13. 19. (x-^i)(x-\) = ll. 

20. (aj-8)(aj+5)=3(3-aj). 21. (aj + 2)(aj+3)=5(aj+l). 

22. (aj + 3)« = 49. 23. (3aj4-4)«-49 = 576. 

24. 64aj2-80aj + 26 = 9. 25. (5aj+4)«+(4aJ-5)*=:82. ' 

^ a; + 5 ^ 5a;4-l ^7 2a;-3 ^ 3a;-2 

5a; + l »4-5' * 3«-2 2aj-3' 

^ gj-5 ^ 2a? -+-7 . 2^ 3aj-4_7a?-24 



30. 



aj + 13 3a; + 18 4aj + l 8aj-19 

5_+3__10_^l 6a? U + g' ^Q 

8 aj + 1 2' 7 2a? + 7 



35. 



32. (2a?-3)(3a?~4)-(a?-13)(a;-4)=r40. 

33. (5a?-7)(3a? + 8)~(»-10)(9-a?)=1634. 
a?-l a? + 1^ 3a?^-7 

• a? + l a-l a?«-l' 
5 3 ^ 132 

a._5 2a; + 3 77(»-6)' 

36 ^ I 11 I 6 ^ 81 

a? + 7 a;-8 a? + 2 a? + 12 

37. (5-a?)(3-a?)(l+aj) + (5 + «)(3 + «)(l-») = 16. 

38. a^=^b\ 39. (a-bxy = <^. 

40. aa?* + 6' = 6a?2 + a'. 41. (a? -|- a) (a; — a) = 3 a*. 

42. mV-4ma? + 4 = 9. 43. aa? + -= bit' + ^' - 

a o 

44. -«_ + _*_ = l. 45. «' ** 



a + a?6 + a? a^ + ar^a?^ — a* + 6^ 

oa? — 6 __ &a?4-a a; + l __ ct + 6a? + car 

' a — bx b-^aoi ' x — 1 a — bx-\-cx^ 
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Solatton by Factoriiig. 

& The principle on which the solution of an equation by 
factoring depends was proved in Ch. VI, Art. 43. The methods 
given in Ch. VI, Arts. 9-13; Ch. XV, Art. 33; and Ch. XVI, 
Art. 20, enable us to factor any quadratic expression. The 
roots of the given quadratic equation are the roots of the equa- 
tions obtained by equating to each of its factors. 

Ex. 1. Solve the equation 3aj«-|-5aj — 2 = 0. 
Dividing by 3, a^ -f i» - i = 0. 

Adding and subtracting (jIg)*, = ff, we have 

or, («^ + |)'-M = 0. 

Faxjtoring, (aj + | + |)(aj + |- i) = 0, 

or, (a: + 2)(aj-i)=0, 

Equating each factor to 0, 

aj-f 2 = 0, whence a; = — 2; 
a; — ^ = 0, whence a? = ^. 

Ex. 2. Solve the equation 2a^ + 2aj-l=0. 

' Dividing by 2, ' a:* + aj — ^ = 0. 

Adding and subtracting (\y, = J, 

aJ* + flJ + i-i-i = 0, 
or (a, + ^)«-(^V3)* = 0. 

Factoring, (aj + i + lV3) (a? + 1~W3) = 0. 
Equating factors to 0, 

« + i + iV3 = 0,a?-|-i-iV3 = 0. 
Whence » = - ^ — ^ V^, and - i + i^S. 
Such roots are usually written — i ± ^ V^- 
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Ex. 3. Solve the equation ar* — 2a;-fl9=0. 
Adding and subtracting (— 1)', = 1, 

aj2_2aj-M-l + 19 = 0, 
or, since - 1 + 19 = 18 = - (- 18) = - (V- 18)^ 

(«-l)«-(3V-2)« = 0. 
Factoring, (aj-1 + 3 V- 2)(aj- 1 -3 V- 2) = 0. 
Equating factors to 0, 

a.-l + 3V-2 = 0, aj-l-3V-2 = 0. 
Whence, a; = l±3V-2. 

BXEBGISBS n. 
Solve each of the following equations : 

1. aj*-6a? + 6 = 0. 2. a:*- 7aj + 10 = 0. 

3. aj»-4aj-21=0. 4. a^ == 11 x + 12. 

5. 3a* + 4aj + l = 0. 6. 9a«-12aj + 4 = 0. 

7. 6a^ + 13aj-8 = 0. a llic2_7a._i8 = o. 

9. 7a^-20aj + 8 = 0. 10. 7 -12a^ = 17x. 

U. 20a«-79aj + 77 = 0. 12. Sai'-{-13x'-S2 = 0. 

13. aj«-2a;-l = 0. 14. aj»- 6a;~ 71 = 0. 

15. aj2-2» + 2=0. 16. a^-4aj + 13 = 0. 

17. (aj + 8)(aj + 3) = a?-6. 18. (a + 7) (a - 7) = 2(aj + 50). 

19. (2a? + l)(« + 2) = 3aj«-4. 20. (aj-l)(2aj + 3) = 4aj2-22. 

21. a?-3 = i(x-^3). 22. aj(a? + 5) = 5(40 -a;) + 27. 

23. _£_=:_li_. 24, ^"*"'^ -3aj-5 



aj + 120 3aj-10 2aj + 3 aj + 3 

a; + 3 5 ^ a; + ll ^ 5 4a; + 7 ^ 3^ 

4 »-6 6 ' "a? a: + l 2 

3 5 ^ 6 23 a;4-2 a; + 4 ^ 14 

a?-laj-2 a?- 3* *a; + 3 x + 5 x + s' 
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29 _^^±i-=_i^ 5±?. 30. -L. + -J_4.>1__ = 

* 9a;-3aj* 21-7aj 21aj aj-l^aj-2 a:-3 

5a?-l Ta^-^lOe ^ 1 ^^ a;-2 a? + 2 ^ 2(a; -|-3) 

* aj + 3 8aj2-72 8* 'aj + 2'*"«-2 «-3 

33 a? + 24 ^a;-7 1 3^ 4^ + 67 ^ - *> 



5a*-5 « + l 2aj-2 40a^-36 ' 30ic*-27 3 

35. a^+llaa; + 28a' = 0. 36. ic* - 14 ma? + 33 m* = 0. 

37. a^-2ax + a«-6* = 0. 3a «»-3aaj+2a*-a6-i>*=0. 

39. aj*— (2m— l)a; + m* — m — 6 = 0. 

40. aj"-(3a + 26)aj + 6a6 = 0. 

41. aa*+(a + 2)aj + 2 = 0. 42. 6a^-2(6 -hc)a? + 4c = 0. 

43. (a + l)a5'-aa;-l = 0. 

44. (a« + 3a-10)a^-(2a + 3)aj + l = 0. 

45. a^-2(a + 6)aj + (a + 6 + c)(a4-6-c) = 0. 

46. (m — 71)0* — (m 4- n)a: + 2 n = 0. 

47. -^ + -^ = 2. 4a ird^ + 2«±6 = o. 

a; — 6 a; — a 2a — a? 

49. g+ ^-^ =g. 50. -^ 55?L_ = 2. 

a; a5(& — 1) b a;4-4n a? — 4n 

Solutioii by Completiiig the Square. 

6. The following examples illustrate the solution of a quad- 
ratic equation by the method called Completing the Square. 

Ex. 1. Solve the equation «* — 5aj + 6 = 0. 

Transferring 6, a* — 5 a? = — 6. 

To complete the square in the first member, we add (— f)', 
= ^, to this member, and therefore also to the second. We 

then have 

a*-5aj + ^/ = ^-6 = i. 

Equating square roots, a? — | = ± ^, by Art. 2. 
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Whence, x=^^±i. 

Therefore the required roots are 3 and 2. 
Ex. 2. Solve the equation 

Transferring 1, 7a^ + 5a5 = — 1. 

Dividing by 7, a? + f a; = — f . 

Adding (^)' = T^, a? + ^a! + ^ = T^-| = fVV- 

Equating square roots, aj + ^ = ± i^^V"~ ^• 

Whence, a; = — ^ ± t'^V"" ^• 

Therefore the required roots are 

-A + T^V-3 and -^_^V-3. 

Ex. 3. Solve the.equation 

(a«-6^cr»- 2a^ + a« = 0. 

Transferring a^, (a* — 6^ aj* — 2 a^aj = — a^. 

o 2a*aj -a^ 



Dividing by a* — 6*, 



a>-62 a»-6« 



Adding ^-^^J, =^^3^2' to both members, 
^ 2a«a; ^' ^ ^' ■ »^ - «'^' 



a» - 6« • (a2 - 62)2 a« - 6* (a^ - 6^* (^2 _ ^2 
Equating square roots, x — ^^ = ± -5 — -5- 

Whence, a'^^^r^- 

ar — lr 

Therefore the required roots are ^ and 



a— 6 a+6 

The preceding examples illustrate the following method of 
procedure : 

Bring the terms in x and o? to the first member, and the terms 
free from x to the second member, uniting like terms. 
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If the resulting coefficient of o? he not + 1, divide both members 
by this coefficient. 

Complete the square by adding to both members the sqvxire of 
half the coefficient ofx. 

Equate the positive square root of the first member to the posi- 
tive and negative square roots of the second member. 

Solve the resulting equations. 

BXBBCISBS m. 
Solve each of the following equations : 

1. aj"~4a; + 3 = 0. 2. aj2-5aj = -4. 

3. a?-i-2x + l = 0. 4. 2aj*~7a? + 3 = 0. 

5. 3aj2-53aj4-34 = 0. 6. Ux-^AQa? -1=0. 

7. a«-4aj + 7 = 0. a 110aj2-21a?+l = 0. 

9. aj2-2a;-f 6 = 0. 
U. (3»-2)(aj-l) = 14. 

13. aj + - = 5i. 

X 

15. iB-i=i?. 

X 

2x'^Sx'^^'"6 
19. —^^=zx + 2. 20. 2x + 5z ^^ 



10. 


a?-X-i-x(x-l)=a^. 


12. 


(2x-l)(x-2)=(x + iy. 


14. 


.-i=H. 


16. 


S = ._4, 

X 


18. 


.^.r.l. 



X — 4: 4 05 — 11 

21. g + 3 ^ x-4: 22 a;+l_3» + l 



aj + 9 aj — 1 aj-f-5 7aj — 1 

23. 10_^ 27 ^5 24. ^-2£z^ = 2. 

1 — x l — 2x x — 5 x-i-5 

25. (2 a? -3)2 = 8 a;. 26. (2aj4-l)(«+2)=3a^-4. 

27. (5a;-3)2-7=40a;-47. 28. (aj+l)(2aj+3)=4a«-22 

29. (a;-7)(aj-4) + (2a;-3)(aj-5) = 103. 

30. 10(2 ic + 3)(aj - 3) + (7aj + 3)2 = 20(a; + 3) (a; - 1). 

31. (x - 1) (a; - 3) + (a? - 3) (ar - 5) = 32. 

32. (aj-l)(a?-2) + (aJ-3)(a;-4) = (aj-l)2-2. 
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6 3 8 



33. 

34. 



X — 5 a? — 4 x — S 
12 7 15 



aj-hl 6 — x x — 2 



^ 5x 6 7 _^ 

2aj-l 5aj-4 3aj — 4 

3aj . 6 8 



37. 



38. 



ic2 + 3a; + 2 aj2-|-5a; + 6 aj2 + 4a? + 3 



Ji 



«2-9a?4-20 a^-7x-\'10 a^-ex + S 



39 ^4-2 1 + a; ^ l-3a; 

• 6«^4-5a: + l 10aj2 + 7a; + l 15«2 + 8a;H-l 

40. a.-« = ^-l. 41. !L+?4-^?^:^ = -,^- 
oaa; n — xn-^-xrr — ar 

«. X = — ? 2_. 43.._^ii l_=f. 

(a — byx a — h v?x — 2n 2 — na; n 

a— 26 1 1 ^B fit a— 1 



8a:*-2 62 2x-hb 2a nx^-x a^-2nx'-^n^a^ 

j.^ x — a'\-b a — h — x ,_ ax 1 — a 



aj4-a — 6 a-\-h-\-x ooj-hl a^x^ — a—a^x-\'ax 

\a — xj 2 a — a; 

General SolutioD 

7. The most general form of the quadratic equation in one 
unknown number is evidently 

oiB^ + 6a? H- c = 0. 

The coefficient a is assumed to be positive and not 0, but 6 
and c may either or both be positive or negative, or 0. 



286 ALGEBRA. [Ch. XVIII 

Dividing by a, aj" + - a? -f - = 0. 

a a 

Transferring -, a? 4. _ a- =3 — -• 

a a a 

Adding f^Y,=-^, a, + 5. + ^»^,_f 

\2aJ 4:ar a 4a* 4a' a 



4a« 

Equating square roots, a? + — - = ± y ^ "" — 2£z. 

^ a ^ a 

Whence, a: = - A 4. ^Z(^!_pi«£l, 

' 2a 2a ' 

and . = -A.:^fcl^. 

2a 2a 

8. The roots of any quadratic equation can be obtained by 
substituting in the general solution the particular values of the 
coefficients a, b, and c. 

Ex. Solve the equation 3a^ + 7aj — 10 = 0. 

We have a = 3, 6 = 7, c = - 10. 

Substituting these values in the general solution, we obtain 

« = -^ + iV[49-4x3(-10)] = l, 

and « = - ^ - |V[49 - 4 X 3(- 10)] = - J^. 

EXEBCISES IV. 

Solve each of the following equations : 
1. 2aj2 = 3a; + 2. 2. 5aj2- 6aj + 1 = 0. 

3. 9aj(a;H-l) = 28. 4. ar^ - 6^ = 2ai»- a*. 

5. ar'-f 6aajH-l = 0. 6. ar'^- 1 = 2^ a?. 

7. (a? -5)2+ (a? -10)2 = 37. 8. 2a;(3n - 4aj) = nl 
9. n\a^ + l) = a^'^2n^x. 10. a^ + (x -{■ af = a} 



-a 
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Relation between Roots and Coefficients. 



9, If the roots of the quadratic equation 
aaj*4-6aj + c = 0, or a 
be designated by r^ and r^, we have 

_6 V(y-4ac) 



aaj*4-&« + c = 0, or aj* + -aj + - = 
a a 



' 2a^ 2a 



*"* 2a 2a 



The sum of the roots is 



r, + r, = -^. (1) 

The product of the roots is 

'' L 2a^ 2a J L 2a 2a J 

^f 6 7 r V(y-4ac)T ^ y y-4ac^c ,ox 

L 2aJ L 2a J 4a« 4a» a* ^ ^ 

The relations (1) and (2) may be expressed thus : 

(i.) If the coefficient of the second poiver of the unknotvn num- 
ber be 1, the sum of the roots is equal to the coefficient of the first 
power of the unknown number j with sign reversed, 

(ii.) If the coefficient of the second power of the unknown num- 
ber be 1, the product of the roots is equal to the term free from the 
unknown number, 

E,g,, the roots of the equation fc^ — 5a; + 6 = 0are2 and 3 ; 
their sum is 5 (the coefficient of x with sign reversed), and 
their product is 6 (the term free from a?). 

The roots of the equation 6 a^ — a; — 2 = 0, or a^ — ^x — ^^O, 
are f and — ^ ; their sum is ^, and the product is — ^. 

10. Formation of an Equation from its Roots; — The relations 
of the last article enable us to form an equation if its roots be 
given. We may always assume that the coefficient of the 
second power of the unknown number is 1. 
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Ex. 1. Form the equation whose roots are — 1, 2. 
We have ri + rg = — 1 4- 2 = 1, the coefficient of a?, with sign 
reversed ; and ViV^ = —1 x2=— 2, the term free from x. 
Therefore the required equation is «* — a? — 2 = 0. 

Ex. 2. Form the equation whose roots are 1 + 2^3, 1—2^^3. 

Wehave ^ 4-rj = (1 4-2V3) 4-(l -2V3) = 2; 
and r^ra = (1 4- 2 V3) (1 - 2 V3) = 1 -12 = - 11. 

. Therefore the required equation is a^ — 2 a? — 11 = 0. 

U. It follows from Art. 9, that the quadratic equation may- 
be written in the form 

a^- (ri 4- r^x + r^r^ = 0, 
or (a? — ri) {x — r^ = 0. 

Ex. Form the equation whose roots are — 1, 2. 

We have (aj 4- l)(a? - 2) = 0, or aj* - a? - 2 = 0. 

When the roots are irrational or imaginary, the method of 
the preceding article is to be preferred. 

EXERCISES V. 

Form the equations whose roots are : 

1. 8, 2. 2. - 5, - 3. 3. 10, 10. 4. 7, - 3. 

5. 4,-10. 6. 2i,lf 7. -I, -If a -i,8. 

9. 2,0. 10. a, 6. U. — a, — 1. 12. a', — 4a2. 

13. V2, -V2. 1*. W-3, -iV-3. 

15. 1 4- V7, 1 - V7. 16. i - i Vll. i + i Vll- 

17. 3-V-5, 3 4-V-^- 18- |-W-1» i + W-1- 

Nature of the Roots. 

12. In many applications it is important to know, without 
having to solve an equation, the nature of its roots, i.e., whether 
they are both real and unequal, whether they are both real and 
equal, whether they are imaginary. 
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In the general solution 

' 2(1 2a ' ' 2a 2a ' 

of the equation aa^ + 6a5 + c = 0, 

a, 6, and c are limited to real, rational values. 

(i.) The two roots are real and unequal when b* — 4:ac ia 
positive, i.e., when 6* — 4 ac> 0. 

^.^., in «2 + 4aj-12 = 0, 

a = 1, 6 = 4, c = — 12 ; and since 6^ — 4 oc, = 16 4- 48, 

is positive, the roots of this equation are real and unequal. 

(ii.) The two roots are real and equal when 6* — 4 ac is equal 
to ; i.e., when 6^ = 4 oc. 

^.^r., in aj* — 4aj + 4 = 0, 

a = l, 6 = — 4, c = 4; and since 6* = 4 ac, 

the roots of this equation are real and equal. 

(iii.) The two roots are conjugate complex numbers when 
6^ — 4 ac is negative; i.e., when 6* — 4 ac < 0. 

E,g,, in a^ — 2x'{-S = 0, 

a = l, 6 = — 2, c = 3; and since 6* — 4 ac, =4 — 12, = — 8, 

is negative, the roots of this equation are complex numbers. 

EXERCISES VI. 

Without solving the following equations, determine the 
nature of the roots of each one : 

1. aj2+17a;+70=0. 2. ar^H-12aj=-40. 3. a^+5x'-U=0. 

4. ic*-aj = 12. 5. aj«-8aj4-26 = 0. 

6. iB2-8aj = 16. 7. 9aj»-12aj + 4 = 0. 

8. 8iB«~2aj-25 = 0. 9. 16iB2 + 8ajH-49 = 0. 

10. 10iB«-21aj-10 = 0. 
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For what values of m are the roots of each of the following 
equations equal? For what values of m are the roots real 
and unequal ? And for what values of m are the roots com- 
plex numbers? 

U. wiaj* + 4aj + l = 0. 12. 2aj* + wiaj + l = 0. 

13. 3aj" + 6aj4-m = 0. 14. ma? + mx + l = 0. 

IRRATIONAL EQUATIONS. 

13. An irrational equation may lead to a quadratic equation 
when rationalized. 

Ex. 1. Solve the equation x + VC^^ — a*) = 7. 
Transferring a?, V(26 - a?^ = 7 - «. (1) 

Squaring, 26 - ic* = 49 - 14 a? + »*. (2) 

The roots of this equation are 3, 4. 
Both roots of (2) satisfy the given equation, since 

3 + V(25 - 9) = 7, and4 + V(25 - 16) = 7. 

Ex. 2. Solve the equation x — V(26 — aj^ = 1. 
* Transferring a?, — V(25 — a^ = 1 — a;. (1) 

Squaring, 25 - a?* = 1 - 2 a? + aJ*. (2) 

The roots of this equation are 4 and — 3. 
The number 4 is a root of the given equation, since 

4-V(25-16) = l; 
but the number — 3 is not a root of the given equation, since 
- 3 - V(25 - 9) =- 7, not 1. 
Therefore the root — 3 was introduced by squaring. Now 
observe that the same rational equation (2) would have been 
obtained, if the given equation had been 

a?+V(25-aj2) = l; (3) 

that is, if the surd term had been of opposite sign. The root 
— 3 satisfies equation (3), since 

_ 3 + ^(25 -9) = -34-4 = 1. 
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Therefore equation (2) is equivalent to equations (1) and (3) 
jointly. 

It frequently happens that no root can be found to satisfy 
an equation obtained by giving to the square root either its 
positive or its negative value. 

In Ex. 1, the equation thus derived is 

and is not satisfied by either of the roots obtained. The equa- 
tion is then said to be impossible. 

Ex. 3. Solve the equation 

V(2a?4-3)-V(7-«) = l. 
If both positive and negative square roots be admitted, the 
given equation is equivalent to the four equations : 

V(2a?+3) + V(7-^)=l (1), V(2a?+3)-V(7-aj)=l (2), 
- V(2a?+3) + V(7-a?)=l (3), -V(2a;-h3)-V(7-a?)=l (4). 

The same rational integral equation will evidently be de- 
rived by rationalizing any one of these equations. 

In (1) transferring ^(7 — a?), 

V(2aj + 3) = l-V('^-«)- 
Squaring; 2aj + 3 = 1 — 2^(7 - a?) + 7 — a?, 

or 3a;-5 = -2V(7-aj). 

Again squaring, 9 a?* — 30 a? + 25 = 28 — 4 a?, 

or 9iB2-26aj-3 = 0. 

The roots of this equation are 3 and — -J^. By substitution 
we find that equation (2) is satisfied by the root 3, and equa- 
tion (3) by the root — ^. The other two equations are 
impossible. 

Consequently, in solving an irrational equation, we must 
expect to obtain not only its roots, but also the roots of the 
other equations obtained by changing the signs of the radicals 
in all possible ways. Some of these equations will be impos- 
sible. The roots of the other irrational equations will be the 
roots of the rational equation. 
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14. Ex. Solve the equation 

V(3aj" - 2a? + 4)- 3aj» + 2aj = - 16. 

Since - Sx^ + 2aj = -(3ar* - 2aj + 4)+ 4, 

we may take ^(3 aj* — 2 a? + 4) as the unknown number, replac- 
ing it temporarily by y. We then have the quadratic equation 

y-2/8 + 4 = -16. 
The roots of this equation are 5, and — 4. 
Equating -^^(3 a^ — 2 a? + 4) to each of these roots, we have 

V(3aj* — 2aj4-4)=5, whence a; = 3, — ^. 
V(3 ar*-2aj4-4) = -4, whence a? = | (1 ± V37). 
The numbers 3, —J satisfy the given equation, and are 
therefore roots of that equation. The numbers ^ V(^ ± V^*^) 
do not satisfy the given equation. 

But if the value of the radical is not restricted to the posi- 
tive root, the given equation comprises the two equations 

V(3 a?« - 2a? + 4)- 3ar^ + 2aj = - 16, (1) 

-V(3«^-2a? + 4)-3aj2 + 2a? = -16. (2) 

Then |(1 ± V37) are roots of (2). 
The given equation is said to be in quadratic form. 

EXERCISES VII. 

Solve each of the following equations, and check the results. 
If a result does not satisfy an equation as written, determine 
what signs the radical terms must have in order that the 
result may satisfy the equation. 

1. V(aj*-9) = 4. 2. 4a? = 3V(2ar^~4). 

3. 3-V(3aJ^-4a? + 9)=0. 4. 5 a? = 2 V(3 a^ - a? + 15). 

6. V[4^'-V(2aJ + 3)] = 3. 

7. ^-^ =4 + V^^^ . 8 ^ + V(«^ + 7) = I 

V» + l 2 28 V(«^+'^) 

3 2a;4-V(4a:^-l) ^^ ^^ x-^{x-\-l) ^ 5, 
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11. 7^x=S^(a^'^Sx-'59), 12. V(«+2)- V(^+2aj)=0. 
13. (5-V«)^ = 2(7+V»). 1*. a? + 5-V(^ + 5) = 6. 

15. V(^'-2) + 2V(aJ4-3)-2V(3aJ-2) = 0. 

16. V(2«4-9)4-V(3»-15)=V(7« + B). 

17 /3a?-4 /_^ziL_5 / 3a;+6 , / 7a;-3 __13 

\ aj-5 ■^\3a;-4~2* \7aj-3'^\3aj-h6" 6* 

1.1 4 



19. 



-y/(x + 2) V(3aJ-2) ^(3a^ + 4aj-4) 



20 1 I 1 ^1 

' aj-v(2-ajO «^+V(2~a^ 

21. aj2 -a; + 2V(a^ - a? - 11) = 14. 

22. aj* + 24 = 2aj + 6V(2aj*-4aj + 16). 

23. V(2aj"-3aj + 5) + 2«2-3aj = l. 

24. V(2a^~7ic + 7)+V(2ar* + 9aj-l) = 6. 

25 ^ K + «^ = g. 26. V^+V^ = g. 

27. v(a + a?)+V(«-«^) = -77;r— T- 

29. V(l-"^ + ^+V(l + ^ + aO = wi. 

HIGHER EQUATIONS. 

15. Certain equations of higher degree than the second can 
be solved by means of quadratic equations. 

Ex. 1. Solve the equation a^ — 1 = 0. 

Factoring, (x — 1) (a^ + a + 1) = 0. 

This equation is equivalent to the two equations 

a? — 1 = 0, whence a; = 1 ; 

and aj" + a; H- 1 = 0, whence a? = — J ± J -y/— 3. 
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This example gives the three cube roots of 1, since a^— 1=0 
is equivalent to 

05"=!, or x=^^. 

Therefore the three cube roots of 1 are 

In general, the three cube roots of any number can be found 
by multiplying the arithmetical cube root of the number in 
turn by the three algebraic cube roots of 1. 

^8 = 2^1 = 2, -l±V-3. 

Ex. 2. Solve the equation iB*-9 = 2iB»~l. 
Since ic* = (a?)^, we may take a^ as the unknown number and 
solve this equation as a quadratic in si?. 

We then have (a?)^ - 2 aj* - 8, = 0. 

Factoring, (aj» - 4) (aj^ + 2) = 0. 

Whence, 
a^ — 4 = 0, or a? = ±2; and aj* + 2 = 0, or « = ±V— 2. 

In general, any equation containing only two powers of the 
unknown number, one of which is the square of the other, can be 
solved as a quadratic equation. 

Ex. 3. Solve the equation (a?-3aj+l)*=6+5(a^-3a;4-l). 
In this example a^ — 3a;4-l is regarded as the unknown 
number, and may temporarily be represented by the letter y. 
The equation then becomes 

't^^^ + ^y] whence y = 6, and — 1. 
We therefore have the two equations 

0? — 3aj + l = 6, whence a? = f ± JV^5 
aj" — 3aj + l = — 1, whence a? = 2, a? = 1. 

Therefore the roots of the given equation are f ± i^2Q, 2, 1. 

Attention is called to the fact that, in each example, we have 
obtained as many roots as there are units in the degree of the 
equation. 
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BXBBGISES VIII. 

Solve each of the following equations : 
1. aj»-f-l = 0. 2. iC*-l = 0. 3. a^ + l=0. 

4. aj«-l = 0. 5. (aj-l)» = 8. 6. a^ = (2a-a;)l 

7. (aj + l)*=16. a iB* + 9 = 10aj«. 9. aJ*-6a^ = -l. 

10. ic«-65aj3 = -64. 11. o^ + Saji^e^ 

12. (aj*-aj + l)' = 3a;(aj-l) + l. 

13. (3aj*-5aj + l)'-9aj« + 15aj = 7. 

14. 15aj»-35aj-3(7aj-3a? + 8)« + 310=:0. 

15 (a4-a^)^4-(a-a^)^ ^2a. 16. ^ + 6a^4-1 ^3, 
(a + a?)8 4- (a - «)« aj*-6aj« + l 2 

^--_^^4^^34 
j^g g'-ga^ + S a^ + ga?--3 _8 

PROBLEMS. 

16. Pr. 1. The sum of two numbers is 15, and their product 
is 56. What are the numbers ? 

Let X stand for one of the numbers ; then, by the first con- 
dition, 15 — a? stands for the other number. By the second 
condition 

X (15 — a?) = 56 ; whence a; = 7, and 8. 

Therefore aj = 7, one of the numbers, and 15 — a? = 8, the 
other number. Observe that if we take a? = 8, then 15 — a? = 7. 
That is, the two required numbers are the two roots of the 
quadratic equation. 

Pr. 2. Divide 100 into two parts whose product is 2600. 
Let X stand for the less part, and 100 — x for the greater. 
By the second condition, a? (100 — a;) = 2600. The roots of 
this equation are 50 + 10 V— 1 and 50 — lOy — 1. 
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An imaginary result always indicates inconsistent conditions 
in the problem. The inconsistency of these conditions may be 
shown as follows : 

Let d stand for the difference between the two parts of 100. 
Then 50 + id stands for the greater part, and 50 — ^ d for the 



The product of the two parts is 

(50 + i d) (60 - J (2), = 2500 - (^ c^' = 2500 - ^ cP. 

Since cP is positive for all real values of cZ, the product 2500 
— J cP must be less than 2500. Consequently 100 cannot be 
divided into two parts whose product is greater than 2500. 

17. When the solution of a problem leads to a quadratic 
equation, it is necessary to determine whether either or both 
of the roots of the equation satisfy the conditions expressed 
and implied in the problem. 

Positive results, in general, satisfy all the conditions of the 
problem. 

A negative result, as a rule, satisfies the conditions of the 
problem, when they refer to abstract numbers. When the 
required numbers refer to quantities which can be understood 
in opposite senses, as opposite directions, etc., an intelligible 
meaning can usually be given to a negative result. 

An imaginary result always implies inconsistent conditions. 

18. The interpretation of a negative result is often facili- 
tated by the following principle: 

If a given quadratic equation have a negative root, then the 
equation obtained by changing the sign of x has a positive root 
of the same absolute value, 

JS.g., the roots of the equation oj^ — 5a? + 6 = are 2 and 3 ; 
and the roots of the equation 

(_ic)2-5(-a?)4-6 = 0, 

or aj*+5ajH-6 = 0, are —2 and —3. 
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Pr. 3. A man bought muslin for $ 3.00. If he had bought 
3 yards more for the same money, each yard would have cost 
him 5 cents less. How many yards did he buy ? 

Let X stand for the number of yards the man bought. Then 

300 
1 yard cost cents. If he had bought a? + 3 yards for the 

^ 300 
same money, each yard would have cost cents. 

Therefore ^ — ^=5; whence aj = 12 and -15. 

X aj + 3 ' 
The root 12 satisfies the equation and also the conditions of 
the problem ; the root — 15 has no meaning. 

But if a; be replaced by — a; in the equation, we obtain a new 
equation, 

m ?00_^, ^^ J00__300^5 (i. 

-a? -x + 3 ' x-3 X ' "- ^ 

whose roots are — 12 and -|- 15. 

Equation (1) evidently corresponds to the problem : A man 

bought muslin for $ 3.00. If he had bought 3 yards less for 

the same money, each yard would have cost him 5 cents more. 

Notice that the intelligible result, 12, of the first statement 

has become — 12 and is meaningless in the second statement. 

EXERCISES IX. 

1. If 1 be added to the square of a number, the sum will be 
50. What is the number ? 

2. If 5 be subtracted from a number, and 1 be added to the 
square of the remainder, the sum will be 10. What is the 
number ? 

3. One of two numbers exceeds 50 by as much as the other 
is less than 50, and their product is 2400. What are the 
numbers ? 

4. The product of two consecutive integers exceeds the 
smaller by 17,424. What are the numbers ? 

5. If 27 be divided by a certain number, and the same num- 
ber be divided by 3, the results will be equal. What is the 
number? 
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6. What number, added to its reciprocal; gives 2.9 ? 

7. What number, subtracted from its reciprocal, gives n ? 
Let n = 6.09. 

8. If n be divided by a certain number, the result will be 
the same as if the number were subtracted from n. What is 
the number ? Let n = 4. 

9. If the product of two numbers be 176, and their differ- 
ence be 5, what are the numbers ? 

10. A certain number was to be added to |, but by mistake 
^ was divided by the number. Nevertheless, the correct result 
was obtained. What was the number? 

11. If 100 marbles be so divided among a certain number of 
boys that each boy shall receive four times as many marbles as 
there are boys, how many boys are there ? 

12. The area of a rectangle, one of whose sides is 7 inches 
longer than the other, is 494 square inches. How long is each 
side? 

13. The difference between the squares of two consecutive 
numbers is equal to three times the square of the less number. 
What are the numbers ? 

14. A merchant received $ 48 for a number of yards of cloth. 
If the nimiber of dollars a yard be equal to three-sixteenths of 
the number of yards, how many yards did he sell ? 

15. In a company of 14 persons, men and women, the men 
spent $ 24 and the women f 24. If each man spent $ 1 more 
than each woman, how many men and how many women were 
in the company ? 

16. A pupil was to add a certain number to 4, then to sub- 
tract the same number from 9, and finally to multiply the 
results. But he added the number to 9, then subtracted 4 from 
the number, and multiplied these results. Nevertheless he 
obtained the correct product. What was the number ? 

17. A man paid $ 80 for wine. If he had received 4 gallons 
less for the same money, he would have paid $ 1 more a gallon. 
How many gallons did he buy ? 



18] PROBLEMS. 299 

18. A man left $31,500 to be divided equally among his 
children. But since 3 of the children died, each remaining 
child received $ 3375 more. How many children survived ? 

19. Two bodies move from the vertex of a right angle along 
its sides at the rate of 12 feet and 16 feet a second respectively. 
After how many seconds will they be 90 feet apart ? 

20. A tank can be filled by two pipes, by the one in two 
hours less time than by the other. If both pipes be open 
1^ hours, the tank will be filled. How long does it take each 
pipe to fill the tank ? 

21. From a thread, whose length is equal to the perimeter 
of a square, 36 inches are cut off, and the remainder is equal 
in length to the perimeter of another square whose area is 
four-ninths of that of the first. What is the length of the 
thread ? 

22. A number of coins can be arranged in a square, each 
side containing 51 coins. If the same number of coins be 
arranged in two squares, the side of one square will contain 
21 more coins than the side of the other. How many coins 
does the side of each of the latter squares contain ? 

23. A farmer wished to receive $ 2.88 for a certain number 
of eggs. But he broke 6 eggs, and in order to receive the 
desired amount he increased the price of the remaining eggs 
by 2| cents a dozen. How many eggs had he originally ? 

24. Two bodies move toward each other from A and B re- 
spectively, and meet after 35 seconds. If it takes the one 24 
seconds longer than the other to move from A to B, how long 
does it take each one to move that distance ? 

25. It takes a boat's crew 4 hours and 12 minutes to row 12 
miles down a river with the current, and back again against 
the current. If the speed of the current be 3 miles an hour, 
at what rate can the crew row in still water ? 

26. A man paid $ 300 for a drove of sheep. By selling all but 
10 of them at a profit of $ 2.50 each, he received the amount 
he paid for all the sheep. How many sheep did he buy ? 



CHAPTER XIX. 

SIMULTANEOUS QUADRATIC AND HIGHXSR 
EQUATIONS. 

1. The solution of a system of quadratic or higher equa- 
tions in general involves the solution of an equation of higher 
degree than the second, and therefore cannot be effected by 
the methods for solving quadratic equations. But there are 
many special systems whose solutions can be made to depend 
upon the solutions of quadratic equations. 

The following methods are based upon equivalent systems 
of equations. 

2. Elimination by Substitution. — When one equation of a 
system of two equations is of the first degree, the solution can 
be obtained by the method of substitution. 

Ex. Solve the system y -f 2aj = 5, 1 (1) 

a^-i/2^-8.1 (2) 

Solving (1) f or y, t/ = 5 - 2 a?. (3) 

Substituting 5 — 2 a? for y in (2), 

aj2 _ 25 -f 20ar - 4a^ = ~ 8. (4) 

From this equation we obtain ar = 1, 

and X = 5|. 

Substituting 1 for x in (3), 2/ = 3. 

Substituting 5| for x in (3), i/ = — 6^. 

The equations (3)-(4) are equivalent to the given equations 

(l)-(2). 

Therefore the solutions of the given system are 1, 3; 6|, 
-- 6J, the first number of each pair being the value of a, and 
the second the corresponding value of y, 

300 
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Had we substituted 1 for x in (2), we should have obtained 
2/ = ±3. 

But the solution 1,-3 does not satisfy equation (1). 

Therefore, always substitute in the linear equation the value 
of the unknown number obtained by elimination. 

3. Elimination by Addition and Subtraction. — This method 
can frequently be applied. 

Ex. Solve the system aj^ + 3 y = 18, ] (1) 



y = 18,l 
y = s. J 



2a^-5y = 3. J (2) 



We will first eliminate 


y- 






Multiplying (1) by 5, 




5a? + 15y = 90. 


(3) 


Multiplying (2) by 3, 




6a!«-16y = 9. 


(4) 


Adding (3) and (4), 




llaj« = 99. 




Whence, 




x = 3, and x = - 


-3. 


Substituting 3 for x in 


(i)> 


y = 3. 





Substituting — 3 for aj in (1), y = S, 

The given system has the two solutions 3, 3 ; — 3, 3. 
Notice that this example could also have been solved by the 
method of substitution. 

BXBBCISES I. 
Solve each of the following systems : 

' \Sx = 2y, * la^-2/« = 5. * \x'^f = b, 

|4ic-3y = 24, (2a^-3f=24, (2a^-Sy = 20, 

** \xy = 96. ^* {2x=^3y. ^' [x' + By^Se. 

(3x-2y=:l, (7x'\-xy = 20, r2aj + 32^ = 10, 

^' |a^ + 2/' = 74. ®' \2xy'\-5x = 22. ^' \ x(x + y) = 25. 

^^ Ux'-xy^^O, ^ ( 5 xy-^3 0^=132, Ux=xy + 5, 

' (2aj-3y = 6. ' \5xy-3x'=7S. ' [7y = xy + 6. 



.S02 
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' l3y = a^ + 2/*-7. 



15. 



17. 



19. 



raj^ + ajy + y^: 
* l2aj-y = 21. 
(iii^ + 5ayy + f = 
la*4-5ajy — 2r* = 



2aj-3i/ = ll, 
4_3^_17 

« y 7 

^±l+3x = 2|, 
5^±y_7a. = _8J. 



a' + «y + 2^ = 343, 

a^ + 5ajy + 2/« = 43, 
25. 
faj + 2y = l, 



18. 



20. 






x+^5 = 30, 

aj-2^/- = 3t 



4. Homogeneous Equations. — When all the terms which con- 
tain the unknown numbers in both equations of the system are 
of the second degree, a system can always be derived whose 
solution is obtained by the method of Art. 2. 

Ex. Solve the system a? + xy + 2f=74:, (1) 

2aj2-|-2ajy4-2r^ = 73. (2) 

Multiplying (1) by 73, TSx' + TSxy-^- 146 1^ = 74 x 73. (3) 
Multiplying (2) by 74, 148 aj2 + 148 icy + 74 1^ = 74 x 73. (4) 
Subtracting (3) from (4), 75a^ + 75xy^72f = 0, 
or 25aj2 4.25a^-24/ = 0, 

or (5aj - 3y) (5 a; + 8y) = 0. 

Therefore the given system is equivalent to 



5aj-3i/ = 0, ) 5a? + 8y = 0, 

a;» + ajy-l- 22^ = 74,r''^' a^ + ajy + 2 



''y = ^' \rh\ 



The solutions of these systems, and hence of the given 
system, are respectively 3, 5 ; — 3, — 5 ; 8, — 5 ; — 8, 5. 

In applying this method to such systems, we must first 
derive from the given equations a homogeneous equation in 
which there is no term free from the unknown numbers. 
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5. Such examples can also be solved by a special device. 
Ex. Solve the system a^-|-4y» = 13, (1) 

ajy + 2y2 = 5. (2) 

In both equations, let y = tx. (3) 

Then from (1), ar^ + 4 aj*<« = 13, whence a? = ^^ ; (4) 
and from (2), oj*^ + 2 aft^ = 6, whence o? = — ^. (5) 

Equating values of a?, , ^^ , = — ^. (6) 

Whence ^ = ij and ^ = — |. 

When ^ = J,aj2 = — i^ = 9, whence a:=:±3. 

When ^=: — ^, aj* = ^, whence aj = ±^^. 
When aj = ± 3, 3^ = to = ^(± 3)= ± 1. 
Whenaj = ±vJ, 2/ = -f (± Vi)= T fVi- 

BXEBCISB8 II. 
Solve each of the following systems : 
^ ,aj2 4-a?y = 78, ^ (aj« + 4y» = 13. 



ajy-f-22/* = 5. 



[f-xy^l. I 

^ raj« + ajy + 2/' = 52, ^ ra^-ajy + 2^ = 21, 

^ raj« + ajy4-42/^ = 6, ^ raj«- 20^2^ + 32/^ = 9, 

* l3aj2 + 82/^ = 14. ' Iaj2_4ajy4.52^ = 5. 

' ja^-aj2^ + 2^2^7aj. * j aj^ _ yJ = 31 _ 2 0^2/. 

6. Symmetrical Equations. — A Symmetrical Equation is one 
which remains the same when the unknown numbers are 
interchanged. 

A system of two symmetrical equations can be solved by first 
finding the values of x -{-y and x — y. 
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Ex. 1. Solve the system oj* -|- 2^* = 13, 1 (1) 

xy = 6. J (2) 

Multiplying (2) by 2, 2xy = 12. (3) 

Adding (3) to (1), a^ + 2xy'\-y' = 25. (4) 

Subtracting (3) from (1), aj^ - 2 ojy + 2^ = 1. (P) 

Equating square roots of (4), x + y = ±5. (6) 

Equating square roots of (5), x — y = ±l. (7) 

Equations (4)-(5), or (6)-(7), are equivalent to (l)-(2). 
But (6) and (7) are equivalent to 

x-y = l,] x-y = -l,} aj-3^ = + l,) x-y^-l.) 

The solutions of these four systems are respectively 3, 2 ; 
2j o 5 — ^f — 3 5 — Of — 2, 

The solutions of (6) and (7) should be obtained mentally, 
without writing the equivalent systems. Each sign of the 
second member of (6) should be taken in turn with each sign 
of the second member of (7). 

Notice that these solutions differ only iii having the values 
or X and y interchanged. This we should expect from the 
definition of symmetrical equations. 

When the equations are symmetrical, except for sign, the 
solution can be obtained by a similar method. 

Ex. 2. Solve the system 

x-y^S, (1) 

a? + f:=29. (2) 

Squaring (1), aj* — 2 ojy + ^ = 9, (3) 

Subtracting (3) from (2), 

2xy==20,OTxy=:10, (4) 

The solutions of (1) and (4) are 5, 2; —2,-5. 

Notice that the solutions in this case differ not only in hav- 
ing the values of x and y interchanged, but also in sign. 



6] 



SIMULTANEOUS QUADRATIC EQUATIONS. 805 



EXERCISES ni. 

Solve each of the following systems : 



xy=z 32. 

(x-y = Sy 
\xy = — 15. 

xy = 12. 

9ar^ + y^ = 37a2, 

xy 



(X'\-y = a, 
\icy=b, 

\xy==n, 

La^ = -90. 



3. 



^ (ix + 5y=.37, 
* \xy = 2S, 

ex-7y = 5S, 
Sxy = -(jO. 
r 25 aj2+9 3/^=148, 
l5ajy = 8. 



m; 



5a!' + 2f = 5a^ + Sb% 



xy = 2cLb, 



[xy = -'2a\ lajy = 

\x-\'y = 15, ' [x + y = ll. ' 1 

(x'-f = 2S, f 

15. "^ 16. 

I a^ = 48. I 



a^_42^=-3, 



18. 



21. 



24. 



27. 



29. 



31 



t a; - y = 2. 

la y""5" 

a? 2^ 
1 = 2. 

lay 

a + ay4-y = 29, 
+ 3^-1-2/2=61. 

a«^ + a-2/ 

ix^ + f']-x — y = a, 

xy + x — y^b. 



xy^-l, 
9x^-^-^=82, 

f ar + y = 16, 



(9:x?+f=^S2, 
• l3aj-i/=10. 

far + y = lC 
[a ^2^ 3 



17. ^^ 

laj-2/ = i 

-I 



25. 



X y_16 
y aj 15 
a? — y = 2. 



23. 



26. 



lasy + a; — y = l 

■I 

la^ + 2/«-aj2/ = 21. 



25 aj2 -h 9 !/» = 73. 

0^ + 2^ = 53, 
y = 5. 
163^+492/^=113, 
4aj+7y=l. 
a^ + f = 2ixy, 



^ ra52 + 2/« + 7a^ = 171, 
la2/ = 2(aj + 2^). 



30. 



ra^ + 2^-a-y = 22, 

\x + y + xy = -l. 



32. I 



a + 2^ = 2. 



34. 



a* + y* 4- a^ = 3. 
|a^ + a^ + 2^ = 2m, 
* (a^-a;2/ + ?/» = 2n. 
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7. Higher Equations. — The solutions of certain equations of 
higher degree than the second can be made to depend upon the 
solutions of quadratic equations. 

Ex. 1. Solve the system a* + y» = 9, (1) 

x + y = 3. (2) 

Dividing (1) by (2), a?-xy+f = 3. (3) 

Subtracting (3) from the square of (2), 

3a^ = 6, oray = 2. (4) 

The solutions of (2) and (4), and therefore of the given 
system, are 1, 2, and 2^ 1. 

Ex. 2. Solve the system aj* + y* = 17, (1) 

» + y = 3. (2) 

We first find the value of xy. 

Let a?y = 2. (3) 

Squaring (2), a? -\-2xy + f=z9, (4) 

or aj» + y'=9-22. (5) 

Squaring (5), a^ -\-2o^f + 7/^ = S1^36z + As?, (6) 

or «*-|-y* = 81-362 + 22*. (7) 

Since aJ* + y* = 17, we have from (7), 

22j2-362 + 81 = 17. (8) 

Whence z = 16, and 2. (9) 

Therefore, from (3) and (9), xy = 16, (10) 

and a^ = 2. (11) 

The solutions of (2) and (10) and of (2) and (11) are readily 
found, and should be checked by substitution. 

BXEBCISES IV. 

Solve each of the following systems : 

(x-]-y=z5, (x-y = l, 

• W + y^=:35. • laj»-3/« = 7. 

(2(x^y)=5, r(aj-l)3+(y-2)«=28, 

' 132(0^ + 20 = 2285. • U+3/ = 7. 



11 
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' \x-y = 5. ' lic2 + 2/' = 34. 

^ Ja^4-y* = 82, ^ ra^ + 2^ = 97, 

^ ra^ + 2^ = 257, ^^ r(a,-7)^+(y-3)*=257, 

' U-y = 3. * U-3^+l=0. 

' W(» + y) = 6. * l(«-2^)(aj'-20 = 7. 

^3 fa^ + 2/* = 14aj«^, ^^ W - a^ = 1152, 

laj4-y = a. (aj^ — ajy* = 48. 

Problems. 

8. Pr. The front wheel of a carriage makes 6 more revolu- 
tions than the hind wheel in travelling 360 feet. But if the 
circumference of each wheel were 3 feet greater, the front 
wheel would make only 4 revolutions more than the hind 
wheel in travelling the same distance as before. What are 
the circumferences of the two wheels? 

Let X stand for the number of feet in the circumference of 
front wheel, and y for the number of feet in the circumference of 
hind wheel. Then in travelling 360 feet the front wheel makes 

revolutions, and the hind wheel makes — revolutions. 

X y 

By the first condition, 5^ = §55 + 6. (1) 

X y 

If 3 feet were added to the circumference of each wheel, the 
front wheel would make — — revolutions, and the hind wheel 

O/^A X -J- O 

revolutions. 

2^ + 3 

By the second condition, -^ = -?52_ 4. 4. (2) 

»4-3 2/H-3 

Whence x = 12, the circumference of the front wheel, and 
y = 15, the circumference of the hind wheel. 
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BZBBOISBS V. 

1. The square of one number increased by ten times a 
second number is 84, and is equal to the square of the second 
number increased by ten times the first. 

2. The sum of two numbers is 20, and the sum of the square 
of the one diminished by 13 and the square of the other in- 
creased by 13 is 272. What are the numbers ? 

3. Find two numbers such that their difference added to 
the difference of their squares shall be 150, and their sum 
added to the sum of their squares shall be 330. 

4. Find two numbers whose sum is equal to their product 
and also to the difference of their squares. 

5. The sum of the fourth powers of two numbers is 1921, 
and the sum of their squares is 61. What are the numbers ? 

6. If a number of two digits be multiplied by its tens' digit, 
the product will be 390. If the digits be interchanged and the 
resulting number be multiplied by its tens' digit, the product 
will be 280. What is the number ? 

7. If a number of two digits be divided by the product of 
its digits, the quotient will be 2. If 27 be added to the number, 
the sum will be equal to the number obtained by interchanging 
the digits. What is the number ? 

8. The product of the two digits of a number is equal to 
one-half of the number. If the number be subtracted from 
the number obtained by interchanging the digits, the remainder 
will be equal to three-halves of the product of the digits of 
the number. What is the number ? 

9. If the difference of the squares of two numbers be 
divided by the first number, the quotient and the remainder 
will each be 5. If the difference of the squares be divided 
by the second number, the quotient will be 13 and the re- 
mainder 1. What are the numbers ? 
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10. The sum of the three digits of a number is 9. If the 
digits be written in reverse order, the resulting number will 
exceed the original number by 396. The square of the middle 
digit exceeds the product of the first and third digit by 4. 
What is the number ? 

11. A rectangular field is 119 yards long and 19 yards wide. 
How many yards must be added to its width and how many 
yards must be taken from its length, in order that its area may 
remain the same while its perimeter is increased by 24 yards ? 

12. The floor of a room contains 30^ square yards; one 
wall contains 21 square yards, and an adjacent wall contains 
13 square yards. What are the dimensions of the room ? 

13. A merchant bought a number of pieces of cloth of two 
different kinds. He bought of each kind as many pieces and 
paid for each yard half as many dollars as that kind contained 
yards. He bought altogether 19 pieces and paid for them 
f 921.50. How many pieces of each kind did he buy ? 

14. The diagonal of a rectangle is 20f feet. If the length 
of one side be increased by 14 feet and the length of the other 
side be diminished by 2| feet, the diagonal will be increased 
by 12 J feet. What are the lengths of the sides of the rectangle ? 

15. A certain number of coins can be arranged in the form 
of one square, and also in the form of two squares. In the 
first arrangement each side of the square contains 29 coins, 
and in the second arrangement one square contains 41 more 
coins than the other. How many coins are there in a side of 
each square of the second arrangement ? 

16. A piece of cloth after being wet shrinks in length by 
one-eighth and in breadth by one-sixteenth. The piece con- 
tains after shrinking 3.68 fewer square yards than before 
shrinking, and the length and breadth together shrink 1.7 
yards. What was the length and breadth of the piece ? 

17. A merchant paid $125 for two kinds of goods. He 
sold the one kind for f 91 and the other for $ 36. He thereby 
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gained as much per cent on the first kind as he lost on the 
second How much did he pay for each kind ? 

18. Two workmen can do a piece of work in 6 days. How 
long will it take each of them to do the work, if it takes one 
5 days longer than the other ? 

19. Two men, A and B, receive different wages. A earns 
$ 42, and B $ 40. If A had received B's wages a day, and B 
had received A's wages, they would have earned together $ 4 
more. How many days does each work, if A works 8 days 
more than B, and what wages does each receive ? 

20. It takes a number of workmen 8 hours to remove a pile 
of stones from one place to another. Had there been 8 more 
workmen, and had each one carried 5 pounds less at each trip, 
they would have completed the work in 7 hours. Had there 
been 8 fewer workmen and had each one carried 11 pounds 
more at each trip, they would have completed the work in 9 
hours. How many workmen were there and how many pounds 
did each one carry at every trip ? 

21. A tank can be filled by one pipe and emptied by another. 
If, when the tank is half full of water, both pipes be left open 
12 hours, the tank will be emptied. If the pipes be made 
smaller, so that it will take the one pipe one hour longer to 
fill the tank and the other one hour longer to empty it, the 
tank, when half full of water, will then be emptied in 15| 
hours. In what time will the empty tank be filled by the one 
pipe, and the full tank be emptied by the other ? 



CHAPTER XX. 

RATIO, PROPORTION, AND VARIATION. 

RATIO. 

1. The Ratio of one number to another is the relation between 
the numbers which is expressed by the quotient of the first 
divided by the second. 

E.g,, the ratio of 6 to 4 is expressed by f , = f . 

The ratio of one number to another is frequently expressed 
by placing a colon between them j as 5 : 7. 

The first number in a ratio is called the First Term, or the 
Antecedent of the ratio, and the second number the Second 
Term, or the Consequent of the ratio. 

Thus, in the ratio a : 6, a is the first term, and b the second. 

2. Since, by definition, a ratio is a fraction, all the proper- 
ties of fractions are true of ratios ; as a : & = 771a : mb. 

3. The definition given in Art. 1 has reference to the ratio 
of one number to another. But it is frequently necessary to 
compare concrete quantities, as the length of one line with the 
length of another line, etc. 

If two concrete quantities of the same kind can be eospressed by 
two rational numbers in terms of the same unit, then the ratio of 
the one quantity to the other is defined as the ratio of the one 
number to the other. 

E.g., the ratio of 2^ yards to 1| yards is 2^ : 1|, = ^ = — . 

Observe that by this definition the ratio of two concrete 
quantities is a number. Also that the quantities to be com- 
pared must be of the same kind. Dollars cannot be compared 
with pounds, etc. 

311 
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4. If two concrete quantities cannot be expressed by t 
rational numbers, integers or fractions, in terms of the sa 
unit, they are said to be Inoommensiirable one to the other. 

Thus, if the lengths of the two sides of a right triangle 
equal, the length of the hypothenuse cannot be expressed by 
rational number in terms of a side as a unit, or any fraction 
a side as a unit. 

If a side be taken as the unit, the hypothenuse is expressc 
by ^2, an irrational number. And the ratio of the hypoth- 
nuse to a side is y/2 \ 1, =-y/2. But as was shown in Oh. X^ 
Art 40, an approximate value of ^2 can be found to an^ 
required degree of accuracy. 

& In general let P and Q be two incommensurable quan 

tities. Then two rational numbers — and ^"^ can be found 

n n 

between which the value of the ratio P\ Q lies. These two 

fractions differ by -. Therefore, the ratio P\ Q, which lies 
n ^ 

between them, differs from either of them by less than -. By 

1 ^ 

taking n sufficiently great we can make - as small as we 

n 

please, that is, Zeaa than any assigned number, however small. 

It can be proved that the ratio of two incommensurable 
quantities is a number which obeys the fundamental laws of 
algebra. 

It is therefore not necessary, in the principles of this chapter, 
to make any distinction between such ratios and those which 
can be expressed exactly in terms of integers and fractions. 



BXBBOIBBB I. 

What is the ratio of 
1. 6a to 96? 2. f a^ft to ^a6*? 3. 9^a?y to 7f ay»? 
4. 1 to h '5. ? to ^? 6. -^ to ^ 



6 b d x-S (x^Sy 
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7. Which is the greater ratio, 

a4-2&:a + 6ora4-36:a + 26? 
What is the value of the ratio x:y 

3aj — y 3x — 2y 

If the value of the ratio a? : y is f , what is the value 

10. of ^^^-y ? 11. oi ^^+^v ? 

IBx + y Sx — 2y 

PROPORTION. 

6. A Proportion is an equation whose members are two 
equal ratios. 

E.g,f 4:3 = 8:6, read the ratio of A to 3 is equal to the ratio 
of 8 to 6, or 4:i8to 3 asS is to 6. 

Instead of the equality sign a double colon is frequently 
used ; as 4 : 3 : : 8 : 6. 

7. Four numbers are said to be in proportion, or to be pro- 
portional, when the first is to the second as the third is to the 
fourth. 

E,g,, the numbers 4, 3, 8, 6 are proportional, since 4:3 = 8:6. 

The individual numbers are called the Proporti* als, or 
Terms of the proportion. 

The Extremes of a proportion are its first and last terms ; as 
4 and 6 above. 

The Means of a proportion are its second and third terms ; 
as 3 and 8 above. 

The Antecedents and Consequents of a proportion are the 
antecedents and consequents of its two ratios. 

E.g., 4 and 8 are the antecedents, and 3 and 6 the conse- 
quents of the proportion 4:3 = 8:6. 

Principles of Proportions. 

8. In any proportion the product of the extremes is equxd to 
the product of the means. 
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If a : 6 = c : d, we are to prove adssbc. 
By Art 1, f=| 

Clearing of fractions, ad^bc 

9. If the product of two nuTnbers be equal to the product oj\ 
tivo other numbera, the four numbers are in proportion. 



Let 


ad=r5c 




Dividing by bd, 


^ = ;^, or a:& = c:d; 
b d 


(1) 


bycd, 


5 = -, or a:c = b:d: 
c d 


(2) 


by a5, 


d c « « 

- = -, or d:5=:c:a; 

b a 


(3) 


by oc, 


- = -, or d:c = b:a. 
c a 


(4) 


Interchanging the ratios in (1), (2), (3), (4), 






c:d=za:b; 


(«) 


• 


b:d = a:c', 


(6) 




c:a = d:by 


(7) 




b:a=:d:c. 


(8) 



Notice that the two numbers of either product may be taken 
as the extremes, the other two as the means. In (1) to (4), 
a and d are the extremes, c and b the means ; in (£^ to (8), 
d and a are the means, c and b the extremes. 

10. In Art. 9, we may regard the proportions (2) to (8) as 
being derived from (1), and thus obtain the following proper- 
ties of a proportion : 

(i.) The means may be interchanged; as in (2). 
(ii.) The extremes muy be interchanged; as in (3). 
(iii.) The m/eans ynay be interchanged, and at the same time 
the extremes; as in (4). 
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(iv.) The means may he taken as the extremes, and the ex- 
tremes as the m£ans; as (8) from (1), (7) from (2), etc. 

11. If any three terms of a proportion be given, the remaining 
term can be found. 

Ex. What is the second term of a proportion, whose first, 
third, and fourth terms are 10, 16, and 8 respectively ? 
Letting x stand for the second term, we have 

10: a? = 16: 8, or 16® = 80; when6e x = 5. 

12. The products, or the quotients, of the corresponding terms 
of two proportions form again a proportion. 

If a:& = c:d, or ^ = ^, (1) 

and a? : V = 2 : w, or - = -, (2) 

y u ^ ^ 

we have, multiplying corresponding members of (1) and (2), 

?^ = -^ ; whence a>x:by = cz: du. 
by du 

Dividing the members of (1) by the corresponding members 

of (2), we have 

a c 

X z , abed 

-- = - ; whence -:- = -: — 
b d X y z u 

y u 

13. In any proportion, the sum of the first two terms is to the 
first (or the second) term as the sum of the last two terms is to 
the third (or the fourth) term. 

Let a:b = c:d. 

Then ? = £. 

b d 

Adding 1 to both members, f + 1 = | + 1, 

d 

or «±^ = £+i. 
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Whence a + bibssc-^did. 

In like manner it can be proved that 

a + &:a=sc4-c2:c. 

These two proportions are said to be derived fiom the givei 
proportion by Composition. 

14. In any proportion^ the difference of the first two terms is tc 
the first (or the second) term as the difference of the last two 
terms is to the third (or the fourth) term. 

If a:b=ie:d, 

then a — 6:a = c — (i:c, and a— bib ^c — did. 

The proof is similar to that of Art. 13. 
These two proportions are said to be derived from the given 
proportion by Division. 

15. In any proportion, the sum of the first turn terms is to 
their difference cur the sum of the last two terms is to their 
different. 

Let aib = cid. 

By Art 13, a-^bib^c + did; 

and by Art. 14, a — bib ^c — did. 

ThenbyArt.l2, «±^:1=1±^:1, 
' a—b c—d 



or 



a + b _ C'\'d 
a — b c — d 

Whence a'^bia'-b=^c-\-diC'-'d, 

This proportion is said to be derived from the given one by 
Composition and Division. 

16. A Continued Proportion is one in which the consequent 
of each ratio is the antecedent of the following ratio ; as, 

a\b = b:c:=c\d = etc. 
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17. In the continued proportion 

b is called a Mean Proportional between a and c, and c is called 
the Third Proportional to a and b. 

18. The mean proportional between any two numbers is equal 
to the sqtuire root of their product. 

From a:b=:ib:Cy 

we have, by Art. 8, ^ = oc ; whence b = ^(ac). 

19. In a series of equal ratios, any antecedent is to its conse- 
quent as the sum of all the antecedents is to the sum of all the 
consequents. 

Let Wi : c^i = na : dj = Wj : <?8 = ••• = v^ 

cLi a^ a^ 

Then, n^z^vd^y nz^vd^, n^^vd^ •••. 

Adding corresponding members of these equations, we have 

Wi + n2+n8+ ••• ='ydi + vd2 + V€?8+ ••• 
= v(di + d2 + d^-\ ). 

Therefore rh±J!i±Jk±^^v^rti^!h^ .... 
di + €^2+ c?8 + ••• di di 

^' 2 8 10 2 + 8 + 10 20 

20. The following examples are applications of the preced- 
ing theory : 

Ex. 1. Find a mean proportional between 5 and 20. 
Let X stand for the required proportional. 

Then, by Art. 18, a; = V(5 X 20) = ± 10. 

Ex. 2. If a:b = c:d, 

then ab -{- cd : al) - cd == b^ -\- d^ :V - (P. 

Let ^=^~ = x. 

b d 
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Then a^bx and c^dx. 

Therefore a6 + cd = Mk -f- <Px, 

and oft — odssMK — cfte. 

We then have ^ 4-cd^ya?4-(fa^y±^. 

Whence a6+cd:a6 — cd = 6^ + cP:V — (P. 
Ex. 3. Solve the equation 

V(2 + a')-V(2-a') 1 

By composition and division, 

V(2 + a;) ^3 
V(2-ir) l' 
Squaring and clearing of fractions, 

2 + aj = 18 — 9*; whence a = f. 

EXBBOISBS n. 
Verify each of the following proportions : 
1. 2i:li = H:f 2. 14f : 4| = 200 : 60. 

3 4a& . g' + y ^ 2a6 . 1 
a*-y.a-6 a*-6*'2a-26' 

Form proportions from each of the following products, in 
eight different ways : 

4. 2x = 3y. 5. m^ = n\ 6. a? - V = a? — y^. 

Find a fourth proportional to 
7. 1, 2, and 8. a f , |, and |. 9. ab, oc, and 6. 

Find a third proportional to 

10. 2 and 6. 11. | and ^. 12. a and &. 

Find a mean proportional between 

13. 2 and 18. 14. \ and f . 15. a*6 and a&l 

16. «±4 and 5^^ 17. ^ aoid i(a^-l). 
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Find the value of x to satisfy each of the following pro- 
portions : 

18. a;:2 = 12:3. 19. 161 : 253 = a; : 407. 20. 7i:l| = J:a?. 
21. ^+^a:\ — a = x:^a — 2a, 

a — 6 2cU) 
Solve each of the following equations : 

23 V(l-fa;)+V(l-g) ^3 24 V(a + a?)-V(a-a?) ^ 1 

^(l+a?)-V(l-«) * ' V(« + «)+V(«-») V& 

25. V(qa?)+& _ a + & ^ 26. V<^+ V(^a?) _- Vc^ - V(&a?) 

-yj{ax) — h a — h a + 6 a — 6 

5a;-j-6 ^ 7a? + 4 a^-g-f 6 ^ a^ + 2a;-3 

• 5a;-7 7aj-9* ' aJJ^-aj-e a«-2a; + 3" 
a»8-5a?4-4 _ g^-3a?+2 g^ g^-4a;-j-3 ^ g'- 6a; + 7 

• 4aj-4 3a;-2 ' ' 4a;-3 6a;-7 

31. Find two numbers whose ratio is 7 : 5, and the difference 
of whose squares is 96. 

32. A works 6 days with 2 horses, and B works 5 days with 
3 horses. What is the ratio of A's work to B's work ? 

33. The ratio of a father's age to his son's age is 9 : 5. If 
the father is 28 years older than the son, how old is each ? 

34. Find three numbers in a continued proportion whose 
sum is 39, and whose product is 729. 

35. Find two numbers such that if one be added to the first 
and 8 to the second, the sums will be in the ratio 1 : 2, and if 
1 be subtracted from each number, the remainders will be in 
the ratio 2 : 3. 

36. What is the ratio of the numerator of a fraction to its 
denominator, if ttie fraction be unchanged when a is added to 
its numerator and 5 to its denominator ? 

37. The sum of the means of a proportion is 7, the sum of 
the extremes is 8, and the sum of the squares of all the terms 
is 65. What is the proportion ? 
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If a:b = c:df prove that 
3a a + c:6 + d=;a'd:6*c. 

39. a2 + 62:a»-6* = c« + cP:c«-(P. 

40. (a±6)*:a6 = (c±d)*:cd. 

41. 2a+3&:4a + 5& = 2c + 3d:4c + 6d 

42. a + 6:c+d=V(«' + ^')- V(<^ + *^- 

43. VK 4-60 •V(c' + ^=^(a*+ ^:</(<^ + ^ = «••«• 

VARIATION. 

21. Frequently two numbers or quantities are so related to 
each other that a change in the value of one produces a eoirr- 
sponding change in the value of the other. 

Thus, the distance a train runs in one hour depends upon 
its speed, and increases or decreases when its speed increases 
or decreases. 

The illumination made by a light depends upon the intensity 
of the light, and varies when the intensity varies. 

The value of y given by the equation y = 2x — 3 depends 
upon the value of a?, and varies when the value of x varies. 

Thus, if a? = 1, y = — 1 ; if a? = 2, y = 1, etc. 

We shall in this chapter consider only the simplest kinds dI 
variation. 

22. Direct Variation. — Two quantities are said to vary directh/ 
one as the other, when their ratio is constant. 

Thus, if X varies directly as y, then - = A:, a constant. 

y 

For example, if a train runs at a uniform speed, the number 
of miles it runs varies directly as the number of hours. If it 
runs at the rate of 30 miles an hour, in 1 hour it will run oO 
miles, in 2 hours 60 miles, in 3 hours 90 miles, and so on ; and 
the ratios 1 : 30, 2 : 60, 3 : 90, etc., are equal. 

The symbol of direct variation, oc, is read varies directly as. 

The word directly is frequently omitted. 

If y = Sx, then yccx (read y varies as x), since 2^ = 3, a 
constant. ^ 
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23. Inverse Variation. — One quantity is said to vary inversely 
as another when the first varies as the reciprocal of the second 

Thus, if X varies inversely as y, then x oc— 

X 

Therefore, j = A:, a constant ; whence xy=k, 

y 

That is, if one quantity varies inversely as another, the 
product of the quantities is constant. 

If 6 men can do a piece of work in 12 hours, 3 men can do 
the same work in 24 hours, and 1 man in 72 hours, and the 
products 6 X 12, 3 X 24, 1 X 72 are equal. That is, the num- 
ber of hours varies inversely as the number of men working 
3 

If y = -, 2/ varies inversely as x, since xy = 3. 

X 

24. Joint Variation. — One quantity is said to vary as two 
others jointly^ when it varies as the product of the others. 

Thus, if X varies as y and z jointly, then — = A;, a constant. 

yz 

For example, the number of miles a train runs varies as 

the number of hours and the number of miles it runs an hour 

jointly. It will run 40 miles in 2 hours at a rate of 20 miles 

an hour, 90 miles in 3 hours at the rate of 30 miles an hour, 

40 90 120 



and 



2 X 20 3 X 30 5 X 24 



25. One quantity is said to vary directly as a second and 
inversely as a third, when it varies as the second and the recip- 
rocal of the third jointly. 

Thus, if X varies directly as y and inversely as z, then 

X xz 

— T = A:, a constant ; or — = fc. 
1 y 

^ z 

26. In all the preceding cases of variation, the constant can 
be determined when any set of corresponding values of the 
quantities is known. 
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Ex. 1. If XQcy^ and x = S when y=s5f what is the value of 
the constant ? 

We have 5 -= A:, or a? = Ay. 

Therefore, when a = 3 and y = 5, 

3 = 5kf whence kss^. 
Consequently a? = f y. 

EXBBOISBS in. 

1. If a? oc y, and a? = 10 when y = 6, what is the value of x 
when y=zl2\? 

2. Jixccy, and x=za when y = J a^, what is the value of y 
when x=:aFb? 

3. Jixccy*, and a? = 5 when y = —3, what is the value of x 
when 2^ = 15 ? 

4. If xccy/y, and a5 = a + m when y:=(a'-my, what is 
the value of a; when y =(a -f m)* ? 

5. If a? Qc -, and a: = 3 when y = |, what is the value of x 
when y = ^.? 

6. If a? oc 2f , and aj = 4 when y = 6 and 2 = 3, what is the 

z 

value of X when y = 5, and 2 = 2? 

7. The circumference of a circle whose radius is 6 feet is 
37.7 feet. What is the circumference of a circle whose radius 
is 9.5 feet, if it be known that the circumference varies as the 
radius ? 

8. An ox is tied by a rope 20 yards long in the centre of a 
field, and eats all the grass within his reach in 2^ days. How 
many days would it have taken the ox to eat all the grass 
within his reach if the rope had been 10 yards longer ? 

9. The volume of a sphere whose radius is 7 inches is 
1437.3 cubic inches. What is the volume of a sphere whose 
radius is 10 inches, if it be known that the volume varies as 
the cube of the radius ? 
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It has been found by experiment that the distance a body 
falls from rest varies as the square of the time. 

10. If a body falls 256 feet in 4 seconds, how far will it fall 
in 10 seconds ? 

11. From what height must a body fall to reach the earth 
after 15 seconds ? 

It has been found by experiment that the velocity acquired 
by a body falling from rest varies as the time. 

12. If the velocity of a falling body is 160 feet after 
5 seconds, what will be the velocity after 8 seconds ? 

13. How long must a body have been falling to have acquired 
a velocity of 384 feet ? 

14. The surface of a cube whose edge is 5 inches is 150 square 
inches. What is the surface of a cube whose edge is 9 inches, 
if it be known that the surface varies as the square of its edge ? 

15. It has been found by experiment that the weight of a 
body varies inversely as the square of its distance from the 
centre of the earth. If a body weighs 30 pounds on the surface 
of the earth (approximately 4000 miles from the centre), what 
would be its weight at a distance of 24,000 miles from the 
surface of the earth ? 

It has been found by experiment that the illumination of an 
object varies inversely as the square of its distance from the 
source of light. 

16. If the illumination of an object at a distance of 10 feet 
from a source of light is 2, what is the illumination at a 
distance of 40 feet ? 

17. To what distance must an object which is now 10 feet 
from a source of light be removed in order that it shall receive 
only one-half as much light ? 

la At what distance will a light of intensity 10 give the 
same illumination as a light of intensity 8 gives at a distance 
of 50 feet? 



CHAPTER XXI. 

PROGRBBSIONS. 

1. A Series is a succession of numbers, each formed accord- 
ing to some definite law. The single numbers are called the 
Terms of the series. 

E,g.y in the series 

1+3 + 5 + 7 + 9 + ... (1) 

each term after the first is formed by adding 2 to the preced- 
ing term. 

In the series 1 + 2 + 4 + 8+— (2) 

each term after the first is formed by multiplying the preced- 
ing term by 2. 

2. The number of terms in a series may be either limU9d or 
unlimited. 

A Finite series is one of a limited number of terms. 
An Infinite series is one of an unlimited number of terms. 
In this chapter a few simple and yet very important series 
will be discussed. 

ARITHMETICAL PROGRESSION. 

3. An Arithmetical Series, or, as it is more commonly called^ 
an Arithmetical Progression (A. P.), is a series in which each 
term, after the first, is formed by adding a constant number to 
the preceding term. See Art. 1, (1). 

4. Evidently this definition is equivalent to the statement, 
that the difference between any two consecutive terms is 
constant. 

E,g,y in the series 

1+3 + 6 + 7 + •.. 
we have 3 — 1 = 5 — 3 = 7 — 6=s — 

324 



1^] ARITHMETICAL PROGRESSION. 825 

For this reason the constant number of the first definition is 
called the Common Difference of the series. 

5. Let tti stand for the first term of the series, 

a« for the nth (any) term of the series, 

d for the common difference, 
and Sn for the sum of n terms of the series. 

The five numbers Oi, a„, d, n, S^ are called the Elements of 
the progression. 

6. The common difference may be either positive or negative. 
If d be positive, each term is greater than the preceding, and 

the series is called a rising, or an increasing progression. 

E,g., l + 2-f3 + 4-f ..., wherein d = 1. 

If d be negative, each term is less than the preceding, and 
the series is called SkfaUing, or a decreasing progression. 

E.g., 1 — 1 — 3 — 6— •••, wherein d = — 2. 

The nth Term of an Arithmetical Progression. 

7. By the definition of an arithmetical progression, 

ai = tti, a2 = ai -4- d, Os = Oa + d = Oi -f 2 d, etc. 

The law expressed by the formulae for these first three terms 

is evidently general, and since the coefficient of d in each is 

one less than the number of the corresponding term, we have 

a„=ai + (/i-iy. (I.) 

That is, to find the nth term of an arithmetical progression : 
Multiply the common difference by n — 1, and add the product to 
the first term. 

8. Ex. 1. Find the 16th term of the progression, 

1 + 3 + 6 + 7 + ... 

We have Oi = 1, d = 2, n = 16; 

therefore (% = 1 + (16 - 1)2 = 1 + 28 = 29. 

This formula may be used not only to find a„, when a^, d, 
and n are given, but also to find any one of the four numbers 
involved when the other three are given. 
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Ex.2. If a» = 3(n = 6), and ai = l, we have 3 = l4-4d; 
whence ci = i. 

The Sum of n Terms of an Axithmetdcal Progreaeioii. 

9. The successive terms in an arithmetical progression, from 
the first to the nth inclusive, may be obtained either by repeated 
additions of the common difference beginning with the first 
term, or by repeated subtractions of the common difference 
beginning with the nth term. We may therefore express the 
sum of n terms in two equivalent ways : 



««=ai+(ai+d)+(ai+2ef)+- + (ai+n-2.cZ)+(ai-fn-l.d), 
^n=a,+(an~^+(«n-2d) + --- + (a,-^ri2.d)+(a,--^r=l.d). 

Whence, by addition, 
2AS'n= (tti + a«) + (oi +o«) + — + (oi-f «») + K + an), 
wherein there are n binomials, Oi + a^. 

Therefore, 2Sn=^n{a^^ a„), or S;, = ^ {a^ + a„). (II.) 

ID. If the value of a^ given in (I.), be substituted for Oi in 
(II.), we obtain 

«»=|[2«. + («-i)<l- (in.) 

Formula (II.) is used when a^ a^ and n are given ; and (III.) 
when tti, d, and n are given. 

IL Ex.1. If ai = l,a5 = 3,then/S5 = f(l + 3) = 10. 
Ex.2. If ai = -4, d = 2, ii = 12, 

then aSi2 = J5^[2(-4) + 11x2] = 84. 

Either (II.) or (III.) can be used to determine any one of 
the five elements aj, a„, d, w, S„, when the three others involved 
in the formula are known. 

Ex. 3. Given ai = - 3, d = 2, /Sn = 12, to find n. 

From (III.), 12 = |[-6 + 2(n-l)], 

or w* — 4 n = 12 ; whence n=^6 and — 2. 
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• The result 6 gives the series — 3 — 1 -fl+34-5-f 7, =12. 
Since the number of terms must be positive, the negative 
result, —2, is not admissible. But its meaning may be 
assumed to be that two terms, beginning with the last and 
counting toward the first, are to be taken. 

12. Formulae (I.) and (II.), or (I.) and (III.), may be used 
simultaneously to determine any two of the five numbers ai, 
a„, d, S„, n when the three others are given 

Ex. Given d:=—2, a« = — 16, aS^ = — 60, to find a^ and n. 
From (I.), - 16 = tti - 2 (n - 1), (1) 

and from (II.), _ 60 = ^(o^ - 16). (2) 

Solving (1) and (2), we obtain n = 12, Oj = 6 ; and n^hy 
ai = - 8. 

The two series are : 

6 + 4 + 2 + 0-2-4-6-8-10-12-14-16, 

and -8-10-12-14-16, 

both of which have d = -2, a« = -16, ;8„ = -60. 

Notice that in this example the sum of the terms which are 
not common to the two series is 0. 

EXERCISES I. 

Find the last term, and the sum of the terms, of each of the 
following arithmetical progressions : 

1. 2 + 6 + — to 10 terms. 2. 3 + 1 to 13 terms. 

3. — 5— 2h to 21 terms. 4. 3 + l^H to 40 terms. 

5. 4 + If— •••to 31 terms. 6. 9 + 11 + •••to n terms. 

7. 71 + 2 n + ••• to 16 terms, to m terms. 

8. a + (a + &)+••• to 20 terms, to n terms. 

9. (m + 2) + (4 m + 5) + ••• to 40 terms, to n terms. 

10. 5Lzil + ?Lzj5 + ... to 30 terms, to n terms, 
a a 
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In each of the following arithmetical progressions find the 
values of the two elements not given ; 

11. ai = 4, d = 5, n=10. 12. a« = 16, d = 2, n = 9. 

13. ai=2|, n=5, a«=-1.9. 14. d = -4.8, n=:3, iS«=28.5. 

15. a^=13, n=8, /S^=100. 16. a„ = 2i, n = 12, 5f^ = — 7. 

17. ai=9, d=-l, a,=6. 18. a,=22i,a,= -19i,>S,=20. 

19. ai=2, d=5, 5^=246. 20. o„=66, d=5, /S.=324. 

Arithmetical Means. 

13. The Arithmetical Mean between two numbers is a third 
number, in value between the two, which forms with them an 
arithmetical progression. 

E,g,, 2 is an arithmetical mean between 1 and 3. 
Let A stand for the arithmetical mean between a and 6; 
then, by the definition of an arithmetical progression, 
^ — a = 6 — -4, 

whence A = ^1" « 

2 

JTuxt is, the arithmetical mean between two numbers is half 

their sum^ 

14. Arithmetical Means between two numbers are numbers, 
in value between the two, which form with them an arithmeti- 
cal progression. 

E.g., 2, 3, and 4 are three arithmetical means between 1 and 5- 
Ex. Insert four arithmetical means between — 2 and 9. 
We have n = 6, Oi = — 2, Og = 9. 

From (I.), 9 = - 2 + 5 d, whence d = Jf . 
The required means are ^, -i^, ^/, ^. 

EXERCISES II. 

Insert an arithmetical mean between 

1. 45 and 31. 2. 17^ and 14^. 3. 2 a and - 2 6. 

4. ^ and ?^ti. 5. ^ and -^. 

a-f& a — b oj — 1 a^ — 1 
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6. Insert six arithmetical means between 7 and 35. 

7. Insert twelve arithmetical means between 37 and — 28. 

8. Insert nine arithmetical means between ^ and 12. 

9. Insert twenty arithmetical means between — 16 and 26. 
10. Insert six arithmetical means between a+b and 8 a— 13 &. 

Problems. 

15. Pr. Find the sum of all the numbers of three digits 
which are multiples of 7. 

The numbers of three digits which are multiples of 7 are 

7 X 16, 7 X 16, 7 X 17, ..., 7 x 142. 

Their sum is 7(15 + 16 + • • • + 142). 

The series within the parentheses is an arithmetical progres- 
sion, in which ai = 15, d = 1, n = 128, and Oi^ = 142. 

Therefore Sjss = 10048. 

The required sum is therefore 7 x 10048, = 70336. 

16. In many examples the elements necessary for determin- 
ing the required element or elements directly from (I.)-(III.) 
are not given, but in their place equivalent data. 

Ex. 1. The sixth term of an A. P. is 17, and the eleventh 
term is 32. Find the first term and the commoT^ difference. 

We have a^ = 17, Ou = 32. 

From(L), 17 = ai + 5d,and32 = ai + lOd 

Solving these equations, Oi = 2, d = 3. 

Or we could have regarded 17 as the first term and 32 as 
the last term of a progression of six terms. Then, by (I.), 
32 = 17 + 5 d, whence d = 3. 

By (I.) again, 17 = ai + 5 x 3 ; whence Oi = 2, as above. 

EXERCISES III. 

1. Find the sixth term, and the sum of eleven terms, of an 
A. P. whose eighth term is 11 and whose fourth term is — 1. 
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2. The sixteenth term of an A. P. is — 6, and the forty-first 
term is 45. What is the first term^ and the sum of twenty 
terms ? 

a Find the sum of all the even numbers from 2 to 50 
inclusive. 

4. Find the sum of thirty consecutive odd numbers, of 
which the last is 127. 

5. The sum of the eighth and fourth terms of an A. P. of 
twenty terms is 24, and the sum of the fifteenth and nineteenth 
terms is 68. What are the elements of the progression ? 

6. The sum of the second and twentieth terms of an A. P. 
is 10, and their product is 23f |. What is the sum of sixteen 
terms ? 

7. The sixth term of an A. P. is 30, and the sum of the 
first thirteen terms is 455. What is the sum of the first thirty 
terms ? 

8. What value of x will make the arithmetical mean be- 
tween aji and x* equal to 6 ? 

9. Find the sum of all even numbers of two digits. 

10. How many consecutive odd numbers beginning with 7 
must be taken to give a sum 775 ? 

11. Insert between and 6 a number of arithmetical means 
so that the sura of the terms of the resulting A. P. shall be 39. 

12. Find the number of arithmetical means between 1 and 
19, if the first mean is to the last mean as 1 to 7. 

13. The sum of the terms of an A. P. of six terms is 66, and 
the sum of the squares of the terms is 1006. What are the 
elements of the progression ? 

14. The sum of the terms of an A. P. of twelve terms is 354, 
and the sum of the even terms is to the sum of the odd terms 
as 32 to 27. What is the common difference ? 

15. How many positive integers of three digits are there 
which are divisible by 9 ? Find their sum. 
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16. Show that the sum of 2 n -f- 1 consecutive integers is 
divisible by 2% -f- 1. 

17. Prove that if the same number be added to each term of 
an A. P., the resulting series will be an A. P. 

18. Prove that if each term of an A. P. be multiplied by the 
same number, the resulting series will be an A. P. 

19. Prove that if in the equation y = ax-\-b,we substitute 
* c, c 4- d, c -\-2d, •••, in turn for x, the resulting values of y will 

form an A. P. 

20. A laborer agreed to dig a well on the following con- 
ditions : for the first yard he was to receive $ 2, for the second 
f 2.50, for the third $ 3, and so on. If he received $ 42.50 for 
his work, how deep was the well ? 

21. On a certain day the temperature rose ^° hourly from 5 
to 11 A.M., and the average temperature for that period was 8°. 
What was the temperature at 8 a.m. ? 

22. Twenty-five trees are planted in a straight line at inter- 
vals of 5 feet. To water them, the gardener must bring water 
for each tree separately from a well which is 10 feet from the 
first tree and in line with the trees. How far has the gardener 
walked when he has watered all the trees ? 

GEOMETRICAL PROGRESSION. 

17. A Geometrical Series, or, as it is more commonly called, 
a Geometrical Progression (G. P.), is a series in which each term 
after the first is formed by multiplying the preceding term by 
a constant number. See Art. 1, (2). 

18. Evidently this definition is equivalent to the statement 
that the ratio of any term to the preceding is constant. 

For this reason the constant multiplier of the first definition 
is called the Ratio of the progression. 

19. Let Oi stand for the first term of the series, 

a„ for the nth (any) term, 
r for the ratio, 
and Sn for the sum of n terms. 
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20. The ratio may be either larger or smaller than 1 ; in 
the former case the progression is called a rising or ascending 
progression ; in the latter a faUing or descending progression. 

E.g., 1 4- 1 + J + y 4- . . ., in which r = f , 

and | — 1 + 2 — 4 + 8— ,in which r = — 2^ 

are ascending progressions ; while 

l + i + i + t+-, in which r = i, 
and 1 — i + f~A'+ •"> in which r = — 1> 

are descending progressions. 

The nth Term of a Oeometrloal Progresdon. 
2L By the definition of a geometrical progression 

Qi = tti, 02 = aiT, ai = a^= Oir*, 04 = Ojr = aiH^, etc. 
The law expressed by the relations for these first four terms 
is evidently general, and since the exponent of r in each is one 
less than the number of the corresponding term, we have 

o„ = air"-». (I.) 

That is, to find the nth term of a geometrical progression : 
Raise the ratio to a power one less than the number of the term, 
and mvUijply the result by the first term, 

Ex. 1. If oi = ^, r = 3, n = 5, then a^ = ^ • 3* = i<f . 

This relation may also be used to find not only a^ when a^ 
r, and n are given, but also to find the value of any one of the 
four numbers when the other three are given. 

Ex. 2. If c^ = 4, Ob = ^, n = 6, then ^ = 4 r*, whence r = ^. 

The Sum of a Gheometrical Progression. 

22. We have AS„=ai+air+ai7'^+ ••• +air"~'+air'*~^, (1) 

and ^>S'„= air+air*+ ••• +ai7*~*+air""*+air*. (2) 

Consequently, subtracting (2) from (1), 

SJJL -r) = ai- ajT, 

whence ^^^ a,(l -r^) ^ a,(r^-. 1) , ^jj 

1 —r /• — 1 
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Substituting a^ for air"~^ in (11.)^ we have 

The first forms of (II.) and (III.) are to be used when r < 1, 
the second when r > 1. 

23. Ex. 1. Given ai = 3, r = 2, n = 6, to find S^ 



From (II.), 

Formulae (II.) and (III.) may be used not only to find S^ 
when Oj, r, and w, or a;, a^ and r are given, but also to find the 
value of any one of the four numbers when the other three 
are given. 

Ex.2. Given /8n = -63i, ai = -h a* = - 32, to find r. 

By (III.), - 63^ = ZliJb?^, whence r=:2. 

1 — r 

24. Formulae (I.) and (II.), or (I.) and (III.), may be used 
simultaneously to determine any two of the five elements, 
«i> <^n9 ^j ^n} ^f when the three other elements are given. 

Ex. Given r = 2, a^ = 16, S^ = 31^, to find Oi and n. 

From (III.), 31^ = ^^^ ^7^, whence a, = i. 

2 — 1 

From (I.), 16 =i • 2"-^ whence n = 6. 

EXBBCISBS IV. 

Find the last term and the sum of the terms of each of the 
following geometrical progressions : 

1. 3 + 6 4- •••to six terms. 2. 2 — 4 + ••• to ten terms. 

3. 32— 16+««« to seven terms. 4. 1|+2|4- ••• to six terms. 

2 1 

5. 2 — 2* + •• to eleven terms. 6. — 5 + o + ••• to w terms. 

•y/2 2 

7. 1 + (1 + a) + ••• to four terms, to n terms. 
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In each of the following geometrical progressions find the 
values of the elements not given : 

a Oi = 1, r = 4, n = 5. , 9. a^ = 10, r = 2, n = 4. 

10. a^=96, n=4, S^^127,5. U. r=10, n=7, JS,= 3,333,333. 

12. Oi = 74|, 71 = 6, a^ = 2J. 13. Oi = 7, r = 10, a« = 700. 

14. ai=l, a,=512, /S'«=1023. 15. a, = 3125, r = 5, /Sn = 3905. 

16. ai=4, r=3, iS„=118,096. 17. ai = 100, n = 3, S^ = 700. 

25. The Sum of an Infinite Geometrical Progression. — If the 
number of terras in a geometrical progression is unlimited, 
the exact value of the sum of the series cannot be obtained. 
Thus, in the series 

l + i4"i4"i + *" without end, 

the sum continually increases as more and more terms are 
included in it. 

wenave a^,- ^_^ "l-i i 

And S, = 1,S, = li, Ss = IJ, >S4 = li, - 

/Sjooo = 2 — (^)^ ; and so on. 

We thus see that, although the sum of this series grows 
larger and larger, it does not increase without limit, but ap- 
proaches the value 2 more and more nearly as more and more 
terms are included in the sum. Evidently the sum can be 
made to differ from 2 by as little as we please, by taking a 
sufficient number of terms. 

We therefore call 2 the limit of the sum of the series, or more 
briefly, the sum of the series. The exact sura 2, however, can 
never be obtained. 

26. In general, when r < 1, the term air** in the formula 

o «! — air** 
1 — r 
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decreases as « increases. It can be prored, as in the pwtioulat 
example, that this term can be made as small as we pleads, by 
taking n snffidentlT great 

Tberefore, irben r< 1, ire take 

as the sum of the infinite geometrical proorressi<Mi» 

This theory can be applied to find the value of a repeating 
(recurring) decimaL 

Ex. Yerifythat .6 = |. 

We have .666... = ^ + ^!, +y^+ •-, 

a geometncal pn^ression whose first term is -^ and whose 
latio is ^. Consequently 



V. 

Find the sum of the following infinite geometrical progres- 
sions : 

1. 6 + 4 + .... 2. 60 + 15 + .... a 10-6 + ..., 

*• i + \ + "'' 5. 1-^ + ..., e 5-} + .... 

10. 1 + x + «* + •••, when x<l. 

U. l+i + i+..., when aj>l. 
X or 

Find the value of each of the following repeating docimals : 
12. .44.... 13. .99.... 14. .2727-.. 

15. .015015.... 16. .199.... 17. 1.0909 -s 

18. .122323.... 19. .201476476.... 

Verify each of the following identities : 
20. V-'^ — = -^^— • 21. v^Q^'^ — = '833.... 
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Otoometrical Means. 

27. A Geometrical Mean between two numbers is a number, 
in value between the two, which forms with them a geometrical 
progression. 

E.g., + 2, or — 2, is a geometrical mean between 1 and 4. 
Let ^ be the geometrical mean between a and b. 
Then by definition of a geometrical progression, 

^ = ^; whence 6 = ± V(fl*). 

That 18, the geometrical mean between two numbers is the 
square root of their product, 

Ex. Find the geometrical mean between 1 and f . We have 

(? = ±V(lx*)=±l- 

28. Geometrical Means between two numbers are numbers, in 
value between the two, which form with them a geometrical 
progression. E.g., 4 and 16 are two geometrical means between 
1 and 64; and 2, 4, 8, 16, 32 are five geometrical means 
between 1 and 64. 

Ex. Insert five geometrical means between 1 and 729. 
We have Oi = 1, n = 7, a^ = 729. 

Therefore 729 = r^, or r = ± 3. 

The required means are : 

± 3, 9, ± 27, 81, ± 243. 

EXERCISES VI. 

Insert a geometrical mean between 

1. 2 and 8. 2. 12 and 3. 3. | and yj^. 

4. y/a and y/ (2 a). 5. 75 m* and 3 mn^. 6. — and - . 

7. (a-6)2and(a-f-&)'. 8. (a2-f-l)(a2~l)-Und ^ (a*-l). 
9. Insert five geometrical means between 2 and 1458. 
10. Insert seven geometrical means between 2 and 512. 
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U. Insert six geometrical means between 3 and — 384. 

12. Insert six geometrical means between 5 and — 640. 

13. Insert nine geometrical means between 1 and s^^VA ' 

Problems. 

29. Pr. A farmer agrees to sell 12 sheep on the following 
terms : he is to receive 2 cents for the first sheep, 4 cents for 
the second, 8 cents for the third, and so on. How much does 
he receive for the twelfth sheep, and how much for the 12 
sheep, and what is the average price ? 

We have Oi = 2, w = 12, r = 2. 

Then 0^ = 2 x 2" = 2" = 4096. 

And iSu = ^^|l=^ = 2x 4095 = 8190. 

Z — 1 

That is, he receives 4096 cents, or % 40.96, for the twelfth 
sheep, and 8190 cents, or f 81.90, for the 12 sheep. 

The average price is ?^, = $ 6.82|. 

30. In many examples the elements necessary for determin- 
ing the element or elements directly from (I.)-(III.) are not 
given, but in their place equivalent data. 

Ex. The fifth term of a G. P. is 48, and the eighth term is 
384. Find the first term and the ratio. 

From (I.), 48 = a^^, and 384 = a^r' ; 

whence r^= 8, or r = 2. Therefore Oj = 3. 

Or, we could have regarded 48 as the first term and 384 as 
the last term of a progression of four terms. Then by (I.), 
384 = 48 r*, whence r = 2 as before. 

EXERCISES VII. 

1. The first term of a G. P. of six terms is 768, and the last 
term is one-sixteenth of the fourth term. What is the sum of 
the six terms of the progression? 
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2. The first term of a G. P. of ten terms is 3, and the sum 
of the first three terms is one-eighth of the sum of the next 
three terms. Find the elements of the progression. 

a The twelfth term of a G. P. is 1636, and the fourth term 
is 6. What is the ratio, and the sum of the first eleven terms ? 

4. In a G. P. of eight terms, the sum of the first seTen 
terms is 444^, and is to the sum of the last seven terms as 
1 to 2. Find the elements of the progression. 

5. The sum of the first four terms of a G. P. is 16, and the 
sum of the terms from the second to the fifth inclusive is 30. 
What is the first term, and the ratio? 

6. Find the elements of a G. P. of six terms whose first 
term is 1, and the sum of whose first six terms is 28 times the 
sum of the first three terms. 

7. The sum of the first three terms of a G. P. is 21, and the 
sum of their squares is 189. What is the first term ? 

a The product of the first three terms of a G. P. is 216, 
and the sum of their cubes is 1971. What is the first term, 
and the ratio ? 

9. If the numbers 1, 1, 3, 9 be added to the first four terms 
of an A. P., respectively, the resulting terms will form a G. P. 
What is the first term, and the common difference of the A. P. ? 

10. A G. P. and an A. P. have a common first term 3, the 
difference between their second terms is 6, and their third 
terms are equal. What is the latio of the G. P., and the com- 
mon difference of the A. P. ? 

11. Show that, if all the terms of a G. P. be multiplied by 
the same number, the resulting series will form a G. P. 

12. Show that the series whose terms are the reciprocals of 
the terms of a G. P. is a G. P. 

13. Show that the product of the first and last terms of a 
G. P. is equal to the product of any two terms which are 
equally distant from the first and last terms respectively. 
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lA A merchaiit/s mvestoeat yields htiiu each year after 
the first, three times as much as the preceding yeiu*. It his 
investment paid him ^ 9720 iu four yeartj, how much did he 
realize the first year aad the fourth year ? 

X5l Given a square whose side is 3 a. The middle p<,>iutvS 
of its adjacent sides are joined by lines forming a acv<.md 
sqoare inscribed in the first. In the same mauuor a thiid 
square is inscribed in the second> a fourth in the thirds aud uo 
on indefinitely. Find the sum of the perimeters of all the 
squares. 

HARMONICAL PROGRESSION. 

31. A Hannonical Progresaloa (H, F.) ia a aeries the reeipvi^ 
cals of whose terms form an arithmetical progreaaiou. 

is a harmonical progression, since 

1 + 2 + 3 + 4 + -. 

is an arithmetical profession. 

Consequently to every harmonical progression there corre- 
sponds an arithmetical progression, and viae vertta, 

32L Any term of a harmonical progression is obuin^id by 
finding the same term of the corresiJ^jnding arithmetical [/ir;- 
gression and taking its reciprocal, 

Ex. Find the eleventh term of tlie harinoni/al progif:;»ai//ii 
4, 2, 1, .-. 

The corresixjnding arithmetiieal pf/>gre&fii//n is 

h h i> "f 

aLd its eleventh t^rm ;% J/, 
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E.g., f is a harmonical mean between ^ and — f . 

Let H stand for the harmonical mean between a and b, then 

•=: is an arithmetical mean between - and — Consequently 
M a b 

1 « %rH=.2«* 



H~ 2 '"* "-a + 6 
Ex. Insert a harmonical mean between 2 and 5. 

Wehave g^2x2x5^20, 

2 + 5 7 

35. Harmonical Means between two numbers are numbers, in 
value between the two, which form with them a harmonical 
progression. 

E.g,y f , 1, |, f , ^ are five harmonical means between 3 and f . 
Ex. Insert four harmonical means between 1 and 10. 
We have first to insert four arithmetical means between 1 
and ^y and obtain 

TUf Hf TUf "H* 

The required harmonical means are therefore 

ff . M, n, n- 

Problems. 

36. Pr. 1. The geometrical mean between two numbers is ^, 
and the harmonical mean is f. What are the numbers? 

Let X and y represent the two numbers. 

Then ^(xy) =^, or xij = \', (1) 

and -^^ = 1 or 5xy=zx + y. (2) 

x + y 5 

Solving (1) and (2), we obtain a; = 1, ?/ = J, and x = \,y — l, 

EXERCISES VIII. 

Find the last term of each of the following harmonical pro- 
gressions : 

1. 14-|4-|4-... to 8 terms. 2. ^+1+1^4- ••• to 15 terms. 
a 2—2-1 to 11 terms. 4. -S—^-^ to 16 terms. 
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5. l + -^-f.JL-f....to25terins. 
4 a 2a oa 

6. J- 4- -Jl— 4- _-.!_. + ... to 30 terms. 

Find the harmonical mean between 

7. 2 and 4. 8. -3 and 4. 9. 4-andf 

10. JL^ and K' U. 2-=:^ and ^ + ^- 



a — 1 aj-f-l a-f-6 a— 6 

12. Insert 5 harmonical means between 5 and ^, 

13. Insert 10 harmonical means between 3 and \, 

14. Insert 4 harmonical means between — 7 and J. 

15. If 6 be the harmonical mean between a and c, prove that 

a — b __a 
6 — c c 

16. The arithmetical mean between two numbers is 6, and 
the harmonical mean is ^. What are the numbers ? 

17. If one number exceeds another by two, and if the arith- 
metical mean exceeds the harmonical mean by yV' what are the 
numbers ? 

18. The seventh term of a harmonical progression is y^, and 
the twelfth term is ^. What is the twentieth term ? 

19. The tenth term of a harmonical progression is ^, and the 
twentieth term is -j^. What is the first term ? 



CHAPTER XXII. 

THE BINOMIAL THEOREM FOR POSITIVE INTBaRAL 
EXPONENTS. 

1. The expansions of the powers of a binomial, from the 
third to the fourth inclusive, were given in Ch. XIII., Arts. 
7-8, and the laws governing the expansion of these powers 
were stated. 

As yet, however, we cannot infer that these laws hold for 
the fifth power without multiplying the expansion of the 
fourth power by a + 6 ; nor for the sixth power without next 
multiplying the expansion of the fifth power by a + 6 ; and 
so on. 

If, however, we prove that, provided the laws hold for ajiy 
particular power, they hold for the next higher power, we can 
infer, without further proof, that because the laws hold for the 
fourth power, they hold also for the fifth ; then that because 
they hold for the fifth, they hold also for the sixth, and so on 
to any higher power. 

2. If the laws (i.)-(vi.) hold for the rth power, we have 

1 • 2 1 • 2 • 3 

Notice that only the first four terms of the expansion are 
written. But it is often necessary to write any term (the Aiii, 
say) without having written all the preceding terms. 

To derive this term, observe that the following laws hold for 
each term of the expansion : 

(i.) The exponent of b is one less than the number of the term 
(counting from the left). 

Thus in the first term we have b^~^ = 6® = 1 ; in the second, 
6^1 = 6 ; in the tenth, b^^^ = 6^ and in the kth term, b^\ 

342 
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(ii.) The exponent of a is equal to tJie binomial exponent less 
the exponent of h. 

Thus, in the first term we have a'"®=a*"; in the second, 
ar~^\ in the tenth, a'"*; and in the A:th term, a^-'^*-'^\ = a'-*+\ 

(iii.) The number of factors {beginning with 1 and increasing 
by 1) in the denominator of each coefficient, and the number of 
factors (beginning with r and decreasing by 1) in the numerator 
of each coeffixiieivt, is equal to the exponent of b in that term. 

Thus, in the coefficient of the second term the denominator 
is 1 and the numerator is r; in that of the third term the 
denominator is 1-2 and the numerator is r(r — 1); in the 
tenth term the denominator is 1 • 2 ••• 9 and the numerator is 
r(r — l)-«(r — 8); and in the fcth term the denominator is 
1 . 2 • 3 ••• (A; — 1), and the numerator is 

r(r-l)...[r-(A:-2)], =r(r- l)...(r- A: + 2). 

Therefore the kth term in the expansion of (a -f- by is 

r (r - 1) (r - 2) ... (r - A; 4- 2) ,.->^i.>-i ' 
1.2-3...(A;-1) 

In like manner, any other term can be written. 
Thus, the (Ic — l)th term is 

1.2.3...(A:-2) 

3. We can now prove that, if the laws (i.)-(vi.) hold for 
(a 4- &)*", they also hold for (a + &)*"^^ ; that is, if they hold for 
any power they hold for the next higher power. Assuming, 
then, that the laws hold for (a + by, we have 

(a 4- by = a*^ + ra^^b + ^l^^^Ill^a'-^d^ _^ ... 

1 • 2 
r (r - 1) (r - 2) ... (r - A; + 3) ^_^,^, 
^ 1.2. 3 -(A; -2) 

r(r - 1) (r _ 2) ... (r - fc + 3) (r - fc + 2) „,->^i.>-. . ... 
1.2.3...(fc-2)(fc-l) ■ 

The first three terms of the expansion are written, then all 
terms are omitted, except the Qc — l)th and the fcth. 
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Multiplying the expansion of (a + by by (a + 6), we obtain : 

(a + 6)'+* = a'+» 4- m'6 + ^^^ "J^ a^'V + ... 

1 • 2 

r(r-l)...(r-fc + 2) ^^^_. ... 

1.2.. •(*-!) ^ 

+ <^6 + «ir-v + ... + t(l:z^l::i^=Js±^(f-H-i^i + ... 

1 • 2 ••• (Ac — 2) 
- ar+> + (r + l)a'6 + P<][~^) + rlar-»6« + ... 

^L l-2...(*-l) ^ 1.2...(A-2) _f '^ ^^ • 

But Kr-1) I ^^ r'-r + 2r ^ (r + l)r . 

1-2 ^ 1.2 1.2 ' 

r(r-l)...(r-fc + 2) r(r-l)...(r-fc + 3) 
1.2...(*-1) ^ 1.2...(A;-2) 

^ r(r - 1) ... (r - A: + 2) + y(y - 1) - (r - fc + 3)(fe - 1) 
1.2...(A;-1) 

^ r(r-l)'-(r-k + S)(r-k + 2 + k-l) 
l-2 — {k-l) 

_ (r + l)r(r - 1) .- (r - fc + 3) 
1.2...(ft-l) 
Therefore, 
(o + ft)'*' = o'+* + (r + l) a'b + ^^ ."^ ^^ ar-»6» + ... 

J. ■ ^ 

(r + l)r(r - 1) ... (r ^ A: 4- 3) ^._>^,y., .. 
^ 1.2...(A;-1) ^ 

The laws (i.)-(vi.) hold for the above expansion of (a + 6)*^^ 
We therefore conclude that if the expansion holds for (a + by, 
it also holds for (a + &)''+^ 

Consequently, since the expansion holds for the fourth power, 
it holds for the fifth, and so on to any positive integral power. 

The method of proof employed in this article is called Proof 
by Mathematical Induction. 
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4. We may now write the expansion of (a 4- by, wherein n 
is any positive integer : 

(a 4- by = a" + na"-'b + ^^^~^ «""'*" + -• 

1 • 2 

In particular, if a = 1, and 6 = a?, 

1 ■ « 

5. The expansion of (a — by can be at once written from 
that of (a + by. 

We have (a — 6)* = [a + ( - 6)]* 

= a** + na»-^ (- 6) 4- ^^^^^^a»-X- 6)» 4— • 
1 • 2 

1.2 
Observe that the signs of the terms alternate, 4- and — , 
beginning with the first, or that the terms containing even 
powers of b are positive, and those containing odd powers of b 
are negative, 

6. When n is a positive integer, the number of terms in the 
expansion is limited. 

E.9., (a + 6)* = a« 4- 5 a'b 4- ^a'b' 4- ^^i^aV 

5.4.3-2^ 5. 4.3.2. ly 
^1.2.3.4 ^1.2.3.4.5 

5.4.3.2.1.0^.,y ,, 
^1.2.3.4.5.6 ^ 

The coefficients of the seventh and all succeeding terms con- 
tain as a factor. Therefore these terms drop out, and the 
expansion ends with the sixth term. In general, the expan- 
sion of (a + by ends with the (n 4- 1) th term. For, the coeffi- 
cients of the (n 4- 2)th and all succeeding terms contain n — n, 
or 0, as a factor. 

7. The expansion of (a-\-by may also be written in descend- 
ing powers of b. 
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Thus, (b + ay = 6» + n6-ia -f ^^^^-=^6-W + -, 

wherein 6* is the last term of the expansion given in Art. 4, 
71 the coefficient of the next to the last term, and so on. 
We therefore conclude : 

In tkei expansion of (a -f- 6)", wherein n is a positive integer, 
the coefficients of terms equally distant from tJie beginning and 
end of the expansion are equal. 

ft In Exs. 1-2 which follow, the coefficients are computed 
by the principle given in Ch. XIII., Art. 7 (v.). 
Ex. 1. Expand (1-2 x^\ 

We have (l-2aj«)« = l«-5.1^. (2iB«)+10.1». (2ic«)« 
-10.1*.(2iB«)» + 5.1-(2aj«)^~(2aj«)» 

= l-10»2 + 40iB*-80a^ + 80a^-32aJ^ 

In expanding a binomial, the coefficients of the terms after 
the middle term may be at once written by the principle of 
the preceding article. This remark applies to the expansion 
before it is reduced, as in Ex. 1. 

Ex. 2. Find the first five terms of (a"* + 26-2)". 
We have 
(a-* + 2 6-2)" = (a"*)" + 11 {a-fy\2 b-') + 55 (a"i)»(2 b-y 

4-165(a-*)«(26-2)84-330(a-i)^(26-y+ ... 

= a"^ + 22 a-*6-2 + 220 a-^b'* + 1320 a-'b-^ 
+ 5280a^6-«+.... 

9. Ex. Find the seventh term in (2 a — 32^)". 

In the seventh term the exponent of —Sy(=b)is 6; the 
exponent of 2x(=a) is 11 — 6, =5. The denominator of 
the coefficient contains six factors, beginning with 1, and the 
numerator contains six factors beginning with 11. Therefore 
the seventh term is 

11 . 10 . 9 . 8 . 7 . 6 . 



1.2.3.4.5.6 



- (2 xy( - 3 yy, = 10777536 a^f. 
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If the second term of the binomial is negative, it is better, 
in finding a particular term, to write the binomial in the form 
[a + (— 6)], as in the above example. 

EXEBCISES. 

Write the expansion of each of the following powers : 
1. (a -{-by. 2. (x-yy. 3. (a^ + by. 

4. (x'^ + y^y. 5. (a*-6y. 6. (ar^ + y*)'. 

7. (xi-yiy. a (a-3 + 6-y. 9. (m"t-ni)«. 

13. {a-S)\ 14. (2x + 3yy. IS. (4o«-i&-i)^ 

16. (a^-^y)*. 17. (2Va-iV^)'- 18. (ir^-yiy-S)'. 

22. (V-2+2a?"*)^* 23. «/a-f-</&)^ 24. (a-V-<- 

25. {ab-^-Wxy, 26. (a^^^-xy. 27. (a% + ft'T- 
28. [V(aj + 1)-V(«-1)T- 29. [^(a4-&)+^(a-6)]«. 

Simplify each of the following expressions : 
30. (l + V-»)'+(l-V-a^)'- 31- (aJ4-V-3)*-(aj-V-3)*. 

Write the expansion of each of the following powers : 
32. (l-a? + ar»)«. 33. (2-3a; + aj^^ 

34. (l + a*-a"y. 35. (1 - x ^2 + a^^Sy. 

Write the 
36. 3d term of (a 4- b)^. 37. 5th term of (a - 6)^«. 

38. 6th term of (a^ + 6*)". 39. 7th term of (a* — a"*)". 

40. 6th term of f^m — ^V. 41. 15th term of fc^+V\^. 

42. 12th term of (a; - V «^)*- *3. 9th term of ( Va: - ax^y^. 

44. Write the middle term of (x -y/x — 1)^ 

45. Write the middle terms of (a* + x^y. 



CHAPTER XXIII. 

PERMUTATIONS AND COMBINATIONS. 

DEFINITIONS. 

1. The following examples will illustrate the character of 
an important class of problems. 

Pr. 1. Write the numbers of two figures each which can be 
formed from the three figures, 4, 5, 6. 
We have 45, 54, 46, 64, 56, 66. 

Pr. 2. What committees of two persons each can be ap- 
pointed from the three persons, A, B, C? 

The committees may consist of A, B ; A, C ; or B, C. 

These problems make clear the difference between groups of 
things, selected from a given number of things, in which the 
order is taken into account, as in Pr. 1, and in which the order 
is not taken into ojccount, as in Pr. 2. 

2. We are thus naturally led to the following definitions: 

A Permutation of any number of things is a group of some 
or all of them, arranged in a definite order, 

A Combination of any number of things is a group of some or 
all of them, without reference to order, 

3. It follows from these definitions that two permutations 
are different when some or all of the things in them are 
different, or when their order of arrangement is different; 
and that two combinations are different only when at least 
one thing in one is not contained in the other. 

Thus, ah and ha are different permutations, but the same 
combination. 

348 
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4. The permutatioiis of a, b, c, d are : 



abl 



ac' 



2 3 4 

abc abed 

aM abdc 

acb CLcbd 

OLcd acdb 

{adb adbc 

ode adcb 

{cab cabd 

cad cadb 

cba chad 

cbd cbda 

cda cdab 

cdb cdba 



• cd\ 



d 



ha 



be 



bd 



da] 



3 4 

\baAi baod 

[bad bade 

\b€a bead 

[bed boda 

\ bda bdac 

[bde bdea 

\dab dabe 

\da>e daeb 



( dba dbac 

^^\dbe dbea 

\dea dcab 

I deb deba 



de 



The permutations two at a time are formed from those one 
at a time, by annexing to each of the latter each remaining 
letter in turn ; those three at a time from those two at a time 
in like manner ; and so on. Evidently the permutations thus 
formed are all different. 

Of four things, only four permutations one at a time can be 
formed. And since, in the permutations two at a time formed 
from those one at a time, each thing is followed by each re- 
maining thing, none of those two at a time are omitted For 
a similar reason, none of those three and four at a time are 
omitted. Therefore the above representation includes all 
permutations of the four letters, one, two, three, and four 
at a time. 

5. The number of permutations of n things taken r at a time 
is denoted by the symbol „P,. 
Then from the enumeration of the preceding article, we have 

,Pi ^ 4, 4^2 = 12, ,Ps = 24, ,P, = 24. 
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6. When the number of things is large, the preceding 
method of enumeration becomes laborious. 

The following example illustrates a method of deriving a 
general formula for n^V 

We have 4P1 = 4. 

Each permutation one at a time gives as many permutations 
two at a time as there are things remaining to annex to it in 
turn, in this case three. 

Therefore ,Pj = ,Pi x 3 = 4 x 3. 

Each permutation two at a time gives as many permutations 
three at a time as there are things remaining to annex to it in 
turn, in this case two. 

Therefore ^P, = 4P2 x 2 = 4 x 3 x 2. 

In like manner, 4P4 = 4P3 = 4 x 3 x 2 x 1. 

In general, nPr = n(n — \){n — 2) ••• (/i — r + 1), 

when the n things are all different 

Evidently ^Pi = n. (1) 

From each permutation of n things one at a time we obtain, 
by annexing to it each of the n— 1 remaining things in turn, 
n— 1 permutations two at a time. 

Therefore ^P^ = ^Pi(n-l) = n{n - 1). (2) 

Again, from each permutation of n things two at a time we 
obtain, by annexing to it each of the n — 2 remaining things in 
turn, n — 2 permutations three at a time. 

Therefore ^P, = ,P, (n - 2) = w (n - 1) (n - 2). (3) 

In like manner, 

„P4 = „P3(n-3) = n(n-l)(n-2)(n-3). (4) 

The method is evidently general. The number subtracted 
from n in the last factor in (l)-(4) is one less than the number 
of things taken at a time. Therefore, 

^P,=n(n-l)(n~2)...[n-(r-l)] = n(n-l)(n-2)...(7i-r+l). 
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7. Observe that the number of factors in the formula for 
^P^ is equal to the number of things taken at a time. 

E.g.j 8 A = 8x7x6x5x4 = 6720. 

8. If all the things are taken at a time, i.e., if r = n, we have 
„P„ = n(n-l)(w-2)...(w-n4-l) = w(n-l)(n-2)...3 x2xl. 

E.g., 5P5 = 5 X 4 X 3 X 2 X 1 = 120. 

9. The continued product 

n(n-l)(ri-2)...3 x2x 1 

is called Factorial-/?, and is denoted by the symbol [w orn ! 
Therefore the formula of the preceding article may be written 

E.g., 7P7 = [7, or 7 !, = 7 X 6 X 5 X 4 X 3 X 2 X 1. 

10. In many applications the things considered are not all 
different. We will now derive a formula for the number of 
permutations of n things, taken all at a time, when some of 
them are alike. 

Let p of the n things be alike, and suppose the permutations 
n at a time to be' formed. In any one of these permutations, 
let the p like things be replaced by p unlike things, different 
from all the rest. Then by changing the order of these p new 
things only, we can form (p permutations from the one permu- 
tation. In like manner, [p permutations can be formed from 
each of the given permutations. Therefore 



P„ (all different) =„P„ x\p{p alike), 

„/>„(/! alike) = 2^= I 
IP. I 
In like manner, it can be proved that 



or „/>„(/! alike) = 2^ = '= 



„P„{p alike, g alike, ...) = .- ^ 



E.g,, sPs (3 alike) = U = 6720. 



I J? X Ijjr X 
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BZBBOI8B8 I. 

Find the values of 

Find the value of n, when 

9. ^^^4 = 3,^3 10. nP6=20,P,. 11. ,+2P4=15nP3. 

12. .+iP4=30,_,P^ 13. ,+4A=8n+sA. 14. a.+iP4=140,P3. 

Find the value of fc, when 

15- 10^4+6= 3 ioP»+5- 16. 7P4+i = 127P4_,. 17. 12P» = 20 i2P»_2. 

18. How many numbers of 4 figures can be formed with 1, 
2,3,4,5,6,7? 

19. How many numbers of 4 figures can be formed with 
0,1,2,3,4,5,6,7? 

20. How many even numbers of 4 figures can be formed 
with 4, 6, 3, 2 ? 

21. In how many ways can 6 pupils be seated in 10 seats ? 

22. How many numbers of 5 figures can be formed with 
1, 2, 3, 4, 5, 6, 7, 8, 9, if the figure 7 be in the middle of each 
number ? 

23. How many permutations can be formed with the letters 
in the word Philippine ? 

24. How many permutations can be formed with the letters 
in the word Iloilof 

25. In how many ways can 7 men be seated at a round 
table? 

26. In how many ways can a bracelet be made by stringing 
together 7 pearls of different shades ? 

COMBINATIONS. 

11, The formula for the number of combinations of n things, 
r at a time, which is denoted by „C,, is most readily obtained by 
deriving a relation between „P^ and ^(7,. The method will be 
illustrated by a particular example. 
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The combinations of the four letters a, b, c, d, taken three at 
a time, evidently are : abc, oW, acd, bed. From the combina- 
tion aJbc we obtain, by changing the order of the letters in all 
possible ways, [3 permutations. In like manner, each of the 
combinations gives [3 permutations. 

Therefore 

4P8 = 4C, X [3, or ,C, = ^3^ 4x3x2 , 

In general, 

„C, ^ /i(/i-l)(/i-8)-(/i-r4-l) 

wherein the n things are all different. 

For, from each combination that contains r things can be 
formed \r permutations, by changing the order of the things in 
all possible ways. Therefore 

.fi=:,fix[r,or.fi=f- = <-"^)(--f"(-^ + ^. 

Ir Ir 

l£ 

12. The formulsB for ^Ci, ^Cg, ^Qj, •••, ^0, may be repre- 
sented by the following abbreviations : 

^_n_fn\ n(n - 1) _ M n(n - l)(n -2) _/n^ 
"""i-i,!/ lT2 "V2> 1.2.3 (,3> ' 

n(n - l)(n - 2) ... (n - r 4- 1) __/^^\ 
'"■' 1.2.3...r \r/ 

Observe that in the symbolic notation the upper number is 
the number of things, and the lower number is the number 
taken at a time. 

E.g., ,(7^^f7\ 7-6.5. 4^3g 

^ ' * l^V 1-2.3.4 

13. The formula for ,(7, can be put in a more convenient 
form for purposes of theory. 
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We have 

^ _ n(n — l)'"(n — r-hl) X (n — r)(n~r— l)-"3 x 2 x 1 
lrx(n-r)(n-r-l)...3x2xl 



\r \n — r 

[n 



14 We have ,C,= 



and .CL-r = 



|r| n~r 

\n [n 



|n — r[n — (n — r) |n— r |r 
Therefore, nC, = „C„,,. 

That is, the number of comhinaiions of n dissimilar Jhings r 
at a time is equal to the number of combinations of the n things 
n — rat a time. 

This relation is also evident from the definition of a com- 
bination. For, every time that r things are taken from the n 
things to form a combination, there is left a combination of 
n — r things. 

E.g.y looCge = looCj = ■■ = 4950. 

J. X ^ 

This relation is thus useful in computing the number of com- 
binations when the number of things taken at a time is laxge. 

15. The Greatest Value of „Cy, — We have 

1.2.3...(r-l)r 

__ n(n-l)(yi-2)»««(n-r4-2) n — r + 1 
1.2.3...;(r-l) r 

=.a..x2^::^ = .a.{^-i^^ (1) 

Also, ^c^^^^n{n--l){n-^2)...{n-r + l){n-r) 
' " '"•' 1.2.3...r(r + l) 

__ n(n — 1) (n — 2) «" (n — r -h 1) ^ n — r 
"" 1.2.3...r r + 1 

r -f- 1 



13-15] COMBINATIONS. 355 

Whence ^C,= .a^iX^. (2) 

From (1), 

«a>na-i, when !?^-l>l, or r<2^. (3) 

That is, the number of combinations of n things, taken any 
number less than ^ at a time, is greater than the number 

of combinations taken one less at a time, and therefore greater 
than the number of combinations taken any number less at a 
time. 

From (2), ,C, > .C.^i, when !:±1 > 1, or r > Vl^. (4) 

That is, the number of combinations of n things, taken any 

number greater than ^ "" at a time, is greater than the num- 

ber of combinations taken one more at a time, and therefore 
greater than the number of combinations taken any number 
more at a time. Consequently, „C^ is greatest when r, an 

integer, lies between ^ ~ and ^1^ » 

(i) w Even, Let n = 2m. Then r is an integer in value 

between ^^-^ , = m - i, and ^^_^-^ , = m + f That is, 

T^my = ^. Therefore, when n is even, the greatest number 
of combinations is „C„. 

2 

(ii) n Odd, Let n = 2 m -f- 1. Then r should have an inte- 

^ vn *? vn -X- ^ 

gral value between -— , = m, and — TT^f = m + 1. This is 

evidently impossible, since m and m + 1 are consecutive 
integers. " 

But, when r^my < m + 1, = "^ , then by (3), 

-I 

and, when r = m + 1, > ?n, = — - — , then by (4), 
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Also, by Art 14, «»+iC«=j«^.iQr»+i>,o = t»+iC^+i. 

Consequently, when n is odd, the greatest number of com- 
binations is 

s s 

Ex. 1. When n ss 4, the greatest number of combinations 
is 4^^ 

We have 4^1 = 4, 4Ci = 6, 4Ci = 4, 4Ci = l. 

Ex. 2. When n = 5, the greatest number of combinations is 

We have ^Q = 6, ^C, = 10, ^(7, = 10, fi^ = 6, ^C, = 1. 

BXBBOI8B8 XI. 
Find the values of 

1. uQ. 2. 15C7. 3. »Cjo. 4. ggCw 5. nCl,-«- 
Find the value of n, when 
6. 2,0,=9„.,C5. 7. 3,Ci=10^jC; a 4,+iC4=16,.iCs. 

9. ^iP4=112n-i(i 10. .+1^4=84 ,_iCi. 11. ,P,=24,a.i. 

Find the value of fc, when 

12. aA=248Ci. 13. .P^i=48eC!|. 14. ioA=144,oCi_i. 

15. Prove that ^C, 4- nC^i = «+!<?,. 

16. In how many ways can a committee of 4 men be ap- 
pointed from 25 men? 

17. In how many ways can 3 books be selected from 15 
books ? 

18. In a plane are 20 points, no 3 of which are in the same 
straight line. How many triangles can be formed with 3 points 
as vertices ? How many quadrilaterals, with 4 points as ver- 
tices ? How many hexagons, with 6 points as vertices ? 

Find the values of r and „(7^, when „(7^ is greatest, in 

19. yC,. 20. gCr- 21. „(7,. 22. ,4^r 23. ,^,C^ 
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TWO IMPORTANT PRINCIPLES. 

16. The following example illustrates an important principle. 
Pr. Between two cities A and B there are five railroad lines. 

In how many ways can a man go from A to B and return by a 
different road ? 

He can go to B in either of five ways. With each of these 
five ways he has a choice of four ways of returning. Hence 
he can make the round trip in 5 x 4, = 20, ways. 

Evidently, if he were not required to return by a different 
road he could make the trip in 5 x 5, = 25, ways. 

The general principle is : 

If one thing can be done in a ways, and another thing can be 
done in b ways, and the doing of the first thing does not interfere 
with the doing of the second, the two things can be done in ab ways. 

The truth of the principle is evident. 

17. The following relation will be useful in subsequent 
work: 

+mClnCr-\+nCr} (1) 

in which m > or = r, n > or = r. 

The number of combinations of the m + n things r at a time 
is evidently the sum of: 

The number of combinations of m things taken r at a time, 
or «0r. 

The number of combinations of m things taken r —l at a 
time, multiplied by the number of combinations of n things 
taken one at a time, or «C^_inCi. And so on. 

This relation may be written 

C*r)-(:)+C-i)0+-^(t)C-i)H3- <^' 

18. The relation of the preceding article requires m, n, and 
r to be integers. Evidently, however, the second member of 
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(2) could be made identical with the first member by ordinary 
reduction. We, therefore, conclude that this relation holds 
for all rational values of m and n, provided r is a positive 
integer. 

PROBLEMS. 

19. Pr. 1. In how many ways can a committee of 3 Repub- 
licans and 4 Democrats be appointed from 18 Republicans and 
12 Democrats ? 

The 3 Republicans can be chosen in igCg, = 816, ways, and 
the 4 Democrats in jjCj, = 495, ways. Since any 3 Republicans 
can be associated with any 4 Democrats to form the committee, 
the required number of ways is 816 x 495, = 403,920. 

Pr. 2. A box contains 20 balls numbered 1 to 20. In how 
many ways can 7 balls be selected, if 1 be included, and 2, 3 
be excluded ? 

We first set aside 1 to be included, and 2, 3 to be excluded, 
and from the remaining 17 balls select 6 balls. Then 1 may 
be combined with each of the latter in one way, giving a com- 
bination of 7 balls. Therefore the problem is equivalent to 
determining the number of combinations of 17 things, 6 at 
a time. 

Hence „C, = lI^«^lJlli^ill?, =12376, 

O • O • 4 • o • J • 1 

is the required number of ways. 

EXERCISES III. 

1. A man has 3 coats, 4 vests, and 5 pairs of trousers. In 
how many ways can he dress ? 

2. In how many ways can 4 white balls, 3 black balls, and 
2 red balls be selected from 8 white balls, 7 black balls, and 
5 red balls ? 

3. In how many ways can permutations be formed, with 10 
consonants and 4 vowels, each one to contain 5 consonants and 
2 vowels ? 
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4. In how many ways can 4 hearts, 3 diamonds, 2 clubs, and 
1 spade be drawn from a pack containing 13 cards of each 
kind?- 

5. How many numbers of 7 figures can be formed with 1, 
2, 3, 4, 5, 6, 7, if the figures 4, 5, 6 be kept together ? 

6. How many permutations of 10 letters can be formed from 
5 consonants and 5 vowels, if no two consonants be adjacent ? 

7. How many permutations of 9 letters can be formed from 
5 consonants and 4 vowels, if each vowel be placed between 
two consonants? 

a In a school are 96 pupils. In how many ways can a 
teacher divide them into sections of 12 ? 

9. In how many ways can 4 ladies and 4 gentlemen be 
seated at a square table, so that a gentleman and a lady shall 
be seated at each side ? 

10. How many throws can be made with 2 dice, if such 
throws as 1, 2 and 2, 1 be regarded as the same ? How many 
with 3 dice ? 

11. In how many ways can the sum 10 be thrown with 2 
dice? With 3 dice? 

12. A box contains 15 balls, numbered 1 to 15. In how 
many ways can 5 balls be selected, if 1, 2, 3 be included ? In 
how many ways, if 1, 2 be included, and 3 excluded ? In how 
many ways, if any two of the numbers 1, 2, 3 be included, the 
other excluded ? 

13. In how many ways can 10 different coins be arranged in 
a row, if the faces of the coins are distinct ? In how many 
ways can they be arranged in a circle ? 

14. In how many ways can a number of 6 figures be formed 
with 1, 1, 1, 2, 2, 3, the first and last figure of each number to 
be an even digit ? 

15. In how many ways can 7 gentlemen and 10 ladies 
arrange a game of lawn tennis, each side to consist of 1 lady 
and 1 g-entleman ? 



CHAPTER XXIV. 

VARIABLES AND LIMITS. 

VARIABLES. 

1. A Variable is a number that may have a series of different 
values in the same investigation or problem. 

A Constant is a number that has a fixed value in an investi- 
gation or problem. 

Thus, if d be the number of feet a body has fallen from rest 
in s seconds, it has been shown by experiment that 

d = 16««. 

As the body falls, the distance d and the time s are variables, 
and 16 is a constant. 

Again, time measured from a past date is a variable, while 
time measured between two fixed dates is a constant. 

2. The constants in a mathematical investigation are, as a 
rule, general numbers, and are represented by the first letters 
of the alphabet, a, b, c, etc. ; variables are usually represented 
by the last letters, x, y, 2, etc. 

3. A variable which has a definite value, or set of values, 
corresponding to a value of a second variable, is called a Func- 
tion of the latter. 

Thus, 16 «*, ± V(^* "■ ^)^ ^^-^ ^^® functions of x ; correspond- 
ing to any value of x, the first function has one value, the 
second has two values. 

Again, the area of a circle is a function of its radius ; the 
distailce a train runs is a function of the time and speed. 

ci60 
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4. Much simplicity is introduced into mathematical investi- 
gations by employing special symbols for functions. 

The symbol /(a?), read function of x, is very commonly used 
to denote a function of x. 

Thus, /(a?) may denote «^+l in one investigation, ax^-(-6aj+c 
in another. 

5. The result of substituting a particular value for the 
variable in a given expression may be indicated by substi- 
tuting the same value for the variable in the functional 
symbol. 

Thus, if /(a?) ^7? + l, then f{a) = a* + 1,/(2) = 2* + 1 = 5, 
/(0) = 0-hl = l. 

BXBRCISBS I. 

1. Given /(a?) = 5 0^2-3 a; + 2; find/(3),/(0),/(-4),/(aj«). 

2. Given f{x) = (a; - a)(aj - h) {x-c)\ find /(a), /(6). 

3. Given f{x)=^7?-^l', find /(a:^)^ |- j(a.)-|2, 

4. Given /(a;)=a:*-3a; + 2; find /(a; + 4), /(a; + ^). 

5. Given f(x) = a- find /(O), /(4), /(- 5), /(a^, /(a). 

6. Given f{x) = aj^ + pa* + ga? + r ; find/^y -|j. 

7. Given /(m)= 1 + ma? 4- ^^^^" "^^ a:* + - ; 

find /(5), /(!),/(- 3), /(O). 

LIMITS. 

6. When the difference between a variable and a constant 
may become and remain less than any assigned positive num- 
ber, however small, the constant is called the Limit of the 
variable. 

Let the point P move from A towards B (Fig. 1) in the fol- 
lowing way : First to Pj, one-half of the distance from ^ to JB ; 
next from P, to Pj? one-half of the distance from Pj to J3; 
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then from P, to P^ one-half of the distance from P^ix) B; and 
80 on. 

A P, P. P, P4 B 

o o ■ o ■ -o — o — o 

Fig. 1. 

Evidently, as P thus moves from -4 to J5, its variable dis- 
tance from A becomes more and more nearly equal to j±By and 
the difference between AP and AB can be made less than any 
assigned distance, however small, by continuing indefinitely 
the motion of P. Therefore AB is the limit of the variable .AP. 

If we call the distance from Ato B unity, we have 

APi^h Pi^^=^h ^fPs=-h ^3^4 = tV. •••• 
Hence, 

^lPl + PlP2 + P,P3-hPs^4+-=i + i + i + lV+-. 

But, by Ch. XXI, Art. 25, the variable sum of the series on 
the right approaches 1 as a limit. That is, 

limit of (APi H- PiPj + PiPs + P»P4 + —) = ^^' 

7. It follows from the definition of a limit that the variable 
may be always greater, or always less, or sometimes greater 
and sometimes less than its limit. 

Thus, by Ch. XXI, Art 25, we have 

limit(l-i-i-i-...) = 0, (1) 

limit(l-f-i + i + i + -) = 2, (2) 

limit(l-i-f-i-i + -) = f. (3) 

And in (1), S, = l, ^2 = 1, «8 = i, S,= i, •..; (4) 

in(2), ^, = 1, >S2 = f, ^8 = 1, «4 = ¥. •••; (5) 

in (3), 5, = 1, S, = h S, = i, S,= I, .... (6) 

Evidently the variable in each of these examples is the sum, 
which changes as the number of terms increases. 

8. The symbol, :^f read approaches as a limit, or simply 
approaches, is placed between a variable and its limit. 
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The word limit may be abbreviated to lim. 

Thus, ^^™j (1 — aj) = 0, read t?ie limit ofl — x,a8x approaches 

1, is 0. 

InfiniteB and InfinitesiiualB. 

9. The following considerations lead to important mathemati- 
cal concepts : 

The fractions 
1 = 20; -|, = 200'; ;4,=2000; ^, = 20000; ete., 

are particular values of the fraction -, in which the denomina- 
tor X is assumed to be a variable. It is evident that the value 
of this fraction can be made greater than any assigned number, 
however great, by taking its denominator sufficiently small. 

A variable which can become and remain numerically greater 
than any assigned positive number, however great, is called an 
Infinite Number, or simply an Infinite. 

An infinite variable is denoted by the symbol oo. 

10. The numbers, variables and constants, which have been 
hitherto used in this book are, for the sake of distinction, called 
Finite Numbers. 



11. The fractions 

ft 
are also particular values of the fraction -, in which, as above, 

the denominator x is assumed to be a variable. It is evident 

1ft 
that the value of the fraction - can also be made less than any 

X "* 

assigned number, however small, by taking the denominator 
sufficiently great. 

A variable which can become and remain numerically less 
than any assigned positive number, however small, is called an 
Infinitesimal. 
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No symbol by which to denote an infinitesimal vaoriable has 
been generally adopted. 

It follows from the definition that the limit of an infinitesi- 
mal is 0. 

12. It is important to keep in mind that both infinites and 
infinitesimals are variables. Their definitions imply that Jixed 
values cannot be assigned to them. 

An infinitesimal should therefore not be confused with 0, 
which is the coTistant difference between any two equal numbers. 

13. The statement, x becomes infinite, or x increases nuraeri- 
cnlly beyond any assigned positive number, Tiowever great, is fre- 
quently abbreviated by the expression, a? == oo. 

14. The conclusions reached in Ajts. 9 and 11 can now be 
restated thus : 

(i.) If the nuTtierator of a fraction remain finite and not 0, and 
thi' denominator approach zero, the value of the fractioji icill 
become infinite; or stated symbolically, 

- = 00, as jr = 0, 

wherein n is finite and not 0. 

(ii.) If the numerator of a fro/ction remain finite and not 0, and 
the denomincttor become infinite, the value of the fraction will 
approach ; or stated symbolically, 

-=0, as jr = aD, 

wherein n is finite and not 0. 

Observe that these principles hold not only when n is a 
constant, not 0, but also when n is a variable, provided it 
does not become infinite. 

15. The difference between a variable and its limit is evidently 
an infinitesimal; that is, 

if /tm jr = a, then /im (x — a) = 
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Consequently, if lim aj = a, we have 

x — a^^x^ or x = a-\-x\ 

wherein aj' is a variable whose limit is 0. 

Conversely, if a? = a H- aj', and aj' be a variable whose limit 
is 0, then lim aj = a. 

16. If the limit of a variable be 0, the limit of the product of 
the variable and any finite number is 0; that is, 

if //Vn jr = 0, and a be any finite number, //Vn ax = 0. 

Let k be any number, however small. Then x can be made 

k 
less numerically than -, and, therefore, ax less than k. Hence, 

a 
lim ax = 0. 

Fundamental PrinclploB of Limits. 

17. (i.) If two variables be always equal, and one of them 
approach a limit, the other approaches the same limit. That is, 

if jr =/, and jr = a, then/ = a. 

(ii.) If two variables be always equal as they approach their 
limits, their limits are equal. That is, 

if lim jr = a, lim/ = 6, and jr =/, then a = b. 

(iii.) The limit of the algebraical sum of a finite number of 
variables is the sum of their limits. That is, 

if limjr = a, lim/ = 6, •••, then Iim(jr4-/H )=a+b-\ — . 

(iv.) The limit of the product of a finite number of variables 
is the product of their limits, if none of the limits be oo . That is, 

if lim jr = a, lim/ = b, •••, then lim {xy •••) = ab •••. 

(v.) The limit of the quotient of two variables is the quotient 
of their limits, if the limit of the divisor be not 0. That is, 

if lim jr = a, lim/ = b, then lim (-)=?> when lim y =?£= 0. 

The proofs follow: -^^ 

(i.) We have a; = a + aj', wherein, by Art. 15, x' is a variable 
whose limit is 0. Then, since y = x always, we have y=:a-\'X'. 
Hence lim y = a. 
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(ii.) This principle follows directly from (i.). 

(iii.) We have x = a + x',y =b -\- y', •••, wherein, by Art. 15, 
^'} y'} '" 2tre variables. whose limits are 0. 

Then a: + y + ... =(a + & -f •••) + («' + V' + -)• 

Let A: be any assigned number, however small. Then each 

Jc 
of the variables x', y', ••• can be made less than -, wherein n is 

the number of variables. Therefore, x' -{-y' -\ can be made 

less than k. Consequently lim (a:-fy««-) = a4-&H-"*-- 

(iv.) We have x = a-\-oc'y y=& + y', •••, wherein x', y\ -•• 
are variables whose limits are 0, and a, b, ••• are finite. 
Then ocy = ab -{- bx' -f ay' + x'y'. Therefore, by (iii.)? 

lim xy -{-= lim ab -h lim bx^ + lim a^ + lim x'y' 
= ab, since lim bx' = 0, •••, by Art. 16. 
In like manner, the principle can be proved for any finite 
number of factors. 

X 

(v.) Let - = g, or a; = yq. Then, by (iv.), lim x = lim y lim q, 

mu r T lini X ^' X hm x 

Therefore, lim q = , or hm - = • 

lim y y hm y 

Indeterminate FractlonB. 

18. It follows from the definition of a fraction that - is a 

number which multiplied by gives 0. But any finite number 

multiplied by gives 0, or n = 0. Consequently - may denote 

any mimber whatever. 

For this reason, such a fraction is called an Indeterminate 
Fraction. 

/«»_ 9 A 

19. The fraction becomes - when a? = 3, and has no 

x — 3 

definite value. But as long as x^3, however little it may 
differ from 3, we may perform the indicated division. We 
therefore have 

^J^ = a; + 3, when a; :?«= 3. 
x-3 
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Kow since the limit of the fraction depends upon values of 
X which differ from 3, however little, we have 

lira a^ — 9 lira /^ , q\ /. 
x = 3^33=x = 3('" + 3) = ^- 

Although the given fraction is indeterminate, it is clearly 
desirable that it shall have a definite value. We therefore 

/J.2 __ 9 

assign to the value 6, when a; = 3. 

X — o 

That is, we define an indeterminate fraction to be the limit 

of the fraction as the variable approaches that value which 

renders it indeterminate. In this way we may obtain a definite 

value when the fraction involves but one variable. 

20. The fraction § is a number which multiplied by oo gives 

00. But any finite number multiplied by oo gives oo. There- 
fore ^ is also an indeterminate fraction, 

n-1 

w + 1 
merator and denominator by w, we have 

n — 1_ n 

n 

Since - = 0, as w = oo, 

n ' 

lim n — i _ lim !i = l 

«-«n-fl »* = «> 1 
n 

EXERCISES II. 

Find the limiting values of the following fractions : 

1. ^^Zli5iL±^,whenx = 5. 2. ^nl^, when a: = 2. 

3. 3a^--f-^f^^whena^-|5. 



21. The fraction , ^ becomes ^, as n = oo. Dividing nu- 
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5. ^Lh2^^Z^, when 0.-1. 
6. {5iz:li!,whenaj = l. 7. ^-Zl^, when a? = 1. 

a ^J=i£±|, whena; = l. 9. ?^^^, when a? = 0. 



a»-3aj + 2 



"• (^Si/'-^^'^^"-*- 



Find the limiting values of the following fractions when 
n = oo: 

11 iL±i. 12 nlni?. 13 ^(^-^) .l, 

' n*-! n + 3 [2 w* 

n'-3ri + 2 . na;(na;~ l)(na;- 2) jL 

• 2n*-3n4-4* [3 ' n»' 



Indeterminate SolutionB. 

22. The preceding principles may be further illustrated by 
examining the infinite and indeterminate solutions of certain 
problems. 

Pr. A merchant buys four pieces of goods. In the second 
piece there are 3 yards less than in the first, in the third 7 
yards less than in the first, and in the fourth 10 yards less 
than in the first. The number of yards in the first and fourth 
is equal to the number of yards in the second and third. How 
many yards are there in the first piece ? 

Let X stand for the number of yards in the first piece ; then 
the number of yards in the second piece is a? — 3 ; in the third 
piece, a? — 7 ; in the fourth piece, x — 10. Therefore, by the 
condition of the problem, we have 

X + (x -. 10) = (a; - 3) + (a - 7), or 2aj - 10 = 2a: - 10. 
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This equation is an identity, and is therefore satisfied by any 
finite value ofx. 

If it be solved in the usual way, we obtain 

(2-2)a; = 10-10,oraj=i^::4^ = 5. 
^ ^ ' 2-2 

That is, the conditions of the problem will be satisfied by 
any number of yards in the first piece. 

Infinite Solutions. 

23. Pr. A cistern has three pipes. Through the first it can 
be filled in 24 minutes; through the second in 36 minutes; 
through the third it can be emptied in a minutes. In what 
time will the cistern be filled if all the pipes be opened at the 
same time ? 

Let X stand for the number of minutes after which the 
cistern will be filled. In one minute ^ of its capacity enters 
through the first pipe, and hence in x minutes -^x oi. its 
capacity enters. For a similar reason, -^x oi its capacity 
enters through the second pipe in x minutes ; and in the same 

time - 0? of its capacity is discharged through the third pipe. 
a 

Therefore, after x minutes there is in the cistern 

of its capacity. But by the condition of the problem, that the 
cistern is then filled, we have 

whence x = . 

If we now let a approach y\, then x becomes infinite. 

This result would mean that the cistern would never be 
filled. This is also evident from the data of the problem, since 
the third pipe in a given time would discharge from the 
cistern as much as would enter it through the other pipes. 
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The Problem ol the Couriers. 

24. Pr. Two couriers are travelling along a road in the 
direction from MXx> N\ one courier at the rate of m^ miles an 
hour^ the other at the rate of 7% miles an hour. The former 

A B 
o o o o o- 



Fia. 2. 

is seen at the station A at noon^ and the other is seen h hours 
later at the station B, which is d miles from A in the direction 
in which the couriers are travelling. / Where do the couriers 
meet? 

Assume that they meet to the right of ^ at a point Ci, and 
let X stand for the number of miles from B to the place of 
meeting Ci (Fig. 2). 

The first courier, moving at the rate of mi miles an hour, 

travels d + x miles, from -4 to Ci, in hours ; the second 

mi 

courier, moving at the rate of m^ miles an hour, travels x miles, 

X 

from 5 to Ci, in — hours. By the condition of the problem 

it is evident that, if the place of meeting is to the right of B, 

the number of hours it takes the first courier to travel from 

A to Ci exceeds by h the number of hours it takes the second 

courier to travel from B to d. We therefore have 

d-\-x X , 

= A, 

mi ?7i2 

whence x = ^^i^-^^2 = m2(hm,--d) 

m2 — mi m2 — mi ' 

(i.) A Positive Result. — The result will be positive either 
when ^mi > d and m^ > 7%, or when hnii < d and m2 < mi. A 
positive result means that the problem is possible with the 
assumption made; i.e., that the couriers meet at a point to 
the right of B. 

(ii.) A Negative Result. — The result will be negative either 
when 7imi > d and mg < mi, or when Am^ < d and m^ > mj. Such 
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a result shows that the assumption that the couriers meet to 
the right of B is untenable, since, as we have seen, in that 
case the result is positive. 

That under the assumed conditions the couriers can meet 
only at some point to the left of B can also be inferred from 
the following considerations, which are independent of the 
negative result : If hyrii > d, the first courier has passed B when 
the second courier is seen at that station ; that is, the second 
courier is behind the first at that time. And since also 
wi2<wii, the first courier is travelling the faster, and must 
therefore have overtaken the second, and at some point to the 
left of J5. 

On the other hand, if hmi > d, the first courier has not yet 
reached B when the second is seen at that station ; that is, the 
first courier is behind the second at that time. And since also 
wi2 > wii, the second courier is travelling the faster, and must 
therefore have overtaken the first, at some point to the left of 
B, Similar reasoning could have been applied in (i.). 

(iii.) A Zero Result. — A zero result is obtained when 
hmi = d, and ma is not equal to mi ; that is, the meeting takes 
place at B, This is also evident from the assumed conditions. 
For the first courier reaches B h hours after he was seen at A ; 
and since the second courier is seen 2it B h hours after the 
first was seen at A, the meeting must take place at B, 

(iv.) Indeterminate Result. — An indeterminate result is ob- 
tained if hmi == c^j 9*^^ ma = m^ In this case every point of 
the road can be regarded as their place of meeting. For the 
first courier evidently reaches B at the time at which the 
second courier is seen at that station ; and since they are trav- 
elling at the same rate, they must be together all the time. 
The problem under these conditions becomes indeterminate. 

(v.) An Infinite Result. — An infinite result is obtained when 
hrrii ^ d, and ma = mj. In this case a meeting of the couriers 
is impossible, since both travel at the same rate, and when the 
second is seen at B the first either has not yet reached B or 
has already passed that station. 
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An infinite result also means that the more nearly equal 
nil and m, are, the further removed is the place of meeting. 

BXBBOISB8 III. 

Solve the following problems, and interpret the results : 

1. In a number of two digits, the digit in the tens' place 
exceeds the digit in the units' place by 5. If the digits be 
interchanged, the resulting number will be less than the origi- 
nal number by 46. What is the number ? 

2. The simi of the first and third of three consecutive even 
numbers is equal to twice the second. What are the numbers ? 

3. A father is 26 years older than his son, and the sum of 
their ages is 26 years less than twice the father's age. How 
old is the son? 

4. In a number of two digits, the digit in the units' place 
exceeds the digit in the tens' place by 4. If the sum of the 
digits be divided by 2, the quotient will be less than the first 
digit by 2. What is the number ? 

Discuss the solutions of the following general problems : 
6. What number, added to the denominators of the fractions 

^ and ^ will make the resulting fractions equal ? 
a 

6. Having two kinds of wine worth a and b dollars a gallon, 
respectively, how many gallons of each kind must be taken to 
make a mixture of n gallons worth c dollars a gallon? 

7. Two couriers, A and B, start at the same time from two 
stations, distant d miles from each other, and travel in the 
same direction. A travels n times as fast as B. Where will 
A overtake B ? 



CHAPTER XXV. 

INFINITE SERIES. 

L The infinite series 

is a decreasing geometrical progression, whose ratio is f . 

Let ^n = l + | + t + ^H ton terms. 

Then, by Ch. XXI., Art. 26, 

'S. = j— ^, =^— ^, =3, 

as n increases indefinitely. By actual computation, we obtain 

These sums approach 3 more and more nearly, as more and 
more terms are included. This infinite series may therefore be 
regarded as having the finite sum 3. 

But the sum of the series 

I4-24-44-84-- 

increases beyond any finite number, however great, as the 
number of terms increases indefinitely. 

2. The examples of the preceding article illustrate the fol- 
lowing definitions : 

An infinite series is said to be Convergent, when the sum of 
the first n terms approaches a definite finite limit, as n increases 
indefinitely. 

An infinite series is said to be Divergent, when the sum of the 
first n terms increases numerically beyond any assigned num- 
ber, however great, as n increases indefinitely. 

373* 
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3. It was shown in Ch. XXI., Art. 26, that the sum of n 
terms of the geometrical progression 

a + ar + a7^ -\- •••, 
when r<l, approaches the definite finite limit —2 — , as n 
increases indefinitely. 

Therefore, any decreasing geometrical progression is a conver- 
gent series. 

4. Infinite series arise in connection with many mathemati- 
cal operations. Thus, for example, if the division of 1 hyl—x 
be continued indefinitely, we obtain as a quotient the infinite 
series 

l+ic-fa^^-ha^H . 

When X is numerically less than 1, that is, lies between — 1 
and 1, this series is a decreasing geometrical progression, as in 
Art. 1. Therefore, by the preceding article, it is convergent. 

Thus, when a; = |, as in Art. 1, the sum of n terms of the 
series approaches 3, as n increases indefinitely ; and 

Consequently, we may take the series as the expansion of the 
fraction, for all values of x between — 1 and 1, and write ' 

1 --X 

for such values of x. 

When a: = 1, the series becomes 

1 + 1 + 1 + -, 

and is evidently divergent. If we assign as the value of the 
fraction, when a; = 1, the limit of the fraction as x approaches 1, 
as in Ch. XXIV., Art. 19, we have 

1 
1 — x 
when 05 = 1. Since both the fraction and the sum of the series 
are infinite when aj = 1, in this sense we may assume that they 
are equivalent. 
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When a? = — 1, we have 

1-1+ 1-1 + -. 

The sum of n terms of this series is 1 or 0, according as n is 
odd or even. The series is said to oscillate, and is neither con- 
vergent nor divergent. But, when a? = — 1, 

1 ^ 1 ^1 
1-a; 1 + 1 2 

Consequently, we cannot assume that the series is the expan- 
sion of the fraction when x = —l. 

When X is greater than 1, numerically, we have 

1 — »•» 



Sn = 



l-x 



By taking n sufl&ciently great, af*, and therefore can 

1 — X 

be made to exceed numerically any number, however great. 
Therefore, the series is divergent. 
Thus, when a? = 2, the series becomes 

1 + 2 + 4 + 8 + -.. 

But, whena: = 2, -J^ = --l— =-1. 
1 — X 1 — 2 

Therefore, we cannot assume that the series is the expansion 
of the fraction when x is numerically greater than 1. 

In general, an infinite series, no matter how obtained from 
a given expression, can be regarded as the expansion of the 
expression, for values of x which make the latter finite, only 
when the series is convergent for such values of x. 

5. In the preceding article the convergency or divergency of 
the series was determined by an examination of the formula 
for the sum of n terms. There are, however, many infinite 
series for which such formulae have not been obtained. In 
such cases it is necessary to determine the convergency or 
divergency of the series by other methods. Even when a 
formula for the sum of n terms is known, methods now to be 
given are often to be preferred. 
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6. In the theory which follows, we shall let S stand for the 
Jimit of the sum of n terms of the series 

til -f ti, + ti, + .-. -f w« + — , 

as n increases indefinitely. 
Also let fi^» = tti + tij + w, 4- ••• -f- tt^ the sum of n terms, 

and ^Rn = w,+i 4- w«+« + — + w^mi 

the sum of m terms after the first n terms. 

Then, evidently, 5. + ^R^ = S,^^ and ^^T^ S^ = S. 

7. The aeries 

tti + tt, + ti, + • •• + w« + — 

18 convergent if S^ remain finite, and „R^ approach for all 
values of m, as n increases indefinitely; and, conversely ^ if the 
series be convergent, these two conditions are satisfied. 

By the first condition S^ is finite. By the second conditioiij 

lim (S^^^ - S,), = lim ^R^ = 0, 

as n increases indefinitely. 

Therefore, lim S^+„ = lim S^, 

That is, St^ cannot have one finite limit for one value of n, and 
a different finite limit for another value of n. Hence the limit 
of Sn is a definite finite number, and the series is convergent. 

If, conversely, the series be convergent, the limit of S^ must 
be a definite finite number, and 

lim S^+^ = lim S^. 

Hence lim (/?„+» — S^), = lim ^R^ = 0. 

This principle is to be applied when it is possible to prove 
that the limit of the sum of n terms is finite, but not that it is 
a definite finite number. If, in addition, it can be proved that 
lim ^R^ = 0, this deficiency is supplied. 



6-10] INFINITE SERIES. 377 

The oscillating series 

1-1 + 1-1 + ... 

is an instance of series which satisfy the first condition of the 
principle, but not the second. The limit of the sum of n terms 
is, as we have seen, 1 or 0, and is therefore finite. 
Let w = 2 Zc, an even number. 

Then, lim (Sik+i — >S^2»)j = i^2ky = Ij ^ot 0. 

8. The following principle also does away with the necessity 
of proving that the limit of the sum of n terms is definite as 
well as finite, when the terras of the series are all positive. 

If the sum of n terms of an infinite series of positive terms 
remain finite, as n increases indefinitely, the series is convergent. 

For, since the sum continually increases, but remains finite, 
it must ultimately differ from some definite finite number by 
less than any assigned number, however small. This definite 
finite number is therefore the limit of the sura. 

9. If a finite number of terms be added to, or subtracted from, a 
given convergent series, the resulting series will be convergent; if 
added to, or subtracted from, a given divergent series, the resulting 
series will be divergent. 

For, the sum of a finite number of terms is a definite finite 
number. If this sum be added to the finite limit of the sum of 
n terms of a convergent series, the resulting sum will be a 
definite finite number, and the series therefore convergent. 

In a similar manner the second part of the principle can be 
proved. 

Methods of ComparlBon. 

10. In the principles which now follow, it will be assumed 
that the terms of the series are all positive, unless the con- 
trary is stated. 
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UL If^ after some particular term of an infinite ser^s^ each 
term be less than the corresponding term of a series known to be 
convergentf the given series is convergent. 

For, beginning with some particular term, which may or may 
not be the first term, the sum of n terms of the given series is 
less than the sum of the corresponding n terms of the known 
convergent series. This sum is therefore finite. Hence, by 
Art. 8, the series, beginning with some particular term, is con- 
vergent. It then follows from Art. 9, that the given series is 
convergent. 

Ex. Compare the series 

14-14-1.-1+..., s=:l^.l+-l_^ — 1 — I — , 

with the known convergent series 

Evidently, after the second term^ the denominator of each 
term of the given series is greater than the denomii^ator of the 
corresponding term of the second series, and therefore each 
term of the given series, after the second, is less than the cor- 
responding term of the second series. 

Hence the given series is convergent. 

12. If after some particular term of a given infinite series, 
each term be greater than the corresponding term of a known 
divergent series, the given series is divergent. 

The proof of this principle is similar to that of the preceding 
article. 

Ex. Compare the series f-f-f + !+••• with the known 
divergent series 1 + 1 -f 1 + .••. 

Each term of the given series is greater than the correspond- 
ing term of the second series. Hence the given series is 
divergent. 
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13. In applying the principles of Arts. 11-12, certain series 
are important. These we now discuss. 

(i.) Examine the harmonic series 

1 + 1 + 1 + 1 + 1 + 1+1 + 1 + .... 

Wehave i + l = i+l; 

1 + 1>1 + 1-.1. 

3^4^4^4'"2' 

1 + 1 + 1 + 1>1 + 1 + 1 + 1=1. 
5 6 7 8 8 8 8 8' 2' 



Whence, by addition, 

1 + 1 + 1 +1 + ...>1 + 1 + 1+1 + ... 
2 3 4 ^^222 

The series in the second member is evidently divergent, and 
hence, with greater reason, the given series is divergent. 

(ii.) The preceding series is a particular instance of the 

series 

1+1+1 + 1+... 
^2* 3* 4* 

wherein k is assumed to be positive. 

We will first show for what values of k this series is con- 
vergent, by comparing it with a series of greater terms. 

1 = 1; 
l + i<l+i =2 ^j_. 

2* 3* 2* 2»' 2** 2*-!' 

i + i + i + i<i + i + i4.i =JL. 

4* ^ g* ' g* ' 7* ^ 4* ' 4* ' 4* ^ 4*' 4*-i > 
Whence, by addition, 

l + 2*"^3*"^4*"^'"^^"^2^i"^4^i + 8^i"" 
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The Problem of the Couriers. 

24. Pr. Two couriers are travelling along a road in the 
direction from Mto N-, one courier at the rate of mi miles an 
hour, the other at the rate of m^ miles an hour. The former 

A B 

-o o o- 



M Ct Ct C^ K 

Fia. 2. 

is seen at the station A at noon, and the other is seen h hours 
later at the station J5, which is d miles from A in the direction 
in which the couriers are travelling. / Where do the couriers 
meet? 

Assume that they meet to the right of J? at a point Ci, and 
let X stand for the number of miles from B to the place of 
meeting d (Fig. 2). 

The first courier, moving at the rate of my miles an hour, 

d A- X 
travels d + x miles, from ^ to Ci, in hours : the second 

mi 

courier, moving at the rate of mj miles an hour, travels x miles, 

from J5 to Ci, in — hours. By the condition of the problem 

it is evident that, if the place of meeting is to the right of J5, 

the number of hours it takes the first courier to travel from 

A to Ci exceeds by h the number of hours it takes the second 

courier to travel from B to Ci. We therefore have 

d-A-x X . 

= A, 

mi 7?i2 

whence ^ ^ ^mimg — d7n2 _ m2(hmi - d) 

TKi^ — mi m2 — mi 

(i.) A Positive Result — The result will be positive either 
when ^mi > d and mg > wh? or when hmi < d and mg < mi. A 
positive result means that the problem is possible with the 
assumption made; i.e., that the couriers meet at a point to 
the right of B. 

(ii.) A Negative Result. — The result will be negative either 
when limi > d and m2 < mi, or when ^mi < d and m^ > mi- Such 
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a result shows that the assumption that the couriers meet to 
the right of B is untenable, since, as we have seen, in that 
case the result is positive. 

That under the assumed conditions the couriers can meet 
only at some point to the left of B can also be inferred from 
the following considerations, which are independent of the 
negative result : If hyrii > d, the first courier has passed B when 
the second courier is seen at that station ; that is, the second 
courier is behind the first at that time. And since also 
m2<mi, the first courier is travelling the faster, and must 
therefore have overtaken the second, and at some point to the 
left of B. 

On the other hand, if hnrii > d, the first courier has not yet 
reached B when the second is seen at that station ; that is, the 
first courier is behind the second at that time. And since also 
wi2 > wii, the second courier is travelling the faster, and must 
therefore have overtaken the first, at some point to the left of 
B, Similar reasoning could have been applied in (i.). 

(iii.) A Zero Result. — A zero result is obtained when 
Jimi = d, and m2 is not equal to mi ; that is, the meeting takes 
place at B, This is also evident from the assumed conditions. 
For the first courier reaches B h hours after he was seen at A ; 
and since the second courier is seen Sit B h hours after the 
first was seen at A, the meeting must take place at B, 

(iv.) Indeterminate Result. — An indeterminate result is ob- 
tained if hmi==d, and m2 = mi. In this case every point of 
the road can be regarded as their place of meeting. For the 
first courier evidently reaches B at the time at which the 
second courier is seen at that station ; and since they are trav- 
elling at the same rate, they must be together all the time. 
The problem under these conditions becomes indeterminate. 

(v.) An Infinite Result. — An infinite result is obtained when 
hnii =^ df and m2 == m^ In this case a meeting of the couriers 
is impossible, since both travel at the same rate, and when the 
second is seen at B the first either has not yet reached B or 
has already passed that station. 
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The Problem of the Couriers. 

24. Pr. Two couriers are travelling along a road in the 
direction from Mto N; one courier at the rate of mi miles an 
hour, the other at the rate of m^ miles an hour. The former 

A B 

-O O O— 



M C^ Ci C^ If 

Fia. 2. 

is seen at the station A at noon, and the other is seen h hours 
later at the station J5, which is d miles from A in the direction 
in which the couriers are travelling. / Where do the couriers 
meet? 

Assume that they meet to the right of J5 at a point Ci, and 
let X stand for the number of miles from B to the place of 
meeting C^ (Fig. 2). 

The first courier, moving at the rate of mi miles an hour, 

travels d + x miles, from ^ to Ci, in hours : the second 

mi 

courier, moving at the rate of mj miles an hour, travels x miles, 

X 

from J5 to Ci, in — hours. By the condition of the problem 

it is evident that, if the place of meeting is to the right of By 
the number of hours it takes the first courier to travel from 
A to Ci exceeds by h the number of hours it takes the second 
courier to travel from B to Ci. We therefore have 
d-^-x X 



whence a; = 



mi ?w<2 
hrriimz — dm2 mzQiTfii — d) 



TKh^ — wii m2 — mi 

(i.) A Positive Result. — The result will be positive either 
when hTThi > d and mg > mj, or when hmi < d and mg < mi- A 
positive result means that the problem is possible with the 
assumption made; i.e., that the couriers meet at a point to 
the right of B, 

(ii.) A Negative Result. — The result will be negative either 
when hmi > d and mj < m^ or when ^mi < d and m^ > mi. Such 
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a result shows that the assumption that the couriers meet to 
the right of B is untenable, since, as we have seen, in that 
case the result is positive. 

That under the assumed conditions the couriers can meet 
only at some point to the left of B can also be inferred from 
the following considerations, which are independent of the 
negative result : If hyrii > dl, the first courier has passed B when 
the second courier is seen at that station ; that is, the second 
courier is behind the first at that time. And since also 
rrh <iniy the first courier is travelling the faster, and must 
therefore have overtaken the second, and at some point to the 
left of B. 

On the other hand, if hrrii > d, the first courier has not yet 
reached B when the second is seen at that station ; that is, the 
first courier is behind the second at that time. And since also 
WI2 > wii, the second courier is travelling the faster, and must 
therefore have overtaken the first, at some point to the left of 
B, Similar reasoning could have been applied in (i.). 

(iii.) A Zero Result. — A zero result is obtained when 
hrrii = d, and ma is not equal to mi ; that is, the meeting takes 
place at B. This is also evident from the assumed conditions. 
For the first courier reaches B h hours after he was seen at A ; 
and since the second courier is seen at J5 A hours after the 
first was seen at A, the meeting must take place at B. 

(iv.) Indeterminate Result. — An indeterminate result is ob- 
tained if hmi = df and m2 = mi. In this case every point of 
the road can be regarded as their place of meeting. For the 
first courier evidently reaches B at the time at which the 
second courier is seen at that station ; and since they are trav- 
elling at the same rate, they must be together all the time. 
The problem under these conditions becomes indeterminate. 

(v.) An Infinite Result. — An infinite result is obtained when 
hrrii =^ d, and m2 == mi. In this case a meeting of the couriers 
is impossible, since both travel at the same rate, and when the 
second is seen at B the first either has not yet reached B or 
has already passed that station. 
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The Problem of the Courien. 

24. Pr. Two couriers are travelling along a road in tlie 
direction from MXo N\ one courier at the rate of wii miles an 
hour, the other at the rate of 7% miles an hour. Tlie former 

A B 

-o- 



M Ct Ct Ci Jf 

Fia. 2. 

is seen at the station A at noon, and the other is seen h liours 
later at the station B, which is d miles from A in the direction 
in which the couriers are travelling. / Where do the couriers 
meet? 

Assume that they meet to the right of J? at a point Ci, and 
let X stand for the number of miles from B to the place of 
meeting Ci (Fig. 2). 

The first courier, moving at the rate of rn^ miles an hour, 

d 4- a? 
travels d + x miles, from ^ to Ci, in hours ; the second 

courier, moving at the rate of wig miles an hour, travels x miles, 

from J5 to Ci, in — hours. By the condition of the problem 

it is evident that, if the place of meeting is to the right of jB, 

the number of hours it takes the first courier to travel from 

A to Ci exceeds by h the number of hours it takes the second 

courier to travel from B to Ci. We therefore have 

d + x X - 
= A, 

Ml 97I2 

, _ /^mim2 — dm2 __ rrizQimi — d) 

TWrg — mi m2 — wii 

(i.) A Positive Result. — The result will be positive either 
when hrrii > d and m^ > wii, or when hnii < d and ma < mi. A 
positive result means that the problem is possible with the 
assumption made; i.e., that the couriers meet at a point to 
the right of B, 

(ii.) A Negative Result. — The result will be negative either 
when ^mi > d and mg < mi, or when ^mi < d and mj > mj. Such 
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a result shows that the assumption that the couriers meet to 
the right of B is untenable, since, as we have seen, in that 
case the result is positive. 

That under the assumed conditions the couriers can meet 
only at some point to the left of B can also be inferred from 
the following considerations, which are independent of the 
negative result : If hnii > d, the first courier has passed B when 
the second courier is seen at that station ; that is, the second 
courier is behind the first at that time. And since also 
m2<mi, the first courier is travelling the faster, and must 
therefore have overtaken the second, and at some point to the 
left of B. 

On the other hand, if hmi > d, the first courier has not yet 
reached B when the second is seen at that station ; that is, the 
first courier is behind the second at that time. And since also 
m2 > wii, the second courier is travelling the faster, and must 
therefore have overtaken the first, at some point to the left of 
B, Similar reasoning could have been applied in (i.). 

(iii.) A Zero Result. — A zero result is obtained when 
hnii = dy and mg is not equal to rrii ; that is, the meeting takes 
place at B. This is also evident from the assumed conditions. 
For the first courier reaches B h hours after he was seen at A ; 
and since the second courier is seen at B h hours after the 
first was seen at A^ the meeting must take place at B, 

(iv.) Indeterminate Result. — An indeterminate result is ob- 
tained if hmi = dy and mg = mi. In this case every point of 
the road can be regarded as their place of meeting. For the 
first courier evidently reaches B at the time at which the 
second courier is seen at that station ; and since they are trav- 
elling at the same rate, they must be together all the time. 
The problem under these conditions becomes indeterminate. 

(v.) An Infinite Result. — An infinite result is obtained when 
hrrii =^ d, and mg == mi. In this case a meeting of the couriers 
is impossible, since both travel at the same rate, and when the 
second is seen at B the first either has not yet reached B or 
has already passed that station. 



386 ALGEBRA. [Ch. XX\ 

From (3) we infer that the part of ^E^ in the brackets is posi 
tive, and from (4) that it is less than w^+i. Since u^+i = 0, it 
follows that »iJ» = 0. Hence the given series is convergent. 
Ex. The series 1— 4 + ^ — 1+ •*' ^ convergent, but not 
absolutely convergent, since l + J + 4- + J + '«* is divergent 

The Ratio of Convergency. 

21. In the following principle the terms of the series are 
not necessarily all positive : 

An infinite series is convergent, if, after some particular term, 
the ratio of each term to the preceding he numerically less than 
some fi^xed positive number ^ which is itself less than unity. 

Let the given series be 

Wi -h Wj, + Wa 4- — + w« 4- — , 

and let the ratio of each term after the Jdh to the preceding be 
less than r, which is itself less than 1. 

First, assume that the terms are all positive. 

Then, from^^<r, ^'<r, "^Kr, ...; 

Uj, Ujf^i W4+2 

we obtain 

Whence, by addition, 

t«*+i + w*+2 + Wj+8 -f- - < Wik(r + 7^+7^+ ...). 
Since r <lyr-\'7^ + 7^-\ = t-^, a finite number. 

1 — T 

Therefore, since the sum of the finite number of terms 
Wi + 1^4- ••• + Wjk-i is finite, the given series is, by Art. 8, 
convergent. 

When some or all of the terms are negative, the series is, by 
Art. 18, convergent. 
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22. An infinite series of positive terms is divergenty if, after 
some particular term, the ratio of ea>ch term to the preceding be 
equal to unity, or greater than unity. 

In the series 

t^ + ^2 + Ws H f- w„ H , 

let the ratio of each term after the A:th be equal to 1. Then 
the sum of n terms, after the kth, is equal to nuj^, and hence 
increases beyond any assigned number however great, as n 
increases indefinitely. 

Next, let this ratio be greater than unity; then the sum of n 
terms after the A:th is greater than nuj^ and hence increases 
beyond any assigned number, however great, as n increases 
indefinitely. 

Therefore, in each case, the series is divergent. 

23. The ratio of the nth term to the preceding is called the 
Ratio of Convergency of the series. 

24. The following examples will illustrate the principles of 
Arts. 21-22. 

Ex. 1. Examine the series 



n 



1+2 3 

2 2^ 2^ 2** 

The ratio of convergency is 

n n — 1 __ w 1 _ 1 1 ^1 
2^"^'2^^' ■"ir^'2' ""r=T'2' "2' 

n 

By taking n large enough we can make this ratio differ from 
^ by as little as we please, and consequently less than some 
number between ^ and 1 ; that is, less than some number which 
is itself less than 1. 

Thus, if n = 4, the ratio is equal to |, which is less than, 
say f . That the ratio will remain less than f for values of n 
greater than 4, can be shown as follows. 
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n 1 ^ 

Assume • ^ < 7 ; then 2 n < 3 n — 3, and w > 3. 

n — 1 2 4 

Since, therefore, after the third term, the ratio of each term 
to the preceding is less than }, which is less than 1, the given 
series is convergent. 

Ex. 2. Examine the series 



1-3 .3.6 



2» ^ 2" * -r • 



The ratio of convergency is 

(2n~l)(2n + l) ^-i ^ (2n-3)(2n-l) , 

""(2n-3)2' ""2" 

By taking n suflSciently great, we can make this ratio differ 
from J a? by as little as we please. If, therefore, x have a definite 
value less than 2, the ratio can be made less than some number, 
say k, which is itself less than 1. Hence the series is conver- 
gent when x<2. 

The term after which this ratio becomes and remains less 
than k is determined from 

2^-^l^<A:, whencen>-^^+^- 



2n-3 2 ' 2{2k-x) 

Thus, let a: = f , or ia? = f , and A; = f . We find n > 19f 
That is, when a? = f , the ratio of each term, after the 19th, to 
the preceding is less than f , which is less than 1. 

Evidently, when a? = 2, or a: > 2, the ratio is greater than 1 
for all values of n. Therefore the series is then divergent. 

25. The significance of the words, less than some number which 
is itself less than unity, is shown by an examination of the series 

which is known to be divergent. 
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The ratio of convergency is , =1 • 

This ratio is less than 1, but by taking n large enough, 
it can be made to differ from 1 by as little as we please. 

The value of this ratio will therefore not remain less than 
some definite number, which is itself less than 1. This condi- 
tion of the principle of Art. 21 is not satisfied, and the test 
fails. Also, since neither condition of Art. 22 is satisfied, the 
test fails to prove the series divergent. In such cases, it is 
necessary to try other tests, just as the above series was by 
other means proved to be divergent. 

26. It is not, in general, necessary to determine the number 
of the term after which the ratio of any term to the preceding 
is less than some definite number which is itself less than 1, in 
the case of a convergent series. The following method, illus- 
trated by the examples of the preceding articles, is sufl&cient: 

Determine the limit of the ratio of convergency as n increases 
indefinitely, 

(i.) If this limit < 1, th£ series is convergent. 

(ii.) If this limit > 1, the series is divergent, 

(iii.) If this limit = 1, the convergency or divergency of the 
series is, as a rule, not settled, and some other test must be applied. 

But, if the ratio he always greater than 1, as it approaches the 
limit 1, the series is, by Art, 22, divergent, 

Ex. Examine the series 

4:'5x 5'6x^ (n-f-3)(n-f--4)a^ 

1.2.3 2.3.4"^"*"^ 71(71 + l)(w + 2) "*"""• 

The ratio of convergency is 

(n 4- 3) (71 + 4)a;** , (n-\-2)(n + S)af-^ 

7l(7l + l)(7l + 2) * (n-l)7l(7l+l) ' 

^(n±4 

(n + 5 

as n increases indefinitely. 



^(n + 4)(n-l). 
(n + 2)(n + 2) ' ' 



390 ALGEBRA. [Ch. XXV 

Hence, for values of x<l, the series is convergent ; for 
values of a; > 1, the series is divergent ; while, for x = l, the 
series is in doubt When a? = 1, we have 

1.2.3^2.3.4^ ^n(n-f-l)(n-+-2)^ 

We will try the method of Art. 17, comparing with the 
known divergent series 

^ +1 + 1-^7 + - + - + -" 
2 3 4 n 

The ratio of the nth term of the given series to the nth term of 
the auxiliary series is 

(n-h3)(n + 4) 1 ^ (n + 3)(n + 4) ^ 
n(n-+-l)(n-h2) n (w + l)(/i + 2y 

This ratio is evidently finite for all values of n. Therefore, 
when x = l, the given series is divergent. 

27. The following application of the principle of Art. 21 
will be required in Ch. XXVII. 

TJie seiHes 

IS absolutely convergeint, when < 1 numerically. 

In the above series n is finite. We will therefore take the 
ratio of the (A; + l)th term to the preceding. 
The ratio of convergence is 

n(n--l)...(n-fc + l) ^ ^ n(n - l)...(yi - fe + 2) ._, 

— jr .c, — — .1;, 

as k increases indefinitely. 

Therefore, the series is absolutely convergent, when < 1 
numerically. 
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EXBBCISBS in. 
Determine the convergency or divergency of the series : 
-I 1^2» 3* ^ 2 . 2.3 , 2-3-4 . 

^- ^+[2+[3+-- ^' i+iTs+rrsTs"^' 

4^4.7 4.7-10^ 3^3.6^3.6.9 

H TTT r"77T+***' 



a-hl a + A: a + 2A: 



Determine for what values of x the following series are 
convergent or divergent: 



6. l' + 2'a! + 3'a!»+.... 




7. x — \i:f + \a? . 


a ..|.|..... 




3 1 . X 3? , 

• 1.2 ' 2.3 ' 3.4^ 


^I-IUV- 




01. 1 +2«+(2£lV 
1.3 ' 3.5 5.7 


"i-¥+'^-- 




,_ ^ , 4a5 , 9a!* , 


- 1+^+^+-- 




15. l + 22x^-5^ + •••. 


IR a + (a+d)!B + (a + 2d)a;»+—. 


17. 1 + 1+1 


+ • 


... 


la 1 1 "^ \ "^ . 


;+■ 


• 


13 1 1 1 1 




1 . - 


■ 2a! + l ' 3(2a; + l)» ' 


6(2a!+l)» ■ ' 


20 1 X . a? 


•••. 




'■"■^ l+&'l+2& 





CHAPTER XXVI. 

UNDBTEBMINED COEFFICIENTS. 

1. Upon the following principles is based an important 
method of changing an algebraical expression from one form to 
another. 

2. If an infinite series aQ'\-aiX-\-a^-\-a^ -\- -•• be con- 
vergent for values of x greater than 0, the sum of the series 
approaches a^ as x approaches 0. 

Let 00 + 01^; + a^ + a^ H — = Oo + ^S^ 

wherein aSi = ai + o^ -h a^ + •• •• 

Evidently, if the given series be convergent, that is, if 
Oo + xSx be finite, then Si is finite. Therefore, by Ch. XXIV., 
Art. 16, xSi = 0, when a; = 0. 

Consequently 

Oo-haiaJ + ajJC^H , —a^ + xSy =ao, when ic = 0. 

3. If two integral series, arranged to ascending powers of ar, 
he equal for all values of x which make them both convergent, the 
coefficients of like powers of x are equal. 

Let Oo -h Oio; -h a^ -h ••• = 6o + &i« + b^ + ••• 

for all values of x which make the two series convergent. 

Then the sums of the two series approach equal limits when 
a: = 0. But, by the preceding article, the sum of the one series 
approaches Oq, that of the other 6o; consequently 0© = 6o> 

and aiX + Oga^-f ••• =61x4- 62^4- •••• 

Since by Ch. XXV, Art. 21, these two series are convergent 
for all values of x for which the original series are convergent, 
they are equal for values of x other than zero, and the last 
equation may be divided by x. 

392 
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Hence ai + a^ + a^ + ••• = 61 + fts^c + b^ + ••• ; 
and as before, Oi = &19 

and a^'\-a^-\- •"^b^ + b^+ '". 

In like manner, we can prove a^^b^, (h—^s) ©te. 

4- The principle of Art. 3 holds with greater reason if either 
or both of the series be finite. The series must be equal for 
all values of x, if they be both finite; or, if one be infinite, 
for all values of x which make that series convergent. 

5. The condition that the roots of the equation 

aaj* + 6aj + c = 

are equal, given in Ch. XVIII., Art. 12 (ii.), can be obtained 
also by applying the principle of Art. 3. 

If the two roots be equal, ax^ -{-bx + c is the square of a 
binomial. We therefore assume 

ao(^^bx + c=(Ax + By = A^a^ + 2 ABx + B". 

By Art. 3, ^2^ a (1), 2^J3 = 6(2), 5« = c (3). 

From (1) and (3), A = ^a, B = ^c. 

Whence, by (2), 2 V(«c)= 6, or 6^ = 4 cue, 

EzpanBion of Rational Fractions. 

6. We shall now give a method of expanding a fraction in 
an infinite series, without performing the actual division. 

Ex. 1. Expand ^-^^ 

in a series, to ascending powers of x. 

We equate the fraction to a series of the required form, in 
which the coefficients of the different powers of x are un^ 
known, or undetermined. 

Assume , ^""^ ^ = A + Bx + Cqi? + IM + Eqi^+ ..., 
wherein A, B, C, D, E, *" are constants to be determined. 
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This patio is 

n(n+l)(n+2) n** (n+l)(n+2)' ' 

as n increases indefinitely. Since, therefore, the ratio is always 
finite, the given series is convergent. 

Ex. 2. Examine the series 



1-3 '3.6' 5-7' ' (2n-l)(2n + l) 
Compare with the known divergent series 

The ratio of the nth terms is 

(2w-l)(2n-hl)'^w' (2w-l)(2n-hiy 2^ 

as n increases indefinitely. 

Since this ratio is finite for all values of n, the given series 
is divergent. 

BXEBCISBS II. 

Determine the convergency or divergency of the series 
whose nth terms are : 

^ 2n-5 2 ^ + ^ 3 ^ + ^ 

^ n«-(n-l)» 5 (n + a)(n + &) 

n2+(n-|-l)« • n(n + l)(n + 2) 

Determine the convergency or divergency of the series : 

1.3^ 3. 65. 7 2^3V2 4V3 

o 3,6^7, ^ 8, 16, 25, 

1-2 2^.3 3*. 4^ 2.3^3.4^4.5 

10. ^ 1 ^ 1 ^ h —. 

a(a -h 6) (a -h 2 6)(a + 3 &) (a -h 4 6)(a -f 5 &) 
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Series having Negative TermB. 

IS. If CL series be convergent when its terms are all positive, 
it will remain convergent when some or all of its terms are made 
negative. 

Since S^ remains finite and «/?„ = 0, when all the terms are 
positive, with greater reason S^ will remain finite and ^/?„ = 0, 
when some or all of the terms are made negative. 

Ex. The series 1 — i + J — i-h^ — "'is convergent, 
since the series l + i + i + i + A' + *"^'3 convergent. 

19. A series which is convergent when all its negative terms 
are made positive is said to be Absolutely Convergent. 

Evidently every convergent series whose terms are all posi- 
tive is absolutely convergent. 

20. If the terms of an infinite series be alternately positive and 
negative, and the nth term approach 0, as n increases indefinitely , 
the series is convergent. 

Let the given series be 

Wi - Ma + M3 -h (- 1)"^^M„ + — . 

Then 5^ = 1*1 — w, + 1^ — W4 H h (— l)"~^w^ 

= (ui - U2) ^{- (^8 - u;) -h ... (1) 

= Wi - (t*2 - Ws) - K — Us) • (2) 

Since the terms decrease numerically, it is evident that in 
(1) and (2) the sums inclosed in the parentheses are positive. 
Therefore from (1) we infer that S^ is positive, and from (2) 
that it is less than the first term Wj. Therefore aS„ is finite. 

Also, 

«i?„ = (- 1)"[U«+1 - Wn+2 + Wn+8 " U^+A + - + (- l)"^'^n+m] 
= (- 1)"[K+1 - t^n+2) + (l*n+8 - Wn+4) + -0 (3) 

=: (- l)»[Wn+l - (U^2 " ^^n+s) ]• (4) 
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10. 



13. 



l + 2x 

2 + g-3a^ 
S-x + Sa^' 



U. 



14. 
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l+2a;-.3jB«' 



12. 



15. 



[Ch. XXVI 

3 — 2g^ 

2 — 3a? + a?»' 

1 
2 a?*— 6aj»+a?** 



Bzpanaion of Surds. 
7. Ex. Expand VC^ - ac* + 2 aj^, 
in a series, to ascending powers of x. Assume 

V(l-«' + 2aj») = l+JBa;+aB' + Daj» + ^a^+ .. 
Squaring both sides of the equation, we have 



l_iB8 + 2ic»=l + 2J5 



x-\-2C 



ar^ + 2Z> 
+ 2J3C 



i»8-f 2J£r 
+ 2BD 



a^ + 



Equating coefficients, 1 = 1. 

2J5 = 0, 

2C + JB» = -1, 

2Z> + 2J50=2, 

2JS7 + 2J3Z>+C« = 0, 



whence J5 = 0; 
whence = — ^ 
whence D = + 1 
whence -^ = — ^ 



etc. 



Hence V(l -a^ + 2ir8^=l ~^a^ + a^~^aj* + ■ 



EXBBCISBS n. 

Expand the following expressions in series, to ascending 
powers of x, to four terms : 

1. V(l + «)- 2. V(«'-2flJ^. 3. ^(1-aj^. 

4. V(4~2a; + a^. 5. V(^+3aj+9ar^. 6. ^(l-aj + aj*). 

Partial FractionB. 

8. It is frequently desirable to separate a rational algebrai- 
cal fraction into the simpler {partial) fractions of which it is 
the algebraical sum. 

E.g., . -2£ 1 ^. 

^' 1-3? 1-X l+iC 
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The process of separating a given fraction into its partial 
fractions is, therefore, the converse of addition (including sub- 
traction) of fractions ; and this fact must guide us in assuming 
the forms of the partial fractions. 

We shall also assume that the degree of the numerator is at 
least one less than that of the denominator. A fraction whose 
numerator is of a degree equal to or greater than that of its 
denominator can be first reduced by division to the sum of an 
integral expression and a fraction satisfying the above condi- 
tion. The latter fraction will then be decomposed. 

The denominators of the partial fractions can be definitely 
assumed. For they are evidently those factors whose lowest 
common multiple is the denominator of the given fraction. 
But there is one case of doubt ; namely, when a prime factor is 
repeated in the denominator of the given fraction. 



E:g,, 



6-2x' 



(l~aj)2(l+aj) l-x^(l-xy^l + x' 

(i-xy(i+x) (i-xy'^i+x 

We could not have decided, in advance, whether either of 
the two given fractions is the sum of two or of three partial 
fractions. There must necessarily be a partial fraction having 
(1 — xy as a denominator, since, otherwise, the L. C. M. of the 
denominators would not contain the prime factor 1 — oj to 
the second power. But it cannot be determined, in advance, 
whether there is a partial fraction having 1 — a; as a denomi- 
nator. 

In such cases, therefore, it is advisable to make provision 
for all possible partial fractions by assuming as denominators 
all repeated factors to the first power, second power, etc. 

The numerators of partial fractions thereby assumed, which 
should not have been included, will acquire the value zero 
from the subsequent work, so that those fractions drop out of 
the result. 
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The numerators of the partial fractions most be assumed 
with undetermined coefficients. Since the numerator of the 
given fraction is, by the hypothesis, of degree at least one less 
than the denominator, the same must be true of each, partial 
fraction. We therefore assiune, for each numerator, a complete 
rational integral expression with undetermined coefficients of 
degree one lower than the corresponding denominator. 

If any term in the assiuned form of the numerator should 
not have been included, its coefficient will prove to be zero. 

An exception to this principle occurs when the denominator 
of the partial fraction is the second or higher power of a prime 
factor, as, (1 — xy. In that case the numerator is assumed as 
it would be according to the above principle if the prime factor 
occurred to the first power only. 

We may briefly restate the above principles : 

Separate the denominator of the given fraction into its prime 
Jactors, Assume as the denominator of a partial fraction ea^h 
prime factor; 171 particular, when a prime factor enters to the nth 
poiver, assume that factor to the first power, second power, and so 
on, to the nth power, as a denominator. 

Assume for each numerator a rational integral expression, with 
undetermined coefficients, of degree one lower than the prime 
factor in the corresponding denominator. 

Let us first decompose the two fractions which we have used 
to illustrate the theory. 

Ex.1. ^-'^^ ^ A . B ^ O 



(1 - a;)2(l + «) 1 - aj • (1 - a?)2 • 1 + a; 

Since the prime factor in the denominator of each partial 
fraction is of the first degree, each numerator is assumed to be 
of the zeroth degree. 

Clearing the equation of fractions, we have 

6 - 2aj2 = ^(1 - a;)(H- 0?) + 5(1 + aj) + C(l - x^ 
= (-.^+0)aj2 + (5_2(7)a; + ^ + J5+a 
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Since this equation must be true for all values of x, we have 



J5-20= 0, 
A + B + G= 6. 



Whence ^ = 3, J5 = 2, C=r 1. 



-Ex 2 3 + a^ = ^ ! ^ I ^ 

• ' (l-x)\l + x) l-a;"^(l~a;)2"^l+aj* 

The forms of the partial fractions are assumed the same as 
in Ex. 1. We have 

3 + a^ = (-^+0)aj2 + (J5~2(7)aj + J. + JB + (7, 

and then —J. + (7=1, 



5-20 = 0, 
^ + S+a=3.J 

Therefore 3 + a^ 



Whence ^ = 0, JB = 2, = 1. 



(1 - aj)«(l + a?) (l-.xy'^l + X 

When the factors of the denominator of the given fraction 
are of the first degree, as in Exs. 1 and 2, the work may be 
shortened. 

Begin with the equation 

6-2aj2 = J.(l-a?)(l + aj)-hJB(l + aj) + C(l-aj)2, 

of Ex. 1. Since this equation is true for all values of x, we 
may substitute in it for x any value we please. Let us take 
such a value as will make one of the prime factors zero. 
Substituting 1 for x, we obtain 

4 = 25, whence J5 = 2. 

Next, letting a? = — 1, we have 

4 = 40, whence 0=1. 

There is no other value of x which will make a prime factor 
zero, but any other value, the smaller the better, will give an 
equation in which we may substitute the values of B and 
already obtained. 
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Hence, for values of x<l, the series is convergent ; for 
values of x>l, the series is divergent ; while, for a; = 1, the 
series is in doubt. When a? = 1, we have 

1.2.3 2.3.4^ n(n + l)(n + 2)^ 

We will try the method of Art. 17, comparing with the 
known divergent series 

1-1-1 4. ±4.1 J L-i-i . 

The ratio of the nth term of the given series to the nth term of 
the auxiliary series is 

(7i-h3)(n + 4) . 1 ^ (n4-3)(n + 4) ^^ 
n(n + l)(n-f 2) ' n (n + 1) (n -\- 2)' 

This ratio is evidently finite for all values of n. Therefore, 
when aj = 1, the given series is divergent. 

27. The following application of the principle of Art. 21 
will be required in Ch. XXVII. 



Tlie series 



i+(i>+(2>'+(3y 



is absolutely convergent^ when < 1 numerically. 

In the above series n is finite. We will therefore take the 
ratio of the (A; -f l)th term to the preceding. 
The ratio of convergence is 

n(n-l)...(n-A: + l) ^ ^ n(n-l)...(n-fc + 2) ^., 
\k ' \ k-l 

_n -k-\ -l^ j_ ^ 

as k increases indefinitely. 

Therefore, the series is absolutely convergent, when < 1 
numerically. 
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EXBBCISES III. 

Determine the convergency or divergency of the series : 

I? 13 1^1. 3^1. 3-6^ 

3 11^ 1.3-5 .. ^ 11^ 1.2-3 
4^4-7 4.7-10^ 3 3.6^3-6.9 

• T 7-r T r-p7T + •••• 



a+1 a+k a+2k 

Determine for what values of x the following series are 
convergent or divergent: 

6. l' + 2''a! + 3V+.... 7. x-i[a? + ^a? . 

a 1+^ + ^+.... 9. J^ + JL. + J^+.... 

[1 [2 1-2^2.3^3.4^ 

10. I_l + J__.... 11. ^ + li + (2£lV.... 

1 x^Sa? 1.3 3.6^6.7^ 

14. 1 + f + ^ + -- 15. l + 2«x+^+.-.. 
IR a + (a+d)a! + (a + 2d)a;»H . 

"■ l+^'^l+V'^rT^ ''""■' 

la 1 I "^ I '"' I • 

l + jc'^l + ai^'^l + a;''^ ■ 

1 1 1 

■ 2a! + l'''3(2a! + l)» 5(2a;+l)''''""* 

20. 1-— ^-f 



1 + fc 1+2* 
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The expansions of the above partial fractions, and similar 
oneSy are readily obtained by the formula 

1— « 

The required general term is the sum of the {n -f- l)tli terms 
of the above expansions. 

We have 3a^- (- 2aj)" = af[3 + (~ l)»+>2«]. 

The expansion of the given fraction can be obtained from 
this general term. Giving to n the values 0, 1, 2, 3, •■-, we 
obtain 

Ex. 2. Find the general term of the expansion of 

(2-aj)(l+aO" 
We have 

(2-a;)(l + a^ 2 - « 1 + ic* 1 - ^a;"^ 1 -f-«« 

=2[l + Jaj-fJx2+...+a)^aj*»+a)^^^aj^+^-f-...] 

+ [3-3ar^-f3aj*-...+(-l)'»3a!^+...] 

+ [-2aj+2a^-2a5+- + (-l)"-''2a:2»+i_^....j 

Observe that it is necessary to distinguish between even and 
odd powers of x. 

Terms containing even powers of x are obtained from 

(i)2n-ia.^ + (- l)»3aj2», = aj^[(i)2«-i + 3(- 1)»] ; 
and terms containing odd powers from 

(i)2n^+i _|. (_ i)n+i2 a;2«+i, = a^«+i[(i)2» + 2(- 1)"+^]. 
The expansion is readily obtained from these general terms. 
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EXERCISES III. 

Separate the following fractions into partial fractions : 



(a._2)(l-2aj) (5 + 3 x)(x -\- 4) 

3a;-l ^ 1 -X 

(x-\-3)(x-2) ' (3x^2)(x-{-l) 

6 ^ 6a; 7. ^+^ 



l-i»2 3j2_4 9_aj2 

8 1 9 a;^-f 2a;-l 

7a;-a;2-12 * 9x^-16 

3a;-h2 „ a;2_^9Q^_9 

XO. r—T -—r --• XL. 



(ar^ - l)(a; - 2) 6(^2 _ 9^^^ _ 3^ 

12. 3fl^4-l ;^3 a;2^-5aj + 10 



(x + l)(a; - 1)^ (x + l)(a; + 2)(a; + 3) 

^^ 5a;(a; + 3) ^^ 3 - a; 

(2a?+l)(2a?-l)(a?+l) ' (2a;-M)(2a; + 3)(a;- 1) 

X 1 *> 

16. , \. s' 17. -T-^- 18. 



(a? - 1)' a;8 - 1 a^ + 1 

19. ^±1. 20. -J:^. 21. 1 



a^-1 aj^-l a;2(^_^l) 

22-28. Find the general terms of the expansions, to ascending 
powers of x, of the fractions in Exx. 5-11. 

Find the general term of the expansions of the following 
fractions, to ascending powers of x : 

29. —i 30. 5^-6^-13 , 3^ 6a:-f 26 



2a;(a2^1) 10(a;+3)(l-ha:') 3(a;-4)(2-f3ar^) 



Reversion of Series. 



10. If one variable be equal to a series of positive integral 
ascending powers of a second variable, the second variable can 
be expressed in a series of positive integral ascending powers 
of the first. This process is called reversion of series. 
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Ex. 1. Revert the series 

y=.x + 2a?^3a?+ .... 

Assume a = -4y + -B^ + Cy H , (1) 

and substitute in the second member of the last equation the 
value of y given by the first. Then 

a;=5^(a;-f-2aj» + 3«'+—)+-S(ir-|-2a^-f3a:«+ — )• 
+ C(x + 2 «» + 3aj» + ...)» + ... 



Ax'k'2A 
+ B 



^ + 



-h4J5 
+ C 
Hence J. = 1. 

2^4- -B = 0, whence B = '-2; 
3A-\-4B-\-C=0, whence C= 5; 
etc., etc. 

Substituting these values of A, B, C, •••, in (1), we have 

x = y-2y^ + 5y^-{-"'. 
If the series for y in terms of x contain a term free from x, 
we must find a value of a; in a series of powers of y minus that 
term. 

Ex. 2. Revert the series 

or y -- 1 = a; + a^ + «*+—. (2) 

Assuming x = A(y — 1) + B(y — 1)* -\ , 

and proceeding as in Ex. 1, we obtain -4 = 1, J5 = — 1, C=l, 

Therefore aj = (y - 1) - (y - 1)* + (y - 1)* • 

BXEBCISBS IV. 

Revert each of the following series to four terms : 

1. 3/ = aj-f a^ + a^H . 2. y = a;4-3aj* + 5a^+ .... 

3. 2/ = aj — ^o^ + ^a^— •••. 4. y=l — aj + 2ar^— •••. 

5. y = l+| + ^+.... e y=zax + ba?-{-ax*+>... 

li L£ 



CHAPTER XXVII. 

THE BINOMIAL THEOREM. 

1. In Ch. XXII. it was proved by induction that, when n 
is a positive integer, 

(a+6)« = a"+r^y-^6+gV-«6^+ ... +^^^ V-*+^6»-^+ .... 

We will here give a briefer proof, based upon the theory of 
combinations. 

Consider the following continued product of n factors : 

a + 6 

a + b 

n factors ^ . . . 

a + 6 

The first term of the product is formed by taking an a from 
each factor, giving a". A second term is formed by taking 
an a from w — 1 factors and a h from the remaining factor, 
giving a"~^6. But such a term can be formed in as many ways 
as one h can be taken from n 6's, i.e., in ^d ways. Therefore 
the product so far is a** + „Cia**"^6. 

A third term is formed by taking an a from n — 2 factors 
and a h from the remaining two factors, giving a""^6'. But 
such a term can be formed in as many ways as two 6's can be 
taken from n 6's, i.e., in ^C^ ways. Consequently, the product 
to this point is a" + „Cia""^6 + J^^^^'^h^, 

In general, an a can be taken from each of w — A; + 1 factors 
and a h from each of the remaining k — 1 factors, giving 
^n-»+i5»-i^ But such a term can evidently be formed in JJ^-i 
ways. 

406 
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We thus obtain 
(a -f- by = a" + »(7ia"-*6 + ^C^a--^' + ... + ^(7»_ia"-*+^6*-» -f- .... 

But .C, = ('^), .C.= («), .C7,=(«), .., ,C...= {j,l^)- 
Therefore, (a + b)'=a' + {^)a''-^b + {^f^'-%* + {^^a''--^ 

+ "'+(jfc-l)«"''^'^*''+— • 

Properties of Binomial CoefficientB. 

2. The ktlk term, counting from the beginning of the exx)an- 
siou, contains 6*"\ and is nC't_ia"~*''"'&*""\ The fcth term, count- 
ing from the end, contains a*"\ and therefore 6*"*+*, and is 

But, by Ch. XXIII., Art. 14, ^0».i = nOt-t+i. We therefore 

conclude : 

In the expansion of (a 4- by, wherein n is a positive integer, 
the coefficients of terms equally distant from the beginning and 
end of the expansion are equal, 

3. By Art. 1, the coefficient of the (A; + l)th term is JJj,. 
Therefore, by Ch. XXIII., Art. 15, we have : 

The greatest binomial coeffi£ient,when n is even,is^On ; and when 

n is odd, is „C^, =„C^. ^ 

s s 

4. In (l4.a;)*' = l4-nCia;4-nCia:*+--f nC^nflJ*, let « = 1. 
Then 2'* = 1 + „Ci + ^C^ + - 4- n^. 

That is, the sum of the binomial coeffi^^ients is 2". 

5. From Art. 4, we have 

nO, + „02+...+nO,. = 2«-l. 

That is, the total number of combinations ofn things, taken one 
at a time, two at a time, and so on, to n at a time, is 2* — 1. 
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6. In (l+a?)-=l + „Cia: + nC2aj'+-+„C„af', let « = -!. 
Then l-nC, + nC,-nCs-^-=0, 

or i+^C2 + „C4+...=«Oi + ,Ci+.... 

That is, in the binomial expansion, the sum of tJie coefficients 
of the odd terms is equal to the sum of the coefficients of the even 
terms. 

Binomial Theorem for Any Rational Exponent. 

7. From Ch. XXII., Art. 4, we have 

(l + xy=l + (jy-^(^y+..., (1) 

when n is a positire integer. In this case the expansion ends 
with the (n + l)th term, since the coefficients of the (n + 2)th 
and all succeeding terms contain n — n, or 0, as a factor. But 
if n be not a positive integer, the expression on the right of 
(1) will continue without end, since no factor of the form 
w — A; + 1 can reduce to 0. Therefore this series will have 
no meaning unless it be convergent. 

8. In Chap. XXV., Art. 27, it was proved that the series 

is convergent when x lies between — 1 and -f- 1. It remains 
to be proved, therefore, that in this case the above series rep- 
resents (1 + a)", when w is a fraction or negative. 

9. Since the reasoning will turn upon the value of n, we 
shall call the expression 



i+ft).+(^V 



+ • 



a function of n, and abbreviate it by /(n), for all rational 
values of n. To understand the following reasoning, the 
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student should notice that for all positive integral values oi 
n, (l-faf)"=/(n), as, (1 + a;)' = /(3) ; and that it remains to 
be proved that (1 4- «)** =/(w), when n is a fraction or negative; 
as, for example, that (1 + ar)* =/(|). 

10. We now have 

/(m) = 1 + (7)a; + (^.)x» + ... + (j; !! i)x-» + ... 

for all values of x between — 1 and + 1. 

We will assume that the product /(m) x/(n) is a con- 
vergent series, when the two series are convergent. The proof 
of this principle is beyond the scope of this book. We then 
have 

/(™)x/«=i+[(?)+{;')].+[(j)+{T)(j){+?)]«-+- 

+[a=i)+G:!2)ffl+a=s)(2)+- 
+(?){t;3)+(T)(*:!2)+a:ii)>-+-- 

But, by Ch. XXIII., Art. 17, 

(?)+(?)-("•+"), (?)+{T)(I)+©-('"J»). 

therefore /(m) x /(w) = /(m + w), (1) 

for all rational values of m and n. 

Then /(m) x/(n) x /(;)) = /(m+n) x/(;))=/(m+7i+p). 

In general, 
/(m) xf(nyxf(p) X ... x/(r)=/(m + n+p + - + r), (2) 
for all rational values of m, n, p, •••, r. 
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IX Fractional Exponents. — Let 

u 

^ V 

wherein u and v are positive integers. Taking v factors, we 
now have 

/(I) x/(^) x/^^)x...i;factors=/g+^+^+-i; summandsj, 

Now, since w is a positive integer, (1 + xy=f(u). 
Therefore (l-\-xy = 



or 



4-l|,or(l+^)-=.,,^ 



That is, (l+x)'=l + 



x + 



a^+. 



12. Negative Exponents, Integral or Fractional. — In (1), Art. 
10, let m = —n. 

We then have /(- n) x /(n) =/(» - n) =/(0) = 1, 
since /(0) = 1 +0-a! + — = l. 

1 



Therefore 



/(«) 



=/(-«). 



(1) 



Since n is a positive integer or fraction, (1 -f a;)"=/(n), 
and (1) becomes 

(j^» =/(- »), or (1 + x)-" ./(- n). 
That is, (1 + x)-'= 1 + ^^")a; + ("^'*)a^ + •••• 
13. Expansion of (a + 6)". — We have 

(a + 6)«=[«(l+^)] = a-(l+^): (1) 

and (a + &)- =[&(!+ 1)] = 6" (l + f)" (2) 
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When b is numerically less than a, 

and, by (1) above, 

In a similar way it can be shown that, when a is numerically 
less than b, 

(a 4- by = 6» + Q b-'a + g^ 6- V 4- — . (4) 



Notice that when n is a fraction or negative, formula (3) or 
(4) must be used according as a is numerically greater or less 
than b. 

14. Ex. Expand -— -— r- to four terms. 

If we assume a > 4 6', we have, by (3), Art. 13, 

H. -H-j)(-^) a-V(-46y+... 

^1 46» 326* 8966^ 

^a 3 a-^a 9 a^^a 81 a«-{/a "^ "*' 

If a < 4 &*, we should have used (4), Art. 13. 

Any particular term can be written as in Ch. XXII., Art. 9. 
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X5. Extraction of Roots of Numbers. — Ex. Find -yjll to four 
decimal places. We have 

V17=V(16 + 1) = 4(1 + ,V)* 

= 4 (1 + .03125 - .00049 + .00002 ) 

= 4x1.03078 = 4.12312. 
Therefore -yjll = 4.1231, to four decimal places. 

EXEBOISES. 
Expand to four terms : 

1. (1+a)* 2. (1 -«)-*. 3. (l-«)-^. 

4. (1-haO*. 5. {l^x)-\ 6. (l-y*)-*. 

7. (aJ^ + y)"*. 8. {x^f)-*, 9. (27 + 5«)i 

10. (8a3-3 6)*. U. (3-f-2«)*. 12. (5a2-3 6»)"l 

13. ^= zr- 14. -T-r^^ 15, ^ 



Find the 

16. 4th term of (1 -- 2 a?)*. 17. 6th term of (1 + aV V- 
la 5th term of (a;* — x'^f)'^, 

19. 8th term of (a?y/b - 2 6^a)"*. 

20. Aj— 5th term of (1 + x^y^-\ 

21. 2 fcth term of [iB* - V(«^)]*- 
Find to four places of decimals the values of : 

22. V^- 23. y/21. 24. ^35. 25. .J/700. 26. ^258. 

27. Find the term in (3 aj* — a^t^)^ containing aj*. 

28. Find the term in [a-\ ] containing a~". 

\ 2Vay 



CHAPTER XXVIII, 

LOGARITHMS. 

1. A value of x can always be found to satisfy an equation 
of the form 

10" = n, 

wherein n is any real positive number. E.g., when ?i = 10. 
a; = 1, when n = 100, a: = 2, when n = 1000, a; = 3, etc. 

The proof of this principle is beyond the scope of this book. 

When n is not an integral power of 10, the value of x is irra- 
tional, and can be expressed only approximately. Thus, when 
n = 24, the corresponding value of x has been found to be 
1.38021 •••, to five decimal places; or 
lOLaaoa- ^ 24. 

A value of x is called the logarithm of the corresponding 
value of n, and 10 is called the base. 

In general, a value of x which satisfies the equation b* = n, 
is called the logarithm of n to the base 6. 

E.g,, since 2^ = 8, 3 is the logarithm of 8 to the base 2; 
since 10^ = 100, 2 is the logarithm of 100 to the base 10. 

The Logarithm of a given number n to a given base b is, there- 
fore, the exponent of the power to which the base b must be 
raised to produce the number n. 

2. The relation b' = a is also written x = log^ a, read x is 
the logarithm of a to the base b. Thus, 

28 = 8 and3 = log28, 

W = 100 and 2 = logw 100, 

are equivalent ways of expressing one and the same relation. 
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1-6] LOGARITHMS. 413 

3. The theory of logarithms is based upon the idea of 
representing all positive numbers, in their natural order, as 
powers of one and the same base. 

Thus, 4, 8, 16, 32, 64, etc., can all be expressed as powers of 
a common base 2 ; as 4 = 2^, 8 = 2^, 16 = 2*, etc. Since, also, 
all the numbers intermediate between those given above can 
be expressed as powers of 2, the exponents of these powers 
are the logarithms of the corresponding numbers. 

The logarithms of' all positive numbers to a given base form 
what is called a System of Logarithms. The base is then called 
the hose of the system. 

It follows from Art. 1, that any positive number except 1 
may be taken as the base of a system of logarithms. 

EXERCISES I. 
Express the following relations in the language of logarithms : 
1. 5* = 25. 2. 2« = 32. 3. 73 = 343. 4. 3' = 2187. 

Express the following relations in terms of powers : 
5. log881=4. 6. log981=2. 7. log464=3. 8. log264=6. 

Determine the values of the following logarithms : 
9. log232. 10. log, 128. U. log2.5. 12. logs .25. 

13. log4 64. 14. log64 8. 15. log2.125. 16. logs .04. 

To the base 16, what numbers have the following logarithms ? 
17 0. 18. i. 19. -2. 20. |. 21. -J. 

Principles of Logarithms. 

4. The logarithm of 1 to any base is 0. For 6^ = 1, or 
iog5l = 0. 

5. The logarithm of the base itself is 1. For b^ = 6, or 
log, 6 = 1. 

6. The logarithm of a product is equal to the sum of the logo- 
rithms of its factors; or, 

log6 (m xn) = logtm + log^n. 
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Let log^mmsx and log4n = y; 

then &• = m and 6" = n, and theref orei mn = &*6^ =: b'^'. 
Translated into the language of logarithms^ this result reads 
log4(mn) = 05 + 2^. 
But X 8 logt m and y a log^ n, 

and consequently 

logj(m7i) = logj m + log» n, 

for all positive values of b. 

This result may be readily extended to a product of any 
number of factors. For, 

logj,(mnp) = logj(m?i) + log^p = logj m + logj n -f- log^^p. 

And; in like manner^ for any number of factors. 

E.g. Given log,32 = 5, and log,64 = 6; what is the loga- 
rithm of 2048 to the base 2 ? 
Since 2048 = 32 . 64, we have 

log, 2048 = log232 + log2 64 = 6 -f 6 = 11 

7. The logcftithm of a quotient is equal to the logarithm of the 
dividend minus the logarithm of the divisor; or, 

logft (m^n)= log^ m - log^ /i. 

Let logj m = x and logj n = y) 

then b* = m and 6" = n, and therefore m-^w=:6*-5-6* = b"*. 

In the language of logarithms the last equation is 

logj(m H- n) = a; - y = log^m - log^n, 

for all positive values of b. 

E.g, Given log83 = l and log3 2187 = 7, what is the loga 
rithm of 729 to the base 3 ? 

Since 729 = ^/^, 

we have logs 729 = log, 2187 - log, 3 = 7 - 1 = 6. 
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8. Both m and n may be products, or the quotient of two 
numbers. 

E.g., Iog,o|4|=log„>(4x5)-log,o(9x8) 
y X o 

= logjo4 + logioS - logM 9 - logioS. 

9. The logarithm of the reciprocal of any number is the oppo- 
site of the logarithm of the number. 

T'or, logj - == logj 1 — logj n 

n 

= — logj n, since logj 1 = 0. 
E.g,j logs 4 = 2, and log, J = - 2. 

10. Tfte logarithm of any power, integral or fra/^tional, of a 
number is equal to the logarithm of the number multiplied by the 
exponent of the power; or 

log mPs^p log m. 

Let logj m = «, then !>' = m. 

Raising both sides of the last equation to the pth power, we 
have 6*" = m**, or logi, (m**) =zpx=p logj m. 

E.g., If log5 25 = 2, what is log, 25^ ? 

We have log5253= 3 log526 = 3x2 = 6. 

11. When the exponent is a positive fraction whose numera- 
tor is 1, this principle may be conveniently stated thus : 

The logarithm of a root of a number is the logarithm of the 
number divided by the index of the root. 

For, log»(m') = ilogm = ^-5S*^. 

E.g.y If logy 2401 = 4, what is logy V2401 ? 

We have log, V2401 = i logy 2401 = i . 4 = 2. 
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BXBBOISB8 II. 

Express the following logarithms in terms of logo, log&. 
logc, and logd: 

■-'<• ^'°«sr '■^&- «-m)' 

Express the following sums of logarithms as logarithms of 
products and quotients. 

a log a + log b — log c. 9. log a — (log b 4- log c). 

10. 31oga-ilog(6 + c). 11. ilog(l -«)-}- flog (1+4 

12. 21og^ + 31og-. 13. 21oga-|log6-|-^logc. 

Given log^ 2 = .30103, logw 3 = .47712, logio 5 = .69897, 
logio 7 = .84510, find the values of the following logarithms, 
to the base 10 : 

14. log 50. 15. log 6. 16. log 8. 17. log 9. 

18. log 12. 19. log 36. 20. log 108. 21. log 4^. 

' 22. log 2|. 23. log 5f . 24. log 5f 25. log 360. 

26. log 3072. 27. log 3500. 2a log 5880. 

29. logV72. 30. logVl^O. 31. logVl715. 

32. log:i^. 33. log^^txylQg. 3,. logJML. 

^^96 ^^72x^/81 \ui)i 

Systems of Logarithms. 

12. The two most important systems of logarithms are : 
(i.) The system whose base is 10. This system was intro- 
duced, in 1615, by the Englishman, Henry Briggs. 

Logarithms to the base 10 are called Common, or Brigp's 
Logarithms. 
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(ii.) The system whose base is the sum of the following 
infinite series, 

. 1 . 1 



^1^1. 



2 ' 1.2.3 ' 1.2.3.4 



+ 



The value of this sum, which to seven places of decimals is 
2.7182818, is denoted by the letter e. 

liOgarithms to the base e are called Natural Logarithms; 
sometimes also Napierian Logarithms, in honor of the inventor 
of logarithms, the Scotch Baron Napier, a contemporary of 
Briggs. Napier himself did not, however, introduce this sys- 
tem of logarithms. 

These two systems are the only ones which have been gen- 
erally adopted ; the common system is used in practical calcu- 
lations, the natural system in theoretical investigations. The 
reason that in all practical calculations the common system of 
logarithms is superior to other systems is because its base 10 
is also the base of our decimal system of numeration. 

The logarithms of most numbers are irrational, and thus 
approximate values are used. 



Properties of Common Logarithms. 

13. In the following articles the subscript denoting the 
base 10 will be omitted. 
We now have 

{l(fi=: l,orlogl =0; 

10^= 10, or log 10 =1; 

102= 100, or log 100 =2; 

1 10» = 1000, or log 1000 = 3 ; 



(a). 



(6). 



rlO-^= .1, orlog.l =-1 
10-2= .01, or log .01 =-2 
10-»= .001, or log .001 =-3 
10-^ = .0001, or log .0001 = - 4 
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Evidently the logarithms of all positive numbers, except 
positive and negative integral powers of 10^ consist of an inte- 
gral and a decimal part. Thus, since 10^ < 85 < 1(P, we have 
1 < log 85 < 2, or log 85 = 1 + a decimal 

14. The integral part of a logarithm is called its Character- 
istic. 

The decimal part of a logarithm is called its Mantissa. 

15. Since a number having one digit in its integral part, as 
7.3, lies between 10^ and 10^, it follows from table (a) that its 
logarithm lies between and 1, i,e,, is 0+a decimal. Since any 
number having two digits in its integral part, as 76.4, lies 
between 10^ and 10*, its logarithm lies between 1 and 2, that is, 
is 1 + a decimal. In general, since any number having n digits 
in its integral part lies between 10**"^ and 10", its logarithiD 
lies between n — 1 and n, i.c., is n — 1 + a decim^jU. We there- 
fore have : 

(i.) The characteristic of the logarithm of a number greater 
than unity is posUivCf and is one less than the number of digits in 
its integral part, 

E,g,, log 2756.3 = 3 + a decimal. 

Since a number less than 1 having no cipher immediately 
following the decimal point lies between 10° and 10"^, it follows 
from table (6) that its logarithm lies between and — 1, i.e., 
is — 1 -f a positive decimal. Since a number less than 1 having 
one cipher immediately following the decimal point lies between 
10"^ and 10-2, its logarithm lies between — 1 and — 2, i.e., 
is — 2 + a positive decimal. In general, since a number less 
than 1 having n ciphers immediately following the decimal 
point lies between 10~" and 10"^"+*^ its logarithm lies between 
— n and — (n + 1), i.e., is — (w + 1) + a positive decimal. We 
therefore have : 

(ii.) The characteristic of the logarithm of a number less than 
1 is negative, and is numerically one greater than the nuwber of 
ciphers immediately following the decimal point. 

E.g., log .00035 = — 4 + a positive decimal. 
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It follows conversely from (i.) and (ii.) : 

(iii.) If the characteristic of a logarithm be -\-n, there are n+1 
digits in the integral part of the corresponding number, 

(iv.) If the characteristic of a logarithm be — n, there are w— 1 
ciphers immediately following the decimal point of the correspond- 
ing number, 

16. It has been found that 538 = lO^-^*^^ to five decimal 
places, or log 538 = 2.73078. We also have 

log .0538 = log T^f f^ = log 538 - log 10000 = 2.73078 - 4 

= .73078-2; 
log 5.38 = log f II = log 538 - log 100 = 2.73078 - 2 

= .73078; 
log 53800 = log (538 x 100) = log 538 + log 100 

= 2.73078 + 2 = 4.73078. 

These examples illustrate the following principle : 

If two numbers differ only in the position of their decimal 

points, their logarithms have different characteristics but the 

same positive mantissa. 

17. The characteristic and the mantissa of a number less 
than 1 may be connected by the decimal point, if the sign (— ) 
be written over the characteristic to indicate that the character- 
istic only is negative, and not the entire number. 

Thus, instead of log .00709 = .85065 - 3 = - 3 + .85065, we 
may write 3.85065; this must be distinguished from the ex- 
pression — 3.85065, in which the integer and the decimal are 
both negative. Similarly, 

log .082 = 2.91381, while log 820 = 2.91381. 

Five-Place Table of Logarithms. 

18. The logarithms, to the base 10, of a set of consecutive 
integers have been computed. 

In tabulating these logarithms, compactness is important. 
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For this reason, all unnecessary detail is omitted. Since the 
characteristic of the logarithm of any number can, as we have 
seen, be determined by inspection, it is unnecessary to write it 
with the mantissa in the table. Consequently, only the man- 
tissas, without the decimal poirUs, are there given. 

Neither is it necessary to give the logarithms of decimal 
fractions, since their mantissas are the same as the mantissas 
of the numbers obtained by omitting the decimal point. 

The logarithms may be carried to any number of decimal 
places, and the extent to which they are carried depends upon 
the degree of accuracy required in their use. 

19. The accompanying five-place table gives the mantissas 
of the logarithms of all consecutive integers from 1 to 9999 
inclusive. 

In this table the first three figures of each number are 
given in the column headed N, and the fourth figure in the 
horizontal line over the table. The first figure, which is the 
same for all numbers in a given colunm, is printed in every 
tenth number only. 

The columns headed 0, 1, 2, 3, etc., contain the mantissas, 
with decimal points omitted. 

In the column headed 0, when the first two figures are not 
printed, they are to be taken from the last mantissa above 
which is printed in full. 

In the columns headed 1, 2, 3, etc., the last three figures 
only are printed ; the first two are to be taken from the column 
headed in the same horizontal line. 

When a star is prefixed to the last three figures of a man- 
tissa, the first two figures are to be taken from the line below. 

To Find the Logaxithm of a Given Number. 

20. When the Number consists of Four or Fewer Figures. — 

Take the mantissa that is in the horizontal line with the first 
three figures and in the column under the fourth figure of the 
given number 
Determine the characteristic by Art. 15. 
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E.g., log 2683 = 3.41212, log 46.32 = 1.66677. 

In writing logarithms with negative characteristics it is 
customary to modify the characteristics so that 10 is uniformly 
subtracted from the logarithms. 

Thus, 2.46926 = .46926 - 2 = 8.46926 - 10 ; 

4.37062 = .37062 - 4 = 6.37062 - 10. 

That is, we add 10 to the negative characteristic, and write 
— 10 after the logarithm. 

log .6767 = 9.76020 - 10, log .02768 = 8.44217 - 10. 

Observe that the first two figures of the mantissa of log 
.6757 are taken from the line below, in accordance with the 
directions in Art. 19. 

If the given number consists of fewer than four figures, 
annex ciphers until it has four figures, in taking the mantissa 
from the table. 

E,g,, mantissa of log 78 = mantissa of log 7800 = .89209, 
and log 78 = 1.89209. 

In like manner, 

log 683 = 2.76667, log .02 = 8.30103 - 10. 

21. When the Number consists of more than Four Significant 
Figures. — The method used is called interpolation, and depends 
upon the following property of logarithms : 

The difference between two logarithms is very nearly propor- 
tional to the difference between the corresponding numbers when 
this difference is small. 

The error made by assuming that these differences are 
exactly proportional will be so small that it may be neglected. 

Ex. 1. Find log 27846. 

Omitting, for the moment, the decimal points from the 
mantissas, we have 

mantissa of log 27860 = 44483, 

mantissa of log 27840 = 44467, 

difference of mantissas = 16. 
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Let X stand for the difference between the mantissas of log 
27845 and log 27840 ; that is, for the correction to be added to 
the smaller mantissa to give the required mantissa. 

Then, by the above property, 

X _27845-2784q^_6 ^ g 



16 27860-27840 10 
Whence a = .6 x 16 = 8. 

Therefore, mantissa of log 27845 = 44467 + 8 = 44475, 
and log 27845 = 4.44475. 

Observe that, by Art. 16, the mantissa of log 27850 is the 
same as the mantissa of log 2785.' In subsequent work such 
ciphers will be omitted. 

The method can now be stated more concisely for practical 
work: 

Subtract the mantissa corresponding to the first four Jigures of 
the given number from the next mantissa in the table ; mtdtiply 
this difference by the remaining figure or figures of the given, 
number, treated as a decimal ; add the product to the first (aid 
smaller) mantissa. 

Prefix finally the proper characteristic. 

In thus finding the mantissa, a decimal point in the given 
number is ignored, in accordance with Art. 16. 

The difference between two consecutive mantissas in the table 
is called the Tabular Difference. 

Ex. 2. Find log 78.1283. 
We have mantissa of log 7813 = 89282, 
mantissa of log 7812 = 89276, 
tabular difference = 6, 

correction = .83 x 6 = 4.98, 
mantissa of log 781283 = 89276 + 5 = 89281. 
Therefore log 78.1283 == 1.89281 

Observe that the correction added to the mantissa of log 
7812 is 5, the nearest integer to 4.98. 
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22. In the table of logaritlims a column containing the 
required corrections (head Pp. Pts., i.e., proportional parts) is 
given. In this column there are several small tables, each con- 
taining two columns of numbers. One of these columns consists 
of the consecutive numbers 1 to 9 ; the other, headed by a tabu- 
lar difference, contains the correction corresponding to each one 
of the figures 1 to 9, when it is the fifth figure of the number 
whose logarithm is required. When it is the sixth figure, the 
corresponding tabular correction must evidently be divided by 
10 ; when it is the seventh figure, by 100 ; and so on. 

Thus, in Ex. 1 of the preceding article, we take the correc- 
tion opposite 5, under the tabular difference 16, and obtain 8, 
as before. 

In Ex. 2, we take the following corrections from the column 
headed by the tabular difference 6 : 

for 8, correction = 4.8 

for 3, correction = 0.18 

final correction = 4.98, as before. 

Observe that the correction for the sixth figure of the given 
number does not affect the result. 

Ex. 3. Find the log .0128546. 
We have ^ mantissa of log 1286 = 10924, 
mantissa of log 1285 = 10890, 
tabular difference = 34. 

From the column of proportional parts headed by 34, we 
obtain : 

correction for fifth figure 4 = 13.6 

correction for sixth figure 6 = 2.04 
total correction = 15.64 
Therefore, mantissa of log 128546 = 10890 + 16 = 10906, 
and log .0128546 = 8.10906 - 10. 

Observe that in this example the correction for the sixth 
figure does affect the result. 
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BXBBOISBS m. 
Verify the following statements : 

1. log 13 = 1.11394. 2. log 14.84 = 1.17143. 

a log 73000 = 4.86332. 4. log 5884.4 = 3.76970 

5. log .031586 = 8.49949 -10. 

6. log .00391867 = 7.59313 - 10. 

Find the logarithms of each of the following numbers : 
7. 6. 8. 18. 9. 540. J.O. 3876. 

U. 2076. 12. 59.80. 13. 1.87. 1*. .01832, 

15. .0004129. 16. 63072. 17. 59.836. la 4376.4. 
19. .070518. 20.185462. 21. .00103987. 

To find a Number from its Logarithm. 

23. BCantissa given in the Table. — If the mantissa of the 
given logarithm is found in the table, the first three figures 
of the required number will be in the same line with it in the 
column headed N, and the fourth figure over the column in 
which the given mantissa stands. 

The characteristic is determined by Art. 15 (iii.) and (iv.). 

Ex. 1. Find the number whose logarithm is 4.82099. The 
mantissa .82099 corresponds to the number 6622; but since 
the given characteristic is 4, the required number must have 
five integral places. 

Consequently 4.82099 = log 66220. 

Ex. 2. Find the number whose logarithm is 8.78625-10. 
The mantissa .78625 corresponds to the number 6113; but 
since the characteristic is — 2, the required number must be 
a decimal having its first significant figure in the second deci- 
mal place. 

Consequently 8.78625 - 10 = log .06113. 

24. Mantissa not given in the Table. — The method employed 
is the converse of that used in Art. 21 to find the logarithms of 
numbers that consist of more than four significant figures. 
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Ex. 1. Find the number whose logarithm is 2.81727. 
We have 

given mantissa = 81727 ; 
next smaller mantissa = 81723, corresponding number = 6565 ; 
next larger mantissa = 81730, corresponding number = 6566. 

Let X stand for the difference between 6565 and the required 
number ; that is, for the correction to be added to 6565. 
We then have 

X 81727-81723 -^x^t ^ 

- or - = -=.6, 



6566-6565 81730-81723' 1 7" 

corrected for the first decimal place. Notice that the signifi- 
cance of the decimal point in the result is that the correction 
is to be annexed as an additional figure to the smaller number. 

Therefore, the figures in the required number are 65656 ; and 
since the characteristic of the given logarithm is 2, there are 
only three integral places. Hence 2.81727 = log 656.56. 

This process may also be stated concisely for practical work : 

Take the mantissa neoEt smaller and the mantissa next larger 
than the given mantissa, and note the numbers corresponding; 
next divide the difference between the given mantissa and the next 
smaller by the difference between the neost larger and the next 
smaller. Annex the quotient to the number corresponding to the 
smaller mantissa, neglecting the dedmaal point of the quotient. 

Place the decimal point in the number thus obtained as it is 
detetmiined by the given chxiracteristic. 

Ex. 2. Find the number whose logarithm is 7.18281 — 10. 
We have 

given mantissa = 18281 ; 
next smaller mantissa = 18270, corresponding number = 1523 ; 
next larger mantissa = 18298, corresponding niunber = 1524. 
Hence the correction to be annexed to 1523 is 

18281 - 18270 ^11 ^39 . 
18298-18270' 28' ' "*" 
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Therefore the fignires of the required number are 15^39; 
and since the characteristic of the given logarithm is — 3, 
there must be two ciphers between the decimal x>oint and the 
first significant figure. 

Consequently 7.18281 - 10 = log .00162339. 

In general, in using a five-place table^ the numbers corre- 
sponding to given mantissas should be carried to only jiv^ 
significant figures, as in Ex. 1. 

But with mantissas in the first two pages of the table, the 
corresponding numbers may be carried to six figures. The 
reason being that the tabular differences later become so small 
that the correction for a sixth figure will not in general affect 
the result. See Exx. 2^, Art. 22. 

2S. The correction to be added to the number corresponding 
to the next smaller mantissa may also be taken from the 
column of proportional parts. 

In this column turn to the table headed by the number 
which is equal to the difference between the next larger and 
the next smaller mantissa. As the first figure of the correc- 
tion take the figure in this table which is opposite the pro- 
portional part nearest to the difference between the giveu 
mantissa and the next smaller mantissa. 

If a second figure in the correction is to be found, we should 
take as the first figure that figure which is opposite the pro- 
portional part next smaller than the difference between the 
given mantissa and the next smaller. 

Multiply by 10 the difference between the proportional part 
already used and the difference between the given mantissa 
and the next smaller, and take the product as a proportional 
part in determining the second figure of the correction ; and 
so on. 

Thus, in Ex. 1 of the preceding article, we turn to the 
column headed by the tabular difference 7. The proportional 
part in this table that is nearest to 4 (the difference between 
the given mantissa and the next smaller) is 4.2 ; the number 
opposite 4.2 is 6, the correction previously obtained. 
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In Ex. 2, we turn to the column headed by the tabular differ- 
ence 28. The proportional part next smaMer than 11 (the 
difference between the given mantissa and the next smaller) 
is 8.4; the figure opposite 8.4 is 3, the first figure of the 
correction. 

We next multiply 2.6 (= 11 - 8.4) by 10, and take the 
product 26 as a proportional part. The figure opposite 25.2 
(nearest to 26) in the column headed by 28 is 9, the second 
figure of the correction. Therefore, the required correction is 
found to be 39, as before. 

EXERCISES IV. 

Verify the following statements : 

1. log a: = 3.14926, a? = 1410.13. 

2. log a; = 1.59187, aj = 39.073. 

3. log a: = .34159, a; = 2.1958. 

4. log a: = 9.57187 -10, a? = .37314. 

5. log a: = 7.83957 -10, a; = .0069115. 

6. log a; = 6.18953 -10, aj = .00015471. 

Find the numbers whose logarithms are : 

7. 2.26150. 8. .59726. 9. 8.94655-10. 

10. 3.88825. 11. 6.19816. 12. 6.72576-10. 

13. 4.98880. 14. 1.68417. 15. 9.23360-10. 

Cologarlthma. 
26. The Cologarithm of a number, or, as it is sometimes 
called, the Arithmeticcd Complement of the logarithm, is de- 
fined as the logarithm of the reciprocal of the number. 

That is, colog n = log - = log 1 — log n = — log n. 

We thus see that the cologarithm of a number is obtained 
by subtracting its logarithm from 0. But this step would 
leave the mantissa as well as the characteristic negative. To 
avoid a negative mantissa, therefore, we subtract the logarithm 
from 10 - 10, = 0. 
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Ex. 1. Find the oolog 3. 

Subtracting log S,^A7712, from 10 — 10^ we have 
10. -10 

.47712 
9.52288-10 
Therefore colog 3 = 9.52288 - 10. 
Ex. 2. Find colog .0054. 

Subtracting log .0054, = 7.73239 - 10, from 10 — 10, we have 
10. - 10 

7.73239-10 
2.26761 
Therefore colog .0054 == 2.26761. 

BXBBOISES V. 
Verify the following statements : 

1. colog 543 =7.26520-10. 

2. colog 72.318 =8.14075-10. 

3. colog 8.9134 =9.04996-10. 

4. colog .38145 =.41856. 

5. colog .051984 =1.28413. 

6. colog .0091437 = 2.03887. 

Find the cologarithm of each of the following numbers : 

7. 5817. a .6305. 9. .009812. 10. 763.86. 

11. 15.482. 12. 7.00386. 13. .000594. 14. 32581.9 

Applications. 
27. Ex. 1. Compute the value of x, when 
X = 53.847 X .0085965. 
log X = log 53.847 + log .0085966. 

log 53.847 = 1.73117 
log .0085965 = 7.93433 - 10 
log a; =9.66550 -10 

aj = . 46291. 
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Ex. 2. Compute the value of », when 
a? = 8.4394 -4- .31416. 
log X = log 8.4394 + colog .31416. 

log 8.4394= .92631 

colog .31416= .50285 

logo? = 1.42916 

X = 26.863. 

Ex. 3. Compute the value of x, when 

6.4319 X .59218 
7.9254 X .062547* 
log X = log 6.4319 + log .59218 + colog 7.9254 + colog .062547. 

log 6.4319= .80834 
log .59218= 9.77246-10 
colog 7.9254 = 9.10098 - 10 
colog .062547 = 1.20379 

log 05 = 20.88557 -20 
= .88557. 
a? =7.6837. 

Ex. 4. Find the value of x, when 

a: = .5318*. 
log oj = 4 log .5318 

= 4(9.72575-10) 
= 38.90300-40 
= 8.90300-10. 
«=. 079983. 

Ex. 5. Find the value of -^- .031459. 

Since a negative number cannot be expressed as a power of 
+ 10, such a number does not have a logarithm. In this 
example, therefore, and in all similar examples, we first deter- 
mine the sign of the result. We then find the value of the 
expression obtained by changing each sign — to +, and to that 
result prefix the sign previously determined. 
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For this reason^ all unnecessary detail is omitted. Since the 
characteristic of the logarithm of any number can, as we have 
seen, be determined by inspection, it is unnecessary to write it 
with the mantissa in the table. Consequently, only the man- 
tissas, without the decimal points, are there given. 

Neither is it necessary to give the logarithms of decimal 
fractions, since their mantissas are the same as the mantissas 
of the numbers obtained by omitting the decimal point. 

The logarithms may be carried to any number of decimal 
places, and the extent to which they are carried depends upon 
the degree of accuracy required in their use. 

19. The accompanying five-place table gives the mantissas 
of the logarithms of all consecutive integers from 1 to 9999 
inclusive. 

In this table the first three figures of each number are 
given in the column headed N, and the fourth figure in the 
horizontal line over the table. Th6 first figure, which is the 
same for all numbers in a given column, is printed in every 
tenth number only. 

The columns headed 0, 1, 2, 3, etc., contain the mantissas, 
with decimal points omitted. 

In the column headed 0, when the first two figures are not 
printed, they are to be taken from the last mantissa above 
which is printed in full. 

In the columns headed 1, 2, 3, etc., the last three figures 
only are printed ; the first two are to be taken from the column 
headed in the same horizontal line. 

When a star is prefixed to the last three figures of a man- 
tissa, the first two figures are to be taken from the line below. 

To Find the Logarithm of a Given Number. 

20. When the Number consists of Four or Fewer Figures. — 

Take the mantissa that is in the horizontal line with the first 
three figures and in the column under the fourth figure of the 
given number 
Determine the characteristic by Art. 15. 
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E.g.y log 2683 = 3.41212, log 46,32 = 1.66677. 

In writing logarithms with negative characteristics it is 
customary to modify the characteristics so that 10 is uniformly 
subtracted from the logarithms. 

Thus, 2.46926 = .46926 - 2 = 8.46926 - 10 ; 

4.37062 = .37062 - 4 = 6.37062 - 10. 

That is, we add 10 to the negative characteristic, and write 
— 10 after the logarithm. 

log .6767 = 9.76020 - 10, log .02768 = 8.44217 - 10. 

Observe that the first two figiures of the mantissa of log 
.5757 are taken from the line below, in accordance with the 
directions in Art. 19. 

If the given number consists of fewer than four figures, 
annex ciphers until it has four figures, in taking the mantissa 
from the table. 

E,g.y mantissa of log 78 = mantissa of log 7800 = .89209, 
and log 78 = 1.89209. 

In like manner, 

log 683 = 2.76667, log .02 = 8.30103 - 10. 

2L When the Number consists of more than Four Significant 
Figures. — The method used is called interpolation, and depends 
upon the following property of logarithms : 

The difference between two logarithms is very nearly propor- 
tional to the difference between the corresponding numbers when 
this difference is small. 

The error made by assuming that these differences are 
exactly proportional will be so small that it may be neglected. 

Ex. 1. Find log 27846. 

Omitting, for the moment, the decimal points from the 
mantissas, we have 

mantissa of log 27850 = 44483, 

mantissa of log 27840 = 44467, 

difference of mantissas = 16. 
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For this reason^ all unnecessary detail is omitted. Since the 
characteristic of the logarithm of any number can^ as we have 
seen, be determined by inspection, it is unnecessary to write it 
with the mantissa in the table. Consequently, only the man- 
tissas, without the decimal pointSy are there given. 

Neither is it necessary to give the logarithms of decimal 
fractions, since their mantissas are the same as the mantissas 
of the numbers obtained by omitting the decimal point. 

The logarithms may be carried to any number of decimal 
places, and the extent to which they are carried depends upon 
the degree of accuracy required in their use. 

19. The accompanying five-place table gives the mantissas 
of the logarithms of all consecutive integers from 1 to 9999 
inclusive. 

In this table the first three figures of each number are 
given in the column headed N, and the fourth figure in the 
horizontal line over the table. The first figure, which is the 
same for all numbers in a given column, is printed in every 
tenth number only. 

The columns headed 0, 1, 2, 3, etc., contain the mantissas, 
with decimal points omitted. 

In the column headed 0, when the first two figures are not 
printed, they are to be taken from the last mantissa above 
which is printed in full. 

In the columns headed 1, 2, 3, etc., the last three figures 
only are printed ; the first two are to be taken from the column 
headed in the same horizontal line. 

When a star is prefixed to the last three figures of a man- 
tissa, the first two figures are to be taken from the line below. 

To Find the Logaxithm of a Given Number. 

20. When the Number consists of Four or Fewer Figures. — 

Take the mantissa that is in the horizontal line with the first 
three figures and in the column under the fourth figure of the 
given number 
Determine the characteristic by Art. 15. 
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E.g., log 2683 = 3.41212, log 46,32 = 1.66577. 

In writing logarithms with negative characteristics it is 
customary to modify the characteristics so that 10 is imiformly 
subtracted from the logarithms. 

Thus, 2.45926 = .45926 - 2 = 8.46926 - 10 ; 

4.37062 = .37062 - 4 = 6.37062 - 10. 

That is, we add 10 to the negative characteristic, and write 
— 10 after the logarithm. 

log .5757 = 9.76020 - 10, log .02768 = 8.44217 - 10. 

Observe that the first two figures of the mantissa of log 
.6767 are taken from the line below, in accordance with the 
directions in Art. 19. 

If the given niunber consists of fewer than four figures, 
annex ciphers until it has four figures, in taking the mantissa 
from the table. 

E.g., mantissa of log 78 = mantissa of log 7800 = .89209, 
and log 78 = 1.89209. 

In like manner, 

log 683 = 2.76667, log .02 = 8.30103 - 10. 

2L When the Number consists of more than Four Significant 
Figures. — The method used is called interpolation, and depends 
upon the following property of logarithms : 

The difference between two logarithms is very nearly propor- 
tioned to the difference between the corresponding numbers when 
this difference is small 

The error made by assuming that these differences are 
exactly proportional will be so small that it may be neglected. 

Ex. 1. Find log 27845. 

Omitting, for the moment, the decimal points from the 
mantissas, we have 

mantissa of log 27850 = 44483, 

mantissa of log 27840 = 44467, 

difference of mantissas = 16. 
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For this reason, all unnecessary detail is omitted. Since the 
characteristic of the logarithm of any number can, as we have 
seen, be determined by inspection, it is unnecessary to write it 
with the mantissa in the table. Consequently, only the man- 
tissas, witJiout the decimal poirUs, are there given. 

Neither is it necessary to give the logarithms of decimal 
fractions, since their mantissas are the same as the mantissas 
of the numbers obtained by omitting the decimal point. 

The logarithms may be carried to any number of decimal 
places, and the extent to which they are carried depends upon 
the degree of accuracy required in their use. 

19. The accompanying five-place table gives the mantissas 
of the logarithms of all consecutive integers from 1 to 9999 
inclusive. 

In this table the first three figures of each number are 
given in the column headed !N", and the fourth figure in the 
horizontal line over the table. The first figure, which is the 
same for all numbers in a given column, is printed in every 
tenth number only. 

The columns headed 0, 1, 2, 3, etc., contain the mantissas, 
with decimal points omitted. 

In the column headed 0, when the first two figures are not 
printed, they are to be taken from the last mantissa above 
which is printed in full. 

In the columns headed 1, 2, 3, etc., the last three figures 
only are printed ; the first two are to be taken from the column 
headed in the same horizontal line. 

When a star is prefixed to the last three figures of a man- 
tissa, the first two figures are to be taken from the line below. 

To Find the Logaxitlim of a Given Number. 

20. When the Number consists of Four or Fewer Figures. — 

Take the mantissa that is in the horizontal line with the first 
three figures and in the column under the fourth figure of the 
given number 
Determine the characteristic by Art. 15. 
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E.g,, log 2683 = 3.41212, log 46.32 = 1.66577. 

In writing logarithms with negative characteristics it ia 
customary to modify the characteristics so that 10 is uniformly 
subtracted from the logarithms. 

Thus, 2.45926 = .45926 - 2 = 8.45926 - 10 ; 

4.37062 = .37062 - 4 = 6.37062 - 10. 

That is, we add 10 to the negative characteristic, and write 
— 10 after the logarithm. 

log .5757 = 9.76020 - 10, log .02768 = 8.44217 - 10. 

Observe that the first two figures of the mantissa of log 
.5757 are taken from the line below, in accordance with the 
directions in Art. 19. 

If the given number consists of fewer than four figures, 
annex ciphers until it has four figures, in taking the mantissa 
from the table. 

JE7.gr., mantissa of log 78 = mantissa of log 7800 = .89209, 
and log 78 = 1.89209. 

In like manner, 

log 583 = 2.76567, log .02 = 8.30103 - 10. 

2L When the Number consists of more than Four Significant 
Figures. — The method used is called interpolation, and depends 
upon the following property of logarithms : 

The difference between two logarithms is very nearly propor- 
tional to the difference between the corresponding numbers when 
this difference is small. 

The error made by assuming that these differences are 
exactly proportional will be so small that it may be neglected. 

Ex. 1. Find log 27845. 

Omitting, for the moment, the decimal points from the 
mantissas, we have 

mantissa of log 27850 = 44483, 

mantissa of log 27840 = 44467, 

difference of mantissas = 16. 
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Let X stand for the difference between the mantissas of log 
27845 and log 27840 ; that is, for the correction to be added to 
the smaller mantissa to give the required mantissa. 

Then, by the above property, 

X 27845-27840 6 •. 
— - = -- = .5. 



16 27850-27840 10 
Whence a? == .6 x 16 = 8. 

Therefore, mantissa of log 27845 = 44467 4- 8 = 44475, 
and log 27845 = 4.44475. 

Observe that, by Art. 16, the mantissa of log 27850 is the 
same as the mantissa of log 2785.' In subsequent work sucli 
ciphers will be omitted. 

The method can now be stated more concisely for practical 
work: 

Subtract the mantissa corresponding to the first four Jigures of 
the given number from the next mantissa in the table ; Tnvltipbj 
this difference by the remaining figure or figures of the given 
number, treated as a decimal ; add the product to the first {and 
smaller) mantissa. 

Prefix finally the proper characteristic. 

In thus finding the mantissa, a decimal point in the given 
number is ignored, in accordance with Art. 16. 

The difference between two consecutive mantissas in the table 
is called the Tabular Difference. 

Ex. 2. Find log 78.1283. 

We have mantissa of log 7813 = 89282, 

mantissa of log 7812 = 89276, 

tabular difference = 6, 

correction = .83 x 6 = 4.98, 

mantissa of log 781283 = 89276 + 5 = 89281. 

Therefore log 78.1283 = 1.89281 

Observe that the correction added to the mantissa of log 
7812 is 5, the nearest integer to 4.98. 
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22. In the table of logarithms a column containing the 
required corrections (head Pp. Pts., i.e., proportional parts) is 
given. In this column there are several small tables, each con- 
taining two columns of numbers. One of these columns consists 
of the consecutive numbers 1 to 9 ; the other, headed by a tabu- 
lar difference, contains the correction corresponding to each one 
of the figures 1 to 9, when it is the Jifth figure of the number 
whose logarithm is required. When it is the siosth figure, the 
corresponding tabular correction must evidently be divided by 
10 ; when it is the seventh figure, by 100 ; and so on. 

Thus, in Ex. 1 of the preceding article, we take the correc- 
tion opposite 5, under the tabular difference 16, and obtain 8, 
as before. 

In Ex. 2, we take the following corrections from the column 
headed by the tabular difference 6 : 

for 8, correction = 4.8 

for 3, correction = 0.18 

final correction = 4.98, as before. 

Observe that the correction for the sixth figure of the given 
number does not affect the result. 

Ex. 3. Eind the log .0128546. 
We have ^ mantissa of log 1286 = 10924, 
mantissa of log 1285 = 10890, 
tabular difference = 34. 

From the column of proportional parts headed by 34, we 
obtain : 

correction for fifth figure 4 = 13.6 

correction for sixth figure 6 = 2.04 
total correction = 15.64 
Therefore, mantissa of log 128546 = 10890 + 16 = 10906, 
and log .0128546 = 8.10906 - 10. 

Observe that in this example the correction for the sixth 
figure does affect the result. 
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BZHB0I8BS nL 

Verify the following statements : 

1. log 13 = 1.11394 2. log 14.84 = 1.17143. 

a log 73000 = 4.86332. 4. log 6884.4 = 3.76970 

5. log .031686 = 8.49949 -10. 

6. log .00391867 = 7.69313 -10. 

Find the logarithms of each of the following numbers : 
7. 6. a 18. 9. 640. lO. 3876. 

11. 2076. 12. 69.80. 13. 1.87. 14. .01832. 

15. .0004129. 16. 63072. 17. 69.836. la 4376.4. 
19. .070618. 20.186462. 21. .O01t)3987. 

To find a Number from its Logarithm. 

23. Mantissa given in the Table. — If the mantissa of the 
given logarithm is foimd in the table, the first three figures 
of the required number will be in the same line with it in the 
column headed N, and the fourth figure over the column in 
which the given mantissa stands. 

The characteristic is determined by Art. 16 (iii.) and (iv.). 

Ex. 1. Find the number whose logarithm is 4.82099. The 
mantissa .82099 corresponds to the number 6622; but since 
the given characteristic is 4, the required number must have 
five integral places. 

Consequently 4.82099 = log 66220. 

Ex. 2. Find the number whose logarithm is 8.78625 — 10. 
The mantissa .78626 corresponds to the number 6113; but 
since the characteristic is — 2, the required number must be 
a decimal having its first significant figure in the second deci- 
mal place. 

Consequently 8.78626 - 10 = log .06113. 

24. Mantissa not given in the Table. — The method employed 
is the converse of that used in Art. 21 to find the logarithms of 
numbers that consist of more than four significant figures. 
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Ex. 1. Find the number whose logarithm is 2.81727. 
We have 

given mantissa = 81727 5 
next smaller mantissa = 81723, corresponding number = 6565 ; 
next larger mantissa = 81730, corresponding number = 6566. 

Let X stand for the difference between 6565 and the required 
number ; that is, for the correction to be added to 6565. 
We then have 

X 81727-81723 ■, « 4 « 



6566-6565 81730-81723' 1 7 

corrected for the first decimal place. Notice that the signifi- 
cance of the decimal point in the result is that the correction 
is to be annexed as an additional figure to the smaller number. 

Therefore, the figures in the required number are 65656 ; and 
since the characteristic of the given logarithm is 2, there are 
only three integral places. Hence 2.81727 = log 656,56. 

This process may also be stated concisely for practical work : 

Take the mantissa next smaUer and the mantissa next larger 
than the given mantissa, and note the numbers corresponding; 
next divide the difference between the given mantissa and the next 
smaller by the difference between the next larger and the next 
smaller. Annex the quotient to the number corresponding to the 
smaller mantissa, neglecting the decimal point of the quotient. 

Place the decimal point in the number thus obtained as it is 
detei^mined by the given characteristic. 

Ex. 2. Find the number whose logarithm is 7.18281 — 10. 
We have 

given mantissa = 18281 ; 
next smaller mantissa = 18270, corresponding number = 1623 ; 
next larger mantissa = 18298, corresponding number = 1624. 
Hence the correction to be annexed to 1523 is 

18281 - 18270 ^11 ^39 . 
18298-18270' 28' ' "*" 
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4. If P be the probability that an event will happen, i; 
follows from the preceding article that 1 — /^ is the probabilitT 
that the event will not happen. 

Ex. What is the probability of throwing at least 4 in a 
single throw with two dice ? 

The number of cases favorable to throwing at least 4 is the 
number of cases in which 4, 5, 6, •••, 12 can be thrown. 

The number of unfavorable cases is the number of cases in 
which 2 and 3 can be thrown. 

The required probability can be obtained most readily by 
first finding the probability of the event's not happening. 

The sum 2 can be thrown in one case, 1, 1. The sum 3 can 
be thrown in two cases, 1, 2 and 2, 1. The two dice can be 
thrown in 6x6,= 36, different cases, counting 4, 5 and 5, 4, 
say, as different throws. 

Therefore, the probability of not throwing a sum at least 4 is 
^, = y^; and hence, the required probability is 1 — ^, = ij. 

5. Ex. A father of thirty-five has a son of twelve. What 
is the probability that both will be alive thirty years hence ? 

From the table of mortality given below, we find that of 
82,581 persons of thirty-five, 46,754 live to be sixty-five ; that 
of 98,650 persons of twelve, 77,012 live to be forty-two. Now, 
each of the 46,754 cases favorable to the father can be taken 
with each of the 77,012 cases favorable to the son. That is, 
the number of cases favorable to both is 46,754 x 77,012. For 
a similar reason, the whole number of cases is 82,581 x 98,650. 
Therefore, the required probability is ^^^geieso ' 

The value of this fraction to five decimals places is readily 
obtained by logarithms, and is .44198. 

MortaUty Table. 

The following table is taken from the Actuaries Table of 
Mortality, prepared from data furnished by seventeen Englisi 
Life Insurance Offices. It is based on the record of 62,537 
assurances, and has been generally adopted by Americap 
Companies. 
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In Ex. 2, we turn to the column headed by the tabular differ- 
ence 28. The proportional part next smaUer than 11 (the 
difference between the given mantissa and the next smaller) 
is 8.4; the figure opposite 8.4 is 3, the first figure of the 
correction. 

We next multiply 2.6 (=11-8.4) by 10, and take the 
product 26 as a proportional part. The figure opposite 25.2 
(nearest to 26) in the column headed by 28 is 9, the second 
figure of the correction. Therefore, the required correction is 
found to be 39, as before. 

EXEBOISES IV. 

Verify the following statements : 

1. log a; = 3.14926, « = 1410.13. 

2. log 0? = 1.59187, « = 39.073. 

3. log a; = .34159, « = 2.1958. 

4. log a; = 9.57187 -10, a = .37314. 

5. log a? = 7.83957 -10, a = .0069115. 

6. log a; = 6.18953 -10, a: = .00015471. 

Find the numbers whose logarithms are : 

7. 2.26150. 8. .59726. 9. 8.94655-10. 

10. 3.88825. U. 6.19816. 12. 6.72576-10. 

13. 4.98880. 14. 1.68417. 15. 9.23360-10. 

CologarithmB. 
26. The Cologarithm of a number, or, as it is sometimes 
called, the Arithmetical Complement of the logarithm, is de- 
fined as the logarithm of the reciprocal of the number. 

That is, colog n = log - = log 1 — log n = — log n. 
n 

We thus see that the cologarithm of a number is obtained 

by subtracting its logarithm from 0. But this step would 

leave the mantissa as well as the characteristic negative. To 

avoid a negative mantissa, therefore, we subtract the logarithm 

from 10 - 10, = 0. 
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5. From a box containing 4 red ballS; 6 black baUs, and 7 
white balls, 3 balls are drawn at random. What is the proba- 
bility of drawing one ball of each color ? 2 black and 1 white ? 
3 red? 

6. If 6 coins be tossed, what is the probability that they 
will fall 4 heads and 2 tails ? 3 heads and 3 tails ? 

7. Nine persons are seated at random at a round table. 
What is the probability that A and B will be seated together ? 
That C will be seated between A and B ? 

a If 4 different volumes of history, 3 of mathematics, and 
6 of literature be placed at random on a shelf, what is the 
probability that all the volumes in the same subject will be 
placed together ? 

9. From a box containing tickets numbered 1, 2, 3, -••, 20, 
three tickets are drawn at random. What is the probability of 
drawing 2, 3, 6 ? 2, 3, and not 5 ? Neither 2, 3, nor 5? All 
even numbers ? Consecutive numbers ? 

ia-18. What are the odds in favor of the events whose 
probabilities are required in Exx. 1-9 ? 

Referring to the accompanying table of mortality, find the 
probabilities of the events in Exx. 19-21 : 

19. That a man of 45 will live to be 60. To be 60. To be 
70. To be 80. That he will die within 5 years. Within 10 
years. Within 20 years. 

20. That a man of 90 will live one year. Two years. Three 
years. Four years. Five years. At least five years. 

21. At marriage, a man and his wife are 25 and 21, respec- 
tively. What is the probability that they will live to celebrate 
their silver wedding ? Their golden wedding ? 

22. A representative of a firm sailed, first cabin, on a steamer 
which had a crew of 150 men, and which carried 150 first cabin 
and 250 second cabin passengers. On the voyage a man was 
lost. What is the probability, to the firm, that he was their 
representative ? What, when a later report states that he was 
a passenger ? What, when a still later report states that he 
was a first cabin passenger ? 
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